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Chapter 1

Introduction

This report gives the result of running the computer algebra independent integration
problems. The listing of the problems are maintained by and can be downloaded from

lhttps://rulebasedintegration.org]

The number of integrals in this report is [ 33 ]. This is test number [ 146 ].

1.1 Listing of CAS systems tested

The following systems were tested at this time.

1.
2.

3
4.
5
6

7.

Mathematica 12.1 (64 bit) on windows 10.
Rubi 4.16.1 in Mathematica 12 on windows 10.

. Maple 2020 (64 bit) on windows 10.

Maxima 5.43 on Linux. (via sagemath 8.9)

. Fricas 1.3.6 on Linux (via sagemath 9.0)

. Sympy 1.5 under Python 3.7.3 using Anaconda distribution.

Giac/Xcas 1.5 on Linux. (via sagemath 8.9)

Maxima, Fricas and Giac/Xcas were called from inside SageMath. This was done using
SageMath integrate command by changing the name of the algorithm to use the different
CAS systems.

Sympy was called directly using Python.


https://rulebasedintegration.org

1.2 Results

Important note: A number of problems in this test suite have no antiderivative in closed

form. This means the antiderivative of these integrals can not be expressed in terms of
elementary, special functions or Hypergeometric2F1 functions. RootSum and Root0Of are
not allowed.

If a CAS returns the above integral unevaluated within the time limit, then the result is
counted as passed and assigned an A grade.

However, if CAS times out, then it is assigned an F grade even if the integral is not integrable,
as this implies CAS could not determine that the integral is not integrable in the time limit.

If a CAS returns an antiderivative to such an integral, it is assigned an A grade automatically
and this special result is listed in the introduction section of each individual test report to
make it easy to identify as this can be important result to investigate.

The results given in in the table below reflects the above.

System solved Failed
Rubi % 100. ( 33) %0.(0)
Mathematica | % 100. ( 33 ) %0.(0)
Maple %9091 (30) | %9.09 (3)
Maxima %303 (10) | %69.7 (23)
Fricas % 45.45 (15) | % 54.55 (18)
Sympy % 33.33 (11) | % 66.67 (22)
Giac % 39.39 (13 ) | % 60.61 (20)

The table below gives additional break down of the grading of quality of the antiderivatives
generated by each CAS. The grading is given using the letters A,B,C and F with A being
the best quality. The grading is accomplished by comparing the antiderivative generated
with the optimal antiderivatives included in the test suite. The following table describes the
meaning of these grades.



grade | description

A Integral was solved and antiderivative is optimal in quality and leaf size.

B Integral was solved and antiderivative is optimal in quality but leaf size
is larger than twice the optimal antiderivatives leaf size.

C Integral was solved and antiderivative is non-optimal in quality. This
can be due to one or more of the following reasons
1. antiderivative contains a hypergeometric function and the optimal
antiderivative does not.
2. antiderivative contains a special function and the optimal an-
tiderivative does not.
3. antiderivative contains the imaginary unit and the optimal an-
tiderivative does not.

F Integral was not solved. Either the integral was returned unevaluated
within the time limit, or it timed out, or CAS hanged or crashed or an
exception was raised.

Grading is implemented for all CAS systems. Based on the above, the following table
summarizes the grading for this test suite.

System % A grade | % B grade | % C grade | % F grade
Rubi 100. 0. 0. 0.
Mathematica 90.91 0. 9.09 0.
Maple 72.73 12.12 6.06 9.09
Maxima 27.27 3.03 0. 69.7
Fricas 30.3 15.15 0. 54.55
Sympy 33.33 0. 0. 66.67
Giac 33.33 6.06 0 60.61




The following is a Bar chart illustration of the data in the above table.

Antiderivative Grade distribution for each CAS

Numbers shown on bars are total percentage solved for each CAS

FriCAS Giac/Xcas Maxima Sympy

Rubi Mathematica Maple

mA

B3



The figure below compares the CAS systems for each grade level.
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1.3 Performance

The table below summarizes the performance of each CAS system in terms of CPU time
and leaf size of results.

System Mean time (sec) ‘ Mean size | Normalized mean | Median size | Normalized median
Rubi 0.21 151.64 0.94 124. 1.

Mathematica 0.47 187.33 1.13 138. 1.2
Maple 0.17 255.57 1.68 211.5 1.51
Maxima 1.59 238.7 1.92 208. 1.68
Fricas 2.25 464.53 3.61 286. 2.02
Sympy 4.9 175.91 1.23 172. 1.42
Giac 2.03 572.77 6.33 197. 1.6
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1.4 list of integrals that has no closed form an-
tiderivative

(294130}

1.5 list of integrals solved by CAS but has no
known antiderivative

Rubi {}
Mathematica {}
Maple {}
Maxima {}
Fricas {}
Sympy {}

Giac {}

1.6 list of integrals solved by CAS but failed ver-
ification

The following are integrals solved by CAS but the verification phase failed to verify the
anti-derivative produced is correct. This does not mean necessarily that the anti-derivative
is wrong, as additional methods of verification might be needed, or more time is needed (3
minutes time limit was used). These integrals are listed here to make it easier to do further
investigation to determine why it was not possible to verify the result produced.

Rubi {}

Mathematica {1}[2}[3,[4[5}[6} (7,8} 9}[10} 12} 13} [14} [15}[20}22}[27, 28 [31}[32} 33}
Maple Verification phase not implemented yet.

Maxima Verification phase not implemented yet.

Fricas Verification phase not implemented yet.

Sympy Verification phase not implemented yet.

Giac Verification phase not implemented yet.



11

1.7 Timing

The command AboluteTiming[] was used in Mathematica to obtain the elapsed time for
each integrate call. In Maple, the command Usage was used as in the following example

cpu_time := Usage(assign ('result_of _int',int(expr,x)),output='realtime'

For all other CAS systems, the elapsed time to complete each integral was found by taking
the difference between the time after the call has completed from the time before the call
was made. This was done using Python’s time.time () call.

All elapsed times shown are in seconds. A time limit of 3 minutes was used for each integral.
If the integrate command did not complete within this time limit, the integral was aborted
and considered to have failed and assigned an F grade. The time used by failed integrals
due to time out is not counted in the final statistics.

1.8 Verification

A verification phase was applied on the result of integration for Rubi and Mathematica.
Future version of this report will implement verification for the other CAS systems. For
the integrals whose result was not run through a verification phase, it is assumed that the
antiderivative produced was correct.

Verification phase has 3 minutes time out. An integral whose result was not verified could
still be correct. Further investigation is needed on those integrals which failed verifications.
Such integrals are marked in the summary table below and also in each integral separate
section so they are easy to identify and locate.

1.9 Important notes about some of the results

1.9.1 Important note about Maxima results

Since these integrals are run in a batch mode, using an automated script, and by using
sagemath (SageMath uses Maxima), then any integral where Maxima needs an interactive
response from the user to answer a question during evaluation of the integral in order to
complete the integration, will fail and is counted as failed.

The exception raised is ValueError. Therefore Maxima result below is lower than what
could result if Maxima was run directly and each question Maxima asks was answered
correctly.

The percentage of such failures were not counted for each test file, but for an example, for
the Timofeev test file, there were about 30 such integrals out of total 705, or about 4 percent.
This pecrentage can be higher or lower depending on the specific input test file.
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Such integrals can be indentified by looking at the output of the integration in each section
for Maxima. If the output was an exception ValueError then this is most likely due to this
reason.

Maxima integrate was run using SageMath with the following settings set by default

'besselexpand : true'

'display2d : false'

'domain : complex'

'keepfloat : true'
'load(to_poly_solve)'
'load(simplify_sum)'
'load(abs_integrate)' 'load(diag)'

SageMath loading of Maxima abs_integrate was found to cause some problem. So the
following code was added to disable this effect.

from sage.interfaces.maxima_lib import maxima_lib
maxima_lib.set('extra_definite_integration_methods', '[]')
maxima_lib.set('extra_integration_methods', '[]')

Seelhttps://ask.sagemath.org/question/43088/integrate-results-that-are-diffgrent-
[from-using-maxima/|for reference.

1.9.2 Important note about FriCAS and Giac/X-
CAS results

There are Few integrals which failed due to SageMath not able to translate the result back
to SageMath syntax and not because these CAS system were not able to do the integrations.

These will fail With error Exception raised: NotImplementedError
The number of such cases seems to be very small. About 1 or 2 percent of all integrals.

Hopefully the next version of SageMath will have complete translation of FriCAS and XCAS
syntax and I will re-run all the tests again when this happens.

1.9.3 Important note about finding leaf size of
antiderivative

For Mathematica, Rubi and Maple, the buildin system function LeafSize is used to find
the leaf size of each antiderivative.

The other CAS systems (SageMath and Sympy) do not have special buildin function for this
purpose at this time. Therefore the leaf size is determined as follows.

For Fricas, Giac and Maxima (all called via sagemath) the following code is used


https://ask.sagemath.org/question/43088/integrate-results-that-are-different-from-using-maxima/
https://ask.sagemath.org/question/43088/integrate-results-that-are-different-from-using-maxima/
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#see https://stackoverflow.com/questions/25202346/how-to-obtain-leaf-count-expression-size-in

def tree(expr):
if expr.operator() is None:
return expr
else:
return [expr.operator()]+map(tree, expr.operands())

try:
# 1.35 is a fudge factor since this estimate of leaf count is bit lower than
#what it should be compared to Mathematica's
leafCount = round(1l.35*len(flatten(tree(anti))))
except Exception as ee:
leafCount =1

For Sympy, called directly from Python, the following code is used

try:
# 1.7 is a fudge factor since it is low side from actual leaf count
leafCount = round(1l.7*xcount_ops(anti))

except Exception as ee:
leafCount =1

When these cas systems have a buildin function to find the leaf size of expressions, it will
be used instead, and these tests run again.

1.10 Design of the test system

The following diagram gives a high level view of the current test build system.
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One record (line) per one integral result. The line is CSV comma separated. It contains 13 fields. This is
description of each record (line)

integer, the problem number.

integer. 0 or 1 for failed or passed. (this is not the grade field) High level overview of the CAS
integer. Leafsize of result. independent integration test
integer. Leaf size of the optimal antiderivative.

number. CPU time used to solve this integral. 0 if failed. build System

string. The integral in Latex format

string. The input used in CAS own syntx.

string. The result (antiderivative) produced by CAS in Latex format

string. The optimal antiderivative in Latex format.

10. integer. 0 or 1. Indicates if problem has known antiderivative or not

11. String. The result (antiderivative) in CAS own syntax. g
12. String. The grade of the antiderivative. Can be “A”, “B”, “C”, or “F”

13. String. The optimal antiderivative in CAS own syntax.

WoOoNOLHWNE



Chapter 2

detailed summary tables of results

2.1 List of integrals sorted by grade for each
CAS

21.1 Rubi

A grade: {[1}[23}[4} 5}(6} [7,[8 P} 10} 11} 12} 13} 14 [15) [16} 17} [18} 19} |20} 21} 22} 23} 24 [25} [26} 27
[28,29,80,B1}, 82,33}

B grade: { }
C grade: { }
F grade: { }

2.1.2 Mathematica

gd{}@@
28,129;(30

B grade: { }
C grade: {[31,[32,[33]}

F grade: { }

2.1.3 Maple

A grade: (1235165503 ) 2 1 5 6 17 2022 25 2 2526, 25 )
B grade: {}

15
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C grade: {[27,[28]}
F grade: {}

2.1.4 Maxima

A grades ([0 I3, E1, E5, 25,25
B grade: {}
C grade: { }

F grade: { [1}[2, B} 4} 567 B} 0} (10} 12,13} 14} 15} 20} [22} 27} 28} [29} 30} [31} [32} 33} }

21.5 FriCAS

A grades (L1167 8 I 8 25,20 29,60
B grade: (ELZ3ELE3E)
C grade: { }

F grade: {[1}[2}3}[4 5[0} 71 B} [0} 10} 12} 13} [14} L5 [20} 22} 27 P8} }

2.1.6 Sympy

A grade: {[16}[17},[18,[19 [21} 23] 24} [25] [26] [29}30] }
B grade: { }

C grade: { }

F grade: { [1}[2) B} 4} 567 B} 0} 10} (11} 12,13} 14} 15} 20} [22} 27} 28} 81} [82} 33} }

21.7 Giac

A grade: {[11}[16}[17,[18,[19} 24} 25} [26} [29}30,[31] }
B grade: {[21}[23]}
C grade: { }

F grade: {[1}[2}B} 4} 56} 7 B} [0} 10} 12,13} 14,15} 20} 22} 27} 28} [32} 33|}
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2.2 Detailed conclusion table per each integral
for all CAS systems

Detailed conclusion table per each integral is given by table below. The elapsed time is in
seconds. For failed result it is given as F(-1) if the failure was due to timeout. It is given as
F(-2) if the failure was due to an exception being raised, which could indicate a bug in the
system. If the failure was due to integral not being evaluated within the time limit, then it is
given just an F.

antiderivative leaf size

In this table,the column normalized size is defined as — — :
optimal antiderivative leaf size

Problem 1 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F F F F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 144 144 161 243 0 0 0 0
normalized size | 1 1. 1.12 1.69 0. 0. 0. 0.
time (sec) N/A 0.199 0.225 0.196 0. 0. 0. 0.
Problem 2 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F F F F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 115 115 138 207 0 0 0 0
normalized size | 1 1. 1.2 1.8 0. 0. 0. 0.
time (sec) N/A 0.134 0.162 0.119 0. 0. 0. 0.
Problem 3 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F F F F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 82 82 115 180 0 0 0 0
normalized size | 1 1. 1.4 2.2 0. 0. 0. 0.
time (sec) N/A 0.113 0.106 0.066 0. 0. 0. 0.
Problem 4 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F F F F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 76 76 107 426 0 0 0 0
normalized size | 1 1. 1.41 5.61 0. 0. 0. 0.
time (sec) N/A 0.062 0.086 0.135 0. 0. 0. 0.
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Problem 5 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F F F F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 71 71 104 220 0 0 0 0
normalized size | 1 1. 1.46 3.1 0. 0. 0. 0.
time (sec) N/A 0.111 0.155 0.092 0. 0. 0. 0.
Problem 6 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F F F F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 107 107 158 166 0 0 0 0
normalized size | 1 1. 1.48 1.55 0. 0. 0. 0.
time (sec) N/A 0.141 0.214 0.156 0. 0. 0. 0.
Problem 7 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F F F F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 124 124 150 301 0 0 0 0
normalized size | 1 1. 1.21 2.43 0. 0. 0. 0.
time (sec) N/A 0.186 0.427 0.177 0. 0. 0. 0.
Problem 8 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F F F F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 180 180 294 296 0 0 0 0
normalized size | 1 1. 1.63 1.64 0. 0. 0. 0.
time (sec) N/A 0.231 0.335 0.306 0. 0. 0. 0.
Problem 9 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F F F F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 155 155 203 312 0 0 0 0
normalized size | 1 1. 1.31 2.01 0. 0. 0. 0.
time (sec) N/A 0.187 0.456 0.25 0. 0. 0. 0.
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Problem 10 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F F F F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 136 136 251 253 0 0 0 0
normalized size | 1 1. 1.85 1.86 0. 0. 0. 0.
time (sec) N/A 0.13 0.309 0.151 0. 0. 0. 0.
Problem 11 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A B A F A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 57 57 49 98 225 115 0 135
normalized size | 1 1. 0.86 1.72 3.95 2.02 0. 2.37
time (sec) N/A 0.046 0.114 0.004 1.476  2.211 0. 1.266
Problem 12 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F F F(-1) F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 132 132 220 250 0 0 0 0
normalized size | 1 1. 1.67 1.89 0. 0. 0. 0.
time (sec) N/A 0.092 0.28 0.146 0. 0. 0. 0.
Problem 13 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F F F(-1) F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 122 122 152 340 0 0 0 0
normalized size | 1 1. 1.25 2.79 0. 0. 0. 0.
time (sec) N/A 0.171 0.486 0.188 0. 0. 0. 0.
Problem 14 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F F F F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 177 177 251 260 0 0 0 0
normalized size | 1 1. 1.42 1.47 0. 0. 0. 0.
time (sec) N/A 0.182 0.465 0.223 0. 0. 0. 0.




20

Problem 15 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F F F F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 159 159 217 371 0 0 0 0
normalized size | 1 1. 1.36 2.33 0. 0. 0. 0.
time (sec) N/A 0.257 0.659 0.208 0. 0. 0. 0.
Problem 16 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A A A A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 149 149 153 177 255 286 211 231
normalized size | 1 1. 1.03 1.19 1.71 1.92 142  1.55
time (sec) N/A 0.119 0.141 0.022 1.812 2143 5144 1.14
Problem 17, Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A A A A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 120 120 125 161 194 250 177 197
normalized size | 1 1. 1.04 1.34 1.62 2.08 1.48  1.64
time (sec) N/A 0.121 0.103 0.005 1.7561 2239 263 1184
Problem 18 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A A A A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 122 122 131 137 200 234 158 170
normalized size | 1 1. 1.07 1.12 1.64 1.92 1.3 1.39
time (sec) N/A 0.086 0.103 0.004 1.746 2139 1.53 1.183
Problem 19 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A A A A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 81 81 91 112 127 186 114 128
normalized size | 1 1. 1.12 1.38 1.57 2.3 1.41 1.58
time (sec) N/A 0.067 0.072 0.005 1.656 2166 0.678 1.162
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Problem 20 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F F F F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 132 132 111 130 0 0 0 0
normalized size | 1 1. 0.84 0.98 0. 0. 0. 0.
time (sec) N/A 0.239 0.193 0.144 0. 0. 0. 0.
Problem 21 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A B A B
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 66 66 80 79 109 360 78 1170
normalized size | 1 1. 1.21 1.2 1.65 5.45 118 17.73
time (sec) N/A 0.075 0.062 0.007  1.508  2.464 4.034 1.869
Problem 22 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F F F F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 119 119 105 127 0 0 0 0
normalized size | 1 1. 0.88 1.07 0. 0. 0. 0.
time (sec) N/A 0.221 0.154 0.313 0. 0. 0. 0.
Problem 23 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A B A B
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 85 85 130 119 161 394 172 4182
normalized size | 1 1. 1.53 1.4 1.89 4.64 2.02 49.2
time (sec) N/A 0.091 0.061 0.009 1.493  3.0564 551 13.841
Problem 24 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A A A A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 135 135 99 169 216 247 197 216
normalized size | 1 1. 0.73 1.25 1.6 1.83 1.46 1.6
time (sec) N/A 0.127 0.115 0.022 1.476 2406 2.613 1.148
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Problem 25 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A A A A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 205 205 149 270 360 385 326 365
normalized size | 1 1. 0.73 1.32 1.76 1.88 1.59 1.78
time (sec) N/A 0.244 0.161 0.007  1.465 2429 8371 1.19
Problem 26 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A A A A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 292 292 212 393 540 568 502 551
normalized size | 1 1. 0.73 1.35 1.85 1.95 1.72  1.89
time (sec) N/A 0.326 0.185 0.004 1.496 2495 23.442 1.196
Problem 27, Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A C F(-2) F F F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 521 521 811 216 0 0 0 0
normalized size | 1 1. 1.56 0.41 0. 0. 0. 0.
time (sec) N/A 0.81 1.095 0.535 0. 0. 0. 0.
Problem 28 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A C F(-2) F F F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 727 727 1065 1654 0 0 0 0
normalized size | 1 1. 1.46 2.28 0. 0. 0. 0.
time (sec) N/A 1.069 2.293 0.913 0. 0. 0. 0.
Problem 29 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade N/A A A A F(-2) A A A
verified N/A N/A N/A TBD TBD TBD TBD TBD
size 18 0 0 0 0 0 0 0
normalized size | 1 0. 0. 0. 0. 0. 0. 0.
time (sec) N/A 0.018 3.447 0.28 0. 0. 0. 0.
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Problem 30 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade N/A A A A F(-2) A A A
verified N/A N/A N/A TBD TBD TBD TBD TBD
size 18 0 0 0 0 0 0 0
normalized size | 1 0. 0. 0. 0. 0. 0. 0.
time (sec) N/A 0.019 2.141 0.268 0. 0. 0. 0.
Problem 31 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C F F(-2) B F A
verified N/A Yes NO TBD TBD TBD TBD TBD
size 66 66 68 0 0 606 0 101
normalized size | 1 1. 1.03 0. 0. 9.18 0. 1.53
time (sec) N/A 0.096 0.081 0.18 0. 2.649 0. 1.223
Problem 32 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C F F(-2) B F F(-1)
verified N/A Yes NO TBD TBD TBD TBD TBD
size 136 136 120 0 0 1192 0 0
normalized size | 1 1. 0.88 0. 0. 8.76 0. 0.
time (sec) N/A 0.153 0.188 0.183 0. 3.241 0. 0.
Problem 33 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C F F(-2) B F(-1) F(1)
verified N/A Yes NO TBD TBD TBD TBD TBD
size 211 211 162 0 0 2145 0 0
normalized size | 1 1. 0.77 0. 0. 10.17 0. 0.
time (sec) N/A 0.848 0.309 0.181 0. 4.082 0. 0.

2.3 Detailed conclusion table specific for Rubi
results

The following table is specific to Rubi. It gives additional statistics for each integral. the
column steps is the number of steps used by Rubi to obtain the antiderivative. The rules
column is the number of unique rules used. The integrand size column is the leaf size of

the integrand. Finally the ratio

number of rules
integrand size

integral was to solve. In this test, problem number [28] had the largest ratio of [ 0.6429 ]

is given. The larger this ratio is, the harder the




Table 2.1: Rubi specific breakdown of results for each integral

number of number of normalized .
# grade steps unique antiderivative l?‘::fgj;d %
used rules leaf size

1 A 8 8 1. 25 0.32
2 A 8 6 1. 25 0.24
3 A 5 5 1. 23 0.217
4 A 6 4 1. 22 0.182
5 A 7 5 1. 25 0.2
6 A 10 8 1. 25 0.32
U A 9 7 1. 25 0.28
8 A 12 9 1. 25 0.36
9 A 8 8 1. 25 0.32
10 A 8 6 1. 25 0.24
11 A 2 2 1. 23 0.087
12 A 8 6 1. 22 0.273
13 A 9 7 1. 25 0.28
14 A 13 11 1. 25 0.44
15 A 12 9 1. 25 0.36
16 A 6 6 1. 19 0.316
17 A 5 5 1. 19 0.263
18 A 4 4 1. 17 0.235
19 A 4 3 1. 16 0.188
20 A 12 12 1. 19 0.632
21 A 5 6 1. 19 0.316
22 A 10 10 1. 19 0.526
23 A 6 7 1. 19 0.368
24 A 5 5 1. 14 0.357
25 A 5 5 1. 14 0.357
26 A 5 5 1. 14 0.357
27 A 18 6 1. 14 0.429
28 A 26 9 1. 14 0.643
29 A 0 0 0. 0 0.
30 A 0 0 0. 0 0.
31 A 6 7 1. 16 0.438

Continued on next page
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Table 2.1 — continued from previous page

number of number of normalized .
# | grade steps unique antiderivative 1?;:?2?;: %
used rules leaf size
32 A 7 9 1. 16 0.562
33 A 8 10 1. 16 0.625
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Chapter 3

Listing of integrals

x3 (a+b cos™ (cx))
3.1 f d—c2dx?

Optimal. Leaf size=144

X

ibPolyLog (2, ezz‘cosfl(c")) x? (a +b cos‘l(cx)) i (a +b cos‘l(cx))2 log (1 — % Cosfl(‘:x)) (a +b Cos‘l(cx)) bxV
- +

204 2224 * 2bcd cid

[Out] (b*xx*Sqrt[1 - c™2%x72])/(4*c”3*d) - (x72x(a + bxArcCos[c*x]))/(2xc~2*xd) + (
(I/2)*(a + bxArcCos[c*x])~2)/(b*c™4xd) - (b*ArcSin[c*x])/(4xc™4*xd) - ((a +
bxArcCos [c*x])*Log[1 - E~((2*I)*ArcCos[c*x])])/(c”4*d) + ((I/2)*b*PolyLogl[2

, E7((2*I)*ArcCos[c*x])])/(c"4x*d)

Rubi [A] time = 0.198872, antiderivative size = 144, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 8, number of rules used = 8, integrand size = 25, fUmDer o e

0.32, Rules used = {4716, 4676, 3717, 2190, 2279, 2391, 321, 216}

integrand size

ibPolyLog (2, ezicos_l(cx)) x? (a +b cos‘l(cx)) i(a +b cos‘l(cx))2 log (1 -2 Cos_l(cx)) (a +b cos‘l(cx)) b
- - +

204 2724 * 2bctd i

Antiderivative was successfully verified.

[In] Int[(x"3*(a + bxArcCos[c*x]))/(d - c™2*d*x"2) ,x]

[Out] (b*xx*Sqrt[1 - c™2%x72])/(4*c"3*d) - (x72x(a + bxArcCos[c*x]))/(2xc™2*xd) + (
(I/2)*(a + bxArcCos[c*x])~2)/(b*c™4xd) - (b*ArcSin[cxx])/(4xc™4*xd) - ((a +

27
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b*ArcCos [c*x])*Log[1 - E~((2*I)*ArcCos[c*x])])/(c"4*d) + ((I/2)*bxPolyLog[2
, ET((2%I)*ArcCos[c*x])])/(c™4*d)

Rule 4716

Int[((a_.) + ArcCos[(c_.)*(x_)]1*(b_.)) " (n_.)*((f_.)*(x_)) " (m_)*x((d_) + (e_.
)*(x_)72)7(p_), x_Symbol] :> Simp[(fx(f*x)"(m - 1)*(d + e*xx"2)"(p + 1)*(a +
b*ArcCos[c*x]) ™n)/(ex(m + 2%p + 1)), x] + (Dist[(f72x(m - 1))/(c™2*%(m + 2%
p+ 1)), Int[(fxx)"(m - 2)*(d + e*x"2) p*(a + bxArcCos[c*x])"n, x], x] - Di
st [(b*xf*n*d~IntPart [p]*(d + exx”2) FracPart[p])/(cx(m + 2*%p + 1)*(1 - c™2*x
~2)"FracPart[pl), Int[(f*x)"(m - 1)*(1 - c™2*xx"2)"(p + 1/2)*(a + bxArcCos[c
*x])~(n - 1), x], x]) /; FreeQ[{a, b, c, d, e, f, p}, x] && EqQ[c™2xd + e,
0] && GtQ[n, 0] && GtQ[m, 1] && NeQ[m + 2*%p + 1, 0] && IntegerQ[m]

Rule 4676

Int[(((a_.) + ArcCos[(c_.)*(x )I*(b_.))"(n_.)*x(x ))/((d) + (e_.)*x(x)"2),
x_Symbol] :> Dist[1/e, Subst[Int[(a + b*x) n*Cot[x], x], x, ArcCos[c*x]], x
1 /; FreeQ[{a, b, c, d, e}, x] && EqQ[c™2*d + e, 0] && IGtQ[n, O]

Rule 3717

Int[((c_.) + (d_.)*(x_))"(m_.)*tan[(e_.) + Pix(k_.) + (f_.)*(x_)], x_Symbol
] > Simp[(I*(c + d*x)"(m + 1))/(d*(m + 1)), x] - Dist[2*I, Int[((c + d*x)~
m*E” (2xIxk*Pi)*E~ (2xI* (e + f*x)))/(1 + E~(2xIxk*Pi)*E~(2xI*x(e + f*x))), x],
x] /; FreeQ[{c, d, e, f}, x] && IntegerQ[4*k] && IGtQ[m, O]

Rule 2190

Int [CC(F_)~((g_)*((e_.) + (£_)*(x_))))"(n_.)*((c_.) + (d_)*(x_))"(m_.))/
(@) + (b_)*x((F_)~((g_.)*x((e_.) + (£_.)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x)"mxLog[l + (b*x(F~(gx(e + fxx)))"n)/al)/(bxf*g*n*Log[F]), x] - Di
st [(d*m) / (b*xf*g*n*xLog[F]), Int[(c + d*x)"(m - 1)*Logl[l + (bx(F~(gx(e + f*x)
))7n)/al, x], x] /; FreeQ[{F, a, b, ¢, d, e, f, g, n}, x] && IGtQ[m, O]

Rule 2279

Int[Logl(a_) + (b_.)*x((F_)"((e_.)*((c_.) + (d_.)*(x_))))"(n_.)], x_Symbol]
:> Dist[1/(d*e*n*Log[F]), Subst[Int[Logla + b*x]/x, x], x, (F (ex(c + d*x))
)°nl, x] /; FreeQ[{F, a, b, c, d, e, n}, x] && GtQ[a, O]

Rule 2391

Int[Log[(c_.)*x((d_) + (e_.)*(x_)"(n_.))]1/(x_), x_Symbol] :> -Simp[PolyLogl[2
, —(cxe*xx"n)]/n, x] /; FreeQl{c, d, e, n}, x] && EqQ[cx*d, 1]



Rule 321

Int [((c_.)*(x_)) " (m_)*((a_) + (b_.)*x(x_)"(n_))"(p_), x_Symbol]

29

:> Simp[(c™(

n - D*(cxx)"(m - n + D*x(a + bxx™n) " (p + 1))/ (bx(m + nxp + 1)), x] - Dist[
(axc™n*(m - n + 1))/(b*x(m + nxp + 1)), Int[(c*x)"(m - n)*x(a + b*x"n) p, xJ,
x] /; FreeQ[{a, b, c, p}, x] && IGtQ[n, 0] && GtQ[m, n - 1] && NeQ[m + n*p

+ 1, 0] &% IntBinomialQ[a, b, ¢, n, m, p, x]

Rule 216

Int[1/Sqrtl(a_) + (b_.)*(x_)"2], x_Symbol] :> Simp[ArcSin[(Rt[-b, 2]*x)/Sqr

tlall/Rt[-b, 2], x] /; FreeQ[{a, b}, x] && GtQl[a, 0] && NegQ[bl

Rubi steps

x(a+b cos 1(cx)

X =

x2
f x3 (a +b cos‘l(cx)) _x2 (11 +b COS_l(Cx)) N f sz) dx B b f Vi—e? ax
d — c2dx? 2c2d c? 2cd

bVl - 22 x? (a +b cos‘l(cx)) Subst (f(a + bx) cot(x) dx, x, Cos_l(cx)) bf \/T

4c3d 2c2d

bxVI— 22 x%(a+Dbcos i (cx)) i@+baw4¢ﬂf bsin~}(cx) Qﬂ&mﬁ(f
= - +

4¢

€

34 2024 * 2bctd

4cid

bxVl — 2x2 2 (a +b cos‘l(cx)) i(a +b cos‘l(cx))2 bsin™!(cx) (a +bcos™(ca

34 2324 * 2bctd

4ctd

vl — 22 X2 (u +b Cos‘l(cx)) i(u +b Cos‘l(cx))2 bsin™!(cx) (a +bcos™(ca

134 2724 * 2bcd

4ctd

bxVl — 2x2 2 (a +b cos‘l(cx)) i(a +b cos‘l(cx))2 bsin™ (cx) (a +bcos™(ca

54 2024 * 2bctd

Mathematica [A] time = 0.224683, size = 161, normalized size = 1.12

4ctd

—4ibPolyLog (2, —¢' COS_l(C")) — 4ibPolyLog (2, eicos_l(‘”‘>) +2ac%x® + 2alog (1 - szz) — bexV1 = c2x2 + 2bc?x? cos™

Warning: Unable to verify antiderivative.

[In] Integrate[(x"3*(a + bxArcCos[c*x]))/(d - c™2*d*x~2),x]

4ctd
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[Out] -(2%a*c™2*x"2 - b*ckxxSqrt[1 - c™2xx72] + 2%bxc~2*x"2*ArcCos[c*x] - (2%I)*Db
xArcCos [c*x] "2 + b*ArcSin[c*x] + 4*bxArcCos[c*x]*Log[l - E~(I*ArcCos[c*x])]

+ 4xbxArcCos [c*x]*Log[1 + E~(I*ArcCos[c*x])] + 2*%axLogl[l - c™2*x72] - (4x*I
)*b*PolyLog[2, -E~(I*ArcCos[cxx])] - (4%I)*b*PolyLog[2, E~(I*ArcCos[c*x])])

/ (4xc™4%d)

Maple [A] time = 0.196, size = 243, normalized size = 1.7

ax*  aln(cx-1) aln(cx+1) éb (arccos (cx))2 bx barccos (cx)x*>  barccos(cx) barce
_ _ _ V242 +1 - _
2c2d 2dct 2dct - dc* "3 i - 2c2d H— dc* a

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x~3*(at+b*arccos(c*x))/(-c”2xd*x"2+d) ,x)

[Out] -1/2/c™2xa/d*x"2-1/2/c"4*a/d*1n(cxx-1)-1/2/c"4*a/d*1n(cxx+1)+1/2%I/c~4*xb/d*
arccos (c*x) ~2+1/4xbxx* (-c™2*%x~2+1) ~(1/2) /c~3/d-1/2/c"2xb/d*arccos (c*x) *x~ 2+
1/4/c”4xb/d*arccos (c*x)-1/c 4*b/d*arccos (cxx)*1n (1+c*x+I* (-c™2*x"2+1)~(1/2)
)-1/c”4*b/d*arccos (cxx)*1n(1-ckxx-I* (-c~2*x~2+1)~(1/2))+I/c~4*b/d*polylog(2,
—c*xx-I*(-c™2%x72+1) " (1/2))+I/c”4*b/d*polylog(2, cxx+I*(-c~2*x"2+1)~(1/2))

Maxima [F] time = 0., size = 0, normalized size = 0.

1 1 1 1 1 1
2,2 (E log(cx+1)+§ log(—cx+1))+e(§ log(cx+1)+§ log(—cx+1)) (i log(cx+1)+§ log(—cx+1))

log(cx+1)+e log(—cx+1

C4d f c e
1 [ x2 10g (szz — 1)) C7dx4—c5dx2—(c5dx2—c3d)(cx+1)(cx—l)
+

-—a
2

c2d * ctd 2c4d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~3*(atb*arccos(c*x))/(-c™2*d*x"2+d) ,x, algorithm="maxima"

[Out] -1/2%a*x(x72/(c”2%d) + log(c™2*x"2 - 1)/(c™4xd)) + 1/2%(2xc”4*d*integrate(1/
2% (c72xx"2xe” (1/2x1log(cxx + 1) + 1/2xlog(-c*xx + 1)) + e~ (1/2xlog(cxx + 1) +
1/2*%log(-c*x + 1))*log(c*x + 1) + e~ (1/2*log(c*x + 1) + 1/2*%log(-c*x + 1))
xlog(-cxx + 1))/(c”7xd*x"4 - c”b5*d*x"2 + (c7b*d*x"2 - c”3*d)*e” (log(cxx + 1

) + log(-c*xx + 1))), x) - (c”2*%x"2 + log(cxx + 1) + log(-cxx + 1))*arctan2(
sqrt(c*xx + 1)xsqrt(-c*x + 1), c*x))*b/(c"4x*d)
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Fricas [F] time = 0., size = 0, normalized size = 0.

— b3 arccos (cx) + ax®
integral [ - ,
& c2dx? —d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~3*(atb*arccos(c*x))/(-c~2*d*x~2+d),x, algorithm="fricas")

[Out] integral(-(b*x"3*arccos(c*x) + a*x~3)/(c"2xd*x"2 - d), x)

Sympy [F] time = 0., size = 0, normalized size = 0.

3 3
ax bx? acos (cx)
f c2x2-1 dx + f c2x2-1 dx
d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x**3*(at+b*acos(c*x))/(—cx*2xd*x**2+d) ,x)

[Out] -(Integral (a*xx**3/(c*x2*x**2 - 1), x) + Integral (b*x**3*acos(c*x)/(ck*2xx**
2-1), x))/d

Giac [F] time = 0., size = 0, normalized size = 0.

(barccos (cx) + a)x®

c2dx? - d ax

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~3*(atb*arccos(c*x))/(-c”2*d*x~2+d) ,x, algorithm="giac")

[Out] integrate(-(b*arccos(c*x) + a)*x~3/(c™2xd*x"2 - d), x)
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2 b -1
fx (a+ cos (cx)) x

.2
3 d—c2dx?

Optimal. Leaf size=115

ibPolyLog (2, —e COS_l(Cx)) ibPolyLog (2, el Cos_l(c")) x (a +b cos‘l(cx)) 2tanh™ (ei COS_l(C")) (a +b cos‘l(cx))
- c3d * c3d - c2d " c3d

[Out] (b*Sqrt[l - c”2*x72])/(c”3*d) - (xx(a + bxArcCos[c*x]))/(c"2xd) + (2x(a + b
*xArcCos [c*x] ) *ArcTanh [E™ (I*ArcCos[c*x])])/(c"3*d) - (IxbxPolyLogl[2, -E~(Ix*A
rcCos[c*x])])/(c™3*d) + (I*b*PolyLogl[2, E~(I*ArcCos[c*x])])/(c™3*d)

Rubi [A] time = 0.134022, antiderivative size = 115, normalized size of antiderivative
1., number of steps used = 8, number of rules used = 6, integrand size = 25, number of rules _

integrand size
0.24, Rules used = {4716, 4658, 4183, 2279, 2391, 261}

ibPolyLog (2, —eicos_l(‘”‘)) ibPolyLog (2, é Cos_l(cx)) X (a +b cos‘l(cx)) 2tanh ™" (ei Cos_l(cx)) (a +b cos‘l(cx))
- c3d i c3d - c2d i c3d

Antiderivative was successfully verified.

[In] Int[(x"2%(a + b*ArcCos[c*x]))/(d - c ™ 2xd*x"2),x]

[Out] (b*Sqrt[l - c~2*x72])/(c"3*d) - (xx(a + bxArcCos[c*x]))/(c”2*d) + (2x(a + b
*ArcCos [c*x])*ArcTanh [E™ (I*ArcCos[c*x])])/(c"3*d) - (Ixb*PolyLogl[2, -E~(I*A
rcCos[cxx])]1)/(c”3%d) + (I*bxPolyLog[2, E~(I*ArcCos[cxx])])/(c~3*d)

Rule 4716

Int[((a_.) + ArcCos[(c_.)*(x_)I*(b_.)) " (n_.)*x((f_.)*(x_)) " (m_)*((d_) + (e_.
)¥(x_)72)7(p_), x_Symbol] :> Simp[(fx(f*x)"(m - 1)*(d + e*xx"2)"(p + 1)*(a +
b*ArcCos[c*x]) n)/(ex(m + 2%p + 1)), x] + (Dist[(f72x(m - 1))/(c™2*%(m + 2%
p+ 1)), Int[(fxx)"(m - 2)*(d + e*x”2) p*(a + bxArcCos[c*x])"n, x], x] - Di
st [(b*xf*n*d~IntPart [p]*(d + exx”2) FracPart[p])/(cx(m + 2*%p + 1)*(1 - c™2*x
~2) FracPart([pl), Int[(f*x)"(m - 1)*(1 - c2*x"2)"(p + 1/2)*(a + b*ArcCos|c
*x])"(n - 1), x], x]) /; FreeQ[{a, b, c, d, e, f, p}, x] && EqQ[c™2xd + e,
0] && GtQ[n, 0] && GtQ[m, 1] && NeQ[m + 2*p + 1, 0] && IntegerQ[m]

Rule 4658

Int[((a_.) + ArcCos[(c_.)*(x_)I*(b_.))"(n_.)/((d_) + (e_.)*x(x_)"2), x_Symbo
1] :> -Dist[(c*d)~(-1), Subst[Int[(a + b*x) n*Csc[x], x], x, ArcCos[cx*x]],
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x] /; FreeQ[{a, b, c, d, e}, x] && EqQ[c™2xd + e, 0] && IGtQ[n, O]

Rule 4183

Int[cscl(e_.) + (£_D)*(x)I*((c_.) + (d_.)*(x_))"(m_.), x_Symbol] :> Simp[(
-2x(c + d*xx) “m*¥ArcTanh[E~(I*x(e + f*x))])/f, x] + (-Dist[(d*m)/f, Int[(c + d
*x) " (m - 1)*Log[l - E~(Ix(e + f*x))], x], x] + Dist[(d*m)/f, Int[(c + d*x)~
(m - DxLogll + E"(Ix(e + f*x))], x], x]) /; FreeQl[{c, d, e, £}, x] && IGtQ
[m, 0]

Rule 2279

Int[Logl[(a_) + (b_.)*x((F_)"((e_.)*((c_.) + (d_.)*(x_))))"(n_.)], x_Symbol]
:> Dist[1/(d*e*n*Log[F]), Subst[Int[Logla + b*x]/x, x], x, (F (ex(c + d*x))
)°nl, x] /; FreeQ[{F, a, b, ¢, d, e, n}, x] & GtQ[a, O]

Rule 2391

Int[Log[(c_.)*x((d_) + (e_.)*(x_ )" (n_.))]1/(x_), x_Symbol] :> -Simp[PolyLogl[2
, —(cxexx™n)]/n, x] /; FreeQl{c, d, e, n}, x] && EqQ[cxd, 1]

Rule 261

Int[(x_ )" (m_.)*((a_) + (b_)*(x_)"(m_))"(p_), x_Symbol] :> Simp[(a + b*x"n)
“(p + 1)/ (b*xnx(p + 1)), x] /; FreeQ[{a, b, m, n, p}, x] && EqQ[m, n - 1] &&
NeQ[p, -1]

Rubi steps
_ _ beos™ (cx) X
fxz (a + bcos 1(cx)) e _x(a + bcos 1(cx)) N f%dx ) bf mdx
d — c?dx? c2d c? cd
bV1—c22 «x (a +b cos‘l(cx)) Subst ( [(a +bx) cse(x) dx, x, cos‘l(cx))
T d&d c2d - c3d
bV1-c22 x(a+bcosTicex)) 2(a+bceos™(cx))tanh™ (eicos_l(cx)) b Subst ([
= - + +
c3d c2d c3d
WI—c22 x (a +b cos‘l(cx)) 2 (u +b cos‘l(cx)) tanh™ (eicos_l(fx)) (ib) Subst (
T d8d c2d " c3d -

V11— 22 x (a +b cos‘l(cx)) 2 (a +b Cos‘l(cx)) tanh ™ (ei COS*l(”‘)) ibLi, (—ei cos
= — + —
c3d c2d c3d c3d
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Mathematica [A] time = 0.162028, size = 138, normalized size = 1.2

2ibPolyLog (2, —e COS_l(Cx)) — 2ibPolyLog (2, é COS_l(C")) + 2acx + alog(l — cx) — alog(cx + 1) — 2bV1 — c2x2 + 2bcx ¢
- 2c3d

Warning: Unable to verify antiderivative.

[In] Integrate[(x"2*(a + bxArcCos[c*x]))/(d - c~2*d*x~2),x]

[Out] -(2*a*xc*x - 2*b*Sqrt[l - c”2*x"2] + 2xb*c*x*ArcCos[c*x] + 2%bxArcCos[cxx]*L
ogll - E~(I*ArcCos[c*x])] - 2xbxArcCos[c*x]*Log[l + E~(IxArcCos[c*x])] + ax

Log[l - c*x] - axLogl[l + c*x] + (2*I)*b*PolyLogl[2, -E~(I*ArcCos[c*x])] - (2
*xI)*b*PolyLog[2, E~(I*ArcCos[c*x])])/(2%c~3*d)

Maple [A] time = 0.119, size = 207, normalized size = 1.8

ax aln(cx—-1) aln(cx+1) N im _ barc;;s (cx) I (1 RN 1) N barc;;s (cx) n (1 L

c2d 2dc3 2dc3 dc3

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x~2*(a+b*arccos(c*x))/(-c~2xd*x"2+d) ,x)

[Out] -1/c”2*a/d*x-1/2/c”3*a/d*1ln(c*x-1)+1/2/c”3*a/d*1n(cxx+1)+b*(-c™2*x"2+1) " (1/
2)/d/c”3-1/c”3*b/d*arccos (c*x)*1n(1-c*x-I*(-c™2*x"2+1)~(1/2))+1/c"3*b/d*arc
cos (c*x) *1n (1+c*x+Ix(—c™2%x72+1)~(1/2))-1/c”2xb/d*arccos (c*x) *x+Ixb*polylog
(2, cxx+I*(-c™2*%x"2+1) " (1/2))/d/c”3-I*b*polylog(2,-c*x-I*(-c™2%x"2+1)~(1/2))

/d/c”3

Maxima [F] time = 0., size = 0, normalized size = 0.

_(C3d(2\/cx+013\/d —cx+1 + f _ Vex+1vV-cx+1(log(cx+1)-log(—cx+1)) dx) _ (2 ox — log (cx

cAdx?—c2d
2c3d

_1 . 2x _ log (cx +1) N log (cx —1) ~
2 \c2d c3d c3d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~2*(a+b*arccos(c*x))/(-c 2xd*xx"2+d) ,x, algorithm="maxima")
g g
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[Out] -1/2%a*x(2%x/(c”2%d) - log(c*x + 1)/(c™3*d) + log(c*x - 1)/(c”3%d)) - 1/2%(2
xc~3*d*integrate(-1/2%(2%c*x - log(c*x + 1) + log(-c*x + 1))*sqrt(c*x + 1)x
sqrt(-cxx + 1)/(c™4*d*x"2 - c”2*d), x) + (2xc*x - log(c*x + 1) + log(-c*x +

1)) *arctan2(sqrt(cxx + 1)*sqrt(-c*x + 1), c*x))*b/(c~3*d)

Fricas [F] time = 0., size = 0, normalized size = 0.

— bx? arccos (cx) + ax?
integral [ - ,
& c2dx? —d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~2x(at+b*arccos(c*x))/(-c™2xd*x"2+d) ,x, algorithm="fricas")

[Out] integral(-(b*x~2*arccos(c*x) + a*x~2)/(c”2*xd*x"2 - d), x)

Sympy [F] time = 0., size = 0, normalized size = 0.

bx? acos (cx)
f02x21d +f T 221 dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x**2*(a+b*acos(c*x))/(-c**x2*xd*x**2+d) ,x)

[Out] -(Integral (a*xx**2/(cx*2xx**2 - 1), x) + Integral (b*x*x2*acos(ckxx)/(ck*2kx**

2 -1), x))/d

Giac [F] time = 0., size = 0, normalized size = 0.

_ (barccos (cx) + a)x?

d
c2dx? - d a

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~2*(atb*arccos(c*x))/(-c”2*d*x"2+d) ,x, algorithm="giac")

[Out] integrate(-(b*arccos(c*x) + a)*x~2/(c”2*d*x"2 - d), x)
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f x(a+b cos_l(cx))
X

3.3 d—c2dx?

Optimal. Leaf size=82

o 2 o
ibPolyLog (2, g2 cos 1(”‘)) i (a +b cos‘l(cx)) log (1 — g2icos 1(Cx)) (a +b cos‘l(cx))
2024 i 2bc2d ) 2d

[Out] ((I/2)*(a + b*ArcCos[c*x])~2)/(b*c™2*d) - ((a + b*ArcCos[c*x])*Log[l - E~((
2xI)*ArcCos[cxx])])/(c™2*xd) + ((I/2)*b*PolyLogl[2, E~((2*I)*ArcCos[c*x])])/(
c”2%d)

Rubi [A] time = 0.112598, antiderivative size = 82, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 5, number of rules used = 5, integrand size = 23, e =

integrand size
0.217, Rules used = {4676, 3717, 2190, 2279, 2391}

o 2 o
ibPolyLog (2, g2 cos 1(”‘)) i(a +b cos‘l(cx)) log (1 — g2icos 1(“‘)) (a +b cos‘l(cx))
2024 " 2bc%d B 2d

Antiderivative was successfully verified.

[In] Int[(x*(a + b*xArcCos[c*x]))/(d - c 2*xd*x"2),x]

[Out] ((I/2)*(a + b*ArcCos[c*x])~2)/(b*c™2*d) - ((a + b*ArcCos[c*x])*Log[l - E~((
2xI)*ArcCos[cxx])])/(c”2*xd) + ((I/2)*b*PolyLogl[2, E~((2*I)*ArcCos[c*x])])/(
c”2xd)

Rule 4676

Int[(((a_.) + ArcCos[(c_.)*x(x_)]1*(b_.))"(n_.)*(x_))/((d_) + (e_.)*(x_)"2),
x_Symbol] :> Dist[1/e, Subst[Int[(a + b*x) n*xCot[x], x], x, ArcCos[c*x]], x
1 /; FreeQ[{a, b, c, d, e}, x] && EqQ[c™2*d + e, 0] && IGtQ[n, O]

Rule 3717

Int[((c_.) + (d_)*(x_))"(m_.)*tan[(e_.) + Pix(k_.) + (f_.)*(x_)], x_Symbol
1 > Simp[(I*(c + d*x)"(m + 1))/(d*(m + 1)), x] - Dist[2xI, Int[((c + d*x)~
m*E~ (2*xI*k*Pi)*E~ (2*xI* (e + f*x)))/(1 + E~(2*I*k*Pi)*E~(2*I*(e + f*x))), x],
x] /; FreeQl[{c, 4, e, f}, x] && IntegerQ[4*k] && IGtQ[m, O]

Rule 2190
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Int [(C(F_)~((g_.)*((e_.) + (£_)*(x_))))"(m_)*x((c_.) + (d_)*(x_))"(m_.))/
(@) + (b_)*x((F_)~((g_I)*((e_.) + (f_.)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x) m*xLog[l + (b*x(F~(gx(e + f*x)))"n)/al)/(b*f*xg*n*Log[F]), x] - Di
st [(d*m) / (bxfxg*n*Log[F]), Int[(c + d*x)"(m - 1)*Log[l + (bx(F~(gx(e + fxx)
))°n)/al, x1, x] /; FreeQ[{F, a, b, ¢, d, e, f, g, n}, x] && IGtQ[m, O]

Rule 2279

Int[Logl(a_) + (b_.)*((F_)~((e_.)*((c_.) + (d_.)*(x_))))"(n_.)], x_Symbol]
:> Dist[1/(d*e*n*Log[F]), Subst[Int[Logla + b*x]/x, x], x, (F~(ex(c + d*x))
)°n], x] /; FreeQ[{F, a, b, c, d, e, n}, x] && GtQ[a, 0]

Rule 2391

Int[Logl(c_.)*((d_) + (e_.)*(x_)"(n_.))]/(x_), x_Symbol] :> -Simp[PolyLogl[2
, —(cxexx"n)]/n, x] /; FreeQ[{c, d, e, n}, x] && EqQlcx*d, 1]

Rubi steps
x (a +b cos‘l(cx)) _ Subst ( [(a + bx) cot(x) dx, x, cos‘l(cx))
f d — c2dx? =T c2d A
i(a +beos] (cx))2 (21) Subst ( Il ezjﬁ:;fx) dx, x, cos™! (cx))
T ed 24
; 1) -1 _ 2icos Y cx) . _ 2ix
_ z(a + b cos (cx)) B (a + b cos (cx)) log (1 e ) .\ b Subst (flog (1 e ) dx,
2bc2d c2d c2d
~ i(a +b cos‘l(cx))2 (a +b cos‘l(cx)) log (1 - eZiCOS_l(C")) (ib) Subst (f log(+x> dx, x, €
B 2bc2d - c2d - 2c2d
2 o o
_ i(a +b Cos‘l(cx)) ) (a +b cos‘l(cx)) log (1 — g2icos 1(“‘)) N ibLi, (621 cos 1(”‘))
2bc%d c2d 2c2d

Mathematica [A] time = 0.106145, size = 115, normalized size = 1.4

i (ZbPolyLog (2, —! COS_l(C’“)) + 2bPolyLog (2, el COS_l(Cx)) +ialog (1 -~ c2x2) + bcos™(cx)? + 2ib cos™(cx) log (1 — el
2c%d

Warning: Unable to verify antiderivative.

[In] Integrate[(xx(a + bxArcCos[c*x]))/(d - c~2xd*x"2),x]
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[Out] ((I/2)*(bxArcCos[c*x]~2 + (2*I)*b*ArcCos[c*x]*Log[l - E~(I*ArcCos[cxx])] +
(2%I)*b*xArcCos [c*xx]*Log[1 + E~(I*ArcCos[c*x])] + I*axLogl[l - c™2*x"2] + 2*b
xPolyLog[2, -E~(I*ArcCos[c*x])] + 2*b*PolyLog[2, E~(I*ArcCosl[c*x])]))/(c™2x

d)

Maple [A] time = 0.066, size = 180, normalized size = 2.2

4 In(cx-1) _a In(cx+1) éb (arccos (Cx))z ~ b arccos (cx) |

N barccos (cx) |
2c2d 2 c2d c2d c2d

c2d

n(1+cx+i —c2x2+1) n(l—cx—x

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x*(a+b*arccos(c*x))/(-c~2*d*x"~2+d),x)

[Out] -1/2/c”2*a/d*1n(c*x-1)-1/2/c"2*a/d*1n(c*x+1)+1/2*I/c~2*b/d*arccos(c*x) "2-1/
¢~ 2xb/d*arccos (c*kx) *1n(1+ckx+I* (—c™2%x"2+1) " (1/2))-1/c"2*b/d*arccos (c*x) *1n
(1-cxx-I*(-c™2*%x"2+1) " (1/2))+I/c”2%b/d*polylog (2, cxx+I* (-c™2xx"2+1) " (1/2))+
I/c”2%b/d*polylog(2,-cxx-I*(-c™2*xx"2+1)"(1/2))

Maxima [F] time = 0., size = 0, normalized size = 0.

1
log;(cx+1)+e(i

log(cx+1)+% log(—cx+1))
2
C

f c5dx4—c3dx2—(c3dx2—cd)(cx+l)(cx—l)

(% log(cx+1)+% log(—cx+1))
e

logl=extl) gy — (log (cx +1) + log (—cx + 1)) arctan (\/cx +1v-

2c%d
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*(at+b*arccos(c*x))/(-c"2xd*x~2+d) ,x, algorithm="maxima")

[Out] 1/2*(2*c”2*d*integrate(1/2*(e”(1/2xlog(c*x + 1) + 1/2*log(-c*x + 1))*log(cx*
x + 1) + e"(1/2%x1log(cxx + 1) + 1/2xlog(-c*xx + 1))*log(-c*x + 1))/(c~b*d*x~4

- ¢73xd*x"2 + (c73*%d*x"2 - c*xd)*e” (log(cxx + 1) + log(-c*x + 1))), x) - (1
og(cxx + 1) + log(-c*xx + 1))*arctan2(sqrt(c*x + 1)*sqrt(-c*x + 1), c*x))*b/
(c™2%d) - 1/2xaxlog(c™2xd*x"2 - d)/(c”2*d)

Fricas [F] time = 0., size = 0, normalized size = 0.

bx arccos (cx) + ax
x
c2dx? —d ’

integral (—
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*(atb*arccos(c*x))/(-c"2*d*x"2+d),x, algorithm="fricas")

[Out] integral(-(b*x*arccos(c*x) + a*x)/(c”2xd*x"2 - d), x)

Sympy [F] time = 0., size = 0, normalized size = 0.

f _ax dx + fbxacos (cx) dx

c2x2-1 c2x2-1
d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*(a+b*acos(c*x))/(-c**x2*xd*x**2+d) ,x)

[Out] -(Integral(axx/(c**2*x**2 - 1), x) + Integral(b*x*acos(c*x)/(ck*2xx**2 - 1)
, x))/d

Giac [F] time = 0., size = 0, normalized size = 0.

(barccos (cx) + a)x

c2dx? - d ax

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*(at+b*arccos(c*x))/(-c"2*d*x"2+d),x, algorithm="giac")

[Out] integrate(-(b*arccos(c*x) + a)*x/(c™2*d*x"2 - d), x)
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-1
3 4 fa+bcos (cx) dx

d—c2dx?
Optimal. Leaf size=76
ibPolyLog (2, —e! COS_l(C")) ibPolyLog (2, ¢ COS_l(C")) 2 tanh ™ (ei Cos_l(cx)) (a +b cos‘l(cx))
- +

cd cd * cd

[Out] (2x(a + b*ArcCos[c*x])*ArcTanh[E~ (I*ArcCos[c*x])])/(c*d) - (I*b*PolyLogl2,
-E~(I*ArcCos[c*x])])/(cxd) + (I*bxPolyLogl[2, E~(I*ArcCos[c*x])])/(c*d)

Rubi [A] time = 0.0619147, antiderivative size = 76, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 6, number of rules used = 4, integrand size = 22, 0o e

0.182, Rules used = {4658, 4183, 2279, 2391}

integrand size

ibPolyLog (2, —e! COS_l(C")) ibPolyLog (2, é Cos_l(cx)) 2 tanh ™ (ei Cos_l(cx)) (a +b cos‘l(cx))
- cd " cd " cd

Antiderivative was successfully verified.

[In] Int[(a + b*ArcCos[c*x])/(d - c 2*xd*x"2),x]

[Out] (2x(a + b*ArcCos[c*x])*ArcTanh[E~ (I*ArcCos[c*x])])/(c*d) - (I*bxPolyLogl2,
-E~ (I*ArcCos[c*x])])/(cxd) + (I*bxPolyLog[2, E~(I*ArcCos[c*x])])/(c*d)

Rule 4658

Int[((a_.) + ArcCos[(c_.)*(x_)]*(b_.))"(n_.)/((d_) + (e_.)*(x_)"2), x_Symbo
1] :> -Dist[(c*d)~(-1), Subst[Int[(a + b*x) n*Csclx], x], x, ArcCos[c*x]],
x] /; FreeQ[{a, b, c, d, e}, x] && EqQ[c™2*d + e, 0] && IGtQ[n, O]

Rule 4183

Int[cscl(e_.) + (£_)*(x_)1*((c_.) + (d_.)*(x_))"(m_.), x_Symbol] :> Simp[(
-2%(c + d*xx) m¥ArcTanh[E~(I*(e + f*x))]1)/f, x] + (-Dist[(d*m)/f, Int[(c + 4
*x)"(m - 1)*Logl[l - E~(I*x(e + f*x))], x], x] + Dist[(d*m)/f, Int[(c + d*x)~
(m - 1)*Logll + E~(Ix(e + f*x))], x], x]) /; FreeQl{c, d, e, £}, x] && IGtQ
[m, 0]

Rule 2279

Int[Logl(a_) + (b_)*((F_)"((e_.)*((c_.) + (d_.)*(x_))))"(n_.)], x_Symbol]
:> Dist[1/(d*e*n*Log[F]), Subst[Int[Logla + b*x]/x, x], x, (F (ex(c + d*x))
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)°nl], x] /; FreeQ[{F, a, b, c, d, e, n}, x] && GtQ[a, 0]
Rule 2391

Int[Log[(c_.)*((d_) + (e_.)*(x_)"(n_.))]/(x_), x_Symbol] :> -Simp[PolyLogl[2
, —(cxexx"n)]/n, x] /; FreeQ[{c, d, e, n}, x] && EqQlc*xd, 1]

Rubi steps
a + bcos1(cx) Subst ( f (a + bx) csc(x) dx, x, cos‘l(cx))
d — c2dx? cd

2 (a +bcos! (cx)) tanh ™! (ei C"S_l(cx)) N b Subst ( [log (1 - ei") dx, x, cos‘l(cx)) b Subst (

cd cd
2 (a +bcos™ (cx)) tanh ™" (ei Cos_l(cx)) (ib) Subst ( [== log(l X dx, x, ¢l <08 1(”‘)) . (ib) Subst (

cd cd

2 (a +bcos! (cx)) tanh ™ (ei CC’S"l(wf)) ibLi, ( i cos 1(cx)) . ibLi, (ei Cos_l(c"))
cd cd cd

Mathematica [A] time = 0.0855092, size = 107, normalized size = 1.41

—2ibPolyLog (2, —e! COS*l(C")) + 2ibPolyLog (2, eicosfl(cx)) alog(l - cx) + alog(cx + 1) — 2b cos ™ (cx) log ( gicos™
2cd

Warning: Unable to verify antiderivative.

[In] Integratel[(a + bxArcCos[c*x])/(d - c™2*d*x"2),x]

[Out] (-2*b*ArcCos[c*x]*Logl[l - E~(I*ArcCos[c*x])] + 2xb*ArcCos[c*x]*Log[1l + E~(I

*xArcCos[c*x])] - a*Logl[l - c*x] + axLog[l + c*x] - (2*I)*b*PolyLog[2, -E(I

xArcCos [c*x])] + (2%I)*b*PolyLog[2, E~(I*ArcCos[c*x])])/(2*c*d)

Maple [B] time = 0.135, size = 426, normalized size = 5.6

aArtanh (cx) bArtanh (cx) arccos (cx) 1 ibArtanh (cx) _
—d ilog | —i icx - In{(1-1)co

dc dc \/_sz +1 V=22 +1 dc

Verification of antiderivative is not currently implemented for this CAS.
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[In] int((at+b*arccos(c*x))/(-c~2*xd*x"2+d),x)

[Out] 1/c*a/d*arctanh(c*x)+1/c*b/d*arctanh(c*x)*arccos(c*x)+I/cxb/d*dilog(-I/(-c~
2%x72+1) " (1/2) -I*xc*xx/ (-c™2*xx"2+1) " (1/2))-I/c*b/d*1n((1-I)*cosh(1/2*arctanh(
cxx))+(1+I)*sinh(1/2*arctanh(c*x)))*arctanh(c*x)+I/c*b/d*1n((1-I)*cosh(1/2*
arctanh(c*x))+(1+I)*sinh(1/2*arctanh(c*x)))*1n(-I/(-c”2*x"2+1) ~(1/2) -I*c*x/
(=c™2*x72+1)7(1/2))-I/c*b/d*dilog(I/ (-c™2xx~2+1) ~(1/2) +I*cxx/ (-c™2*xx"2+1) ~(
1/2))+I/cxb/d*1n((1+I) *cosh(1/2*arctanh(c*x))+(1-I)*sinh(1/2*arctanh(c*x)))
*arctanh(c*x)-I/c*b/d*1n((1+I)*cosh(1/2*arctanh(c*x))+(1-I)*sinh(1/2*arctan
h(c*x)))*1n(I/(-c™2%x"2+1) " (1/2) +I*c*xx/ (-c™2%x"2+1) " (1/2) ) +1/2*I1/c*b/d*arct

anh (c*x)*1n(-I/(-c™2*x"2+1) " (1/2)-I*c*x/(-c™2%x~2+1)~(1/2))-1/2*I/c*b/d*arc

tanh (c*xx)*1n(I/(-c™2*xx7"2+1) ~(1/2) +I*c*x/ (-c™2*x"2+1)~(1/2))

Maxima [F] time = 0., size = 0, normalized size = 0.

Vex+1vV—-cx+1(log(cx+1)-log(—cx+1
1 (log (cx+1) log(cx— 1)) (cd f i i (C(z)liiz_; JlogCartl)) 5y (log (cx +1) — log (—cx + 1)) arctan (\/cx 4
p— a — —

2 cd cd

2cd

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arccos(c*x))/(-c”~2xd*x"2+d) ,x, algorithm="maxima")

[Out] 1/2*a*x(log(c*x + 1)/(c*d) - log(c*x - 1)/(c*xd)) - 1/2%(2*c*xd*integrate(1/2%
sqrt(c*xx + 1)xsqrt(-c*x + 1)*(log(c*x + 1) - log(-c*x + 1))/(c™2*d*x"2 - d)

, x) = (log(c*xx + 1) - log(-c*x + 1))*arctan2(sqrt(c*x + 1)*sqrt(-c*x + 1),
c*x))*b/ (c*xd)

Fricas [F] time = 0., size = 0, normalized size = 0.

barccos (cx) +a )

integral (— Sy

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((at+b*arccos(c*x))/(-c”2*d*x~2+d) ,x, algorithm="fricas")

[Out] integral(-(b*arccos(c*x) + a)/(c™2xd*x"2 - d), x)
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Sympy [F] time = 0., size = 0, normalized size = 0.

a bacos (cx)
f c2x2-1 dx + f c2x?-1 dx
d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*acos(c*x))/(-cx*2xd*x**2+d) ,x)

[Out] -(Integral(a/(c**2xx*x*2 - 1), x) + Integral(b*acos(c*x)/(cx*2*x**2 - 1), x)
)/d

Giac [F] time = 0., size = 0, normalized size = 0.

dx

f B barccos (cx) + a
c2dx? —d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arccos(c*x))/(-c”2*d*x"2+d),x, algorithm="giac")

[Out] integrate(-(b*arccos(c*x) + a)/(c”2*xd*x"2 - d), x)
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a+b cosL(cx)
3.5 f x(d—czdxz) dx

Optimal. Leaf size=71

ibPolyLog (2, —e?i COS_l(”‘)) ibPolyLog (2, eZiCOS_l(C")) 2tanh™ (ezi"os_l(”‘)) (a +b cos‘l(cx))
) 2d * 2d * a

[Out] (2x(a + b*ArcCos[c*x])*ArcTanh[E~((2*I)*ArcCos[c*x])])/d - ((I/2)*b*PolyLog
[2, -E~((2xI)*ArcCos[c*x])])/d + ((I/2)*b*PolyLog[2, E~((2*I)*ArcCos[c*x])]
)/d

Rubi [A] time = 0.11134, antiderivative size = 71, normalized size of antiderivative = 1.,

. . ber of rul
number of steps used = 7, number of rules used = 5, integrand size = 25, T T 209,

integrand size
Rules used = {4680, 4419, 4183, 2279, 2391}
ibPolyLog (2, —e?i COS_l(”‘)) ibPolyLog (2, eZiCOS_l(C")) 2tanh™ (eZiCOS_l(Cx)) (u +b Cos‘l(cx))

2d * 24 * F

Antiderivative was successfully verified.

[In] Int[(a + b*ArcCosl[c*x])/(x*x(d - c™2*d*x"2)),x]

[Out] (2x(a + bxArcCos[c*x])*ArcTanh[E~ ((2*I)*ArcCos[c*x])])/d - ((I/2)*b*PolyLog
[2, -E7((2%I)*ArcCos[c*x])])/d + ((I/2)*b*PolyLogl[2, E~((2*I)*ArcCos[c*x])]
)/d

Rule 4680

Int[((a_.) + ArcCos[(c_.)*(x_)I*(b_.))"(n_.)/((x_)*((d_) + (e_.)*(x_)"2)),
x_Symbol] :> -Dist[d~(-1), Subst[Int[(a + b*x) n/(Cos[x]*Sin[x]), x], x, Ar
cCoslcxx]], x] /; FreeQ[{a, b, c, d, e}, x] && EqQ[c™2xd + e, 0] && IGtQ[nm,
0]

Rule 4419

Int[Cscl[(a_.) + (b_)*x )17 (n_)*((c_.) + (d_)*(x_))"(m_.)*Sec[(a_.) + (b
_I)*(x_ )] (n_.), x_Symbol] :> Dist[2”n, Int[(c + d*x) m*Csc[2*a + 2*b*x] n,
x], x] /; FreeQ[{a, b, c, d, m}, x] && IntegerQ[n] && RationalQ[m]

Rule 4183
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Int[cscl(e_.) + (£_)*x(x_)1*((c_.) + (d_.)*(x_))"(m_.), x_Symbol] :> Simp[(
-2%(c + d*x) m*ArcTanh[E~(Ix(e + f*x))])/f, x] + (-Dist[(d*m)/f, Int[(c + 4
*x)"(m - 1)*Logl[l - E~(Ix(e + f*x))], x], x] + Dist[(d*m)/f, Int[(c + d*x)~
(m - D*Logl[l + E(Ix(e + f*x))], x], x]) /; FreeQl[{c, d, e, f}, x] && IGtQ
[m, 0]

Rule 2279

Int[Logl(a_) + (b_.)*((F_)~((e_.)*((c_.) + (d_.)*(x_))))"(n_.)], x_Symbol]
:> Dist[1/(d*e*n*Log[F]), Subst[Int[Logla + b*x]/x, x], x, (F~(ex(c + d*x))
)°n], x] /; FreeQ[{F, a, b, c, d, e, n}, x] && GtQ[a, 0]

Rule 2391
Int[Logl(c_.)*((d_) + (e_.)*(x_)"(n_.))]/(x_), x_Symbol] :> -Simp[PolyLogl[2

, —(cxexx"n)]/n, x] /; FreeQ[{c, d, e, n}, x] && EqQlcx*d, 1]

Rubi steps

f a+ bcos™(cx) e Subst ( f (a + bx) csc(x) sec(x) dx, x, cos‘l(cx))

x (d - czdxz) te d
2 Subst ( f (a + bx) csc(2x) dx, x, cos‘l(cx))

T d

2 (a +bcos! (cx)) tanh ™" (eZi Cos_l(cx)) b Subst ( [log (1 -~ eZix) dx, x,cos™! (cx)) b Subst
= + —

d d

B ) (a +beos ! (cx)) tanh ™ (321' cos‘l(cx)) (ib) Subst (f log(x;x) dx, x, eZicos’l(cx)) (ib) Subst
B d ) 24 "

2 (a +bcos™ (cx)) tanh™ (eZi Cos_l(cx)) ibLi, (—eZi Cos_l(cx)) ibLi, (eZiCOS_l(Cx))
- d ) 2d " 24

Mathematica [A] time = 0.154718, size = 104, normalized size = 1.46

ibPolyLog (2, —¢ Cos_l(cx)) — ibPolyLog (2, e C"S_l(c")) +alog(1- szz) — 2alog(x) + 2b cos™!(cx) log (1 - gicos™

2d

Warning: Unable to verify antiderivative.

[In] Integratel[(a + bxArcCosl[c*x])/(x*x(d - c™2*d*x"2)),x]
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[Out] -(2*b*ArcCos[cxx]*Log[l - E~((2*I)*ArcCos[c*x])] - 2*b*ArcCos[c*x]*Log[l +
E~((2xI)*ArcCos[c*x])] - 2*axLogl[x] + a*Logl[l - c™2xx"2] + I*b*PolyLogl[2, -
E~((2xI)*ArcCos[c*x])] - I*b*PolyLog[2, E~((2*I)*ArcCos[c*x])])/(2*d)

Maple [B] time = 0.092, size = 220, normalized size = 3.1

1 -1 1 1 1 b ib
ntosD ol anie) Darees O (14 ers V-2 +1) + Spolylos (2, —ex - V-2 +1)-

Verification of antiderivative is not currently implemented for this CAS.

[In] int((at+b*arccos(c*x))/x/(-c~2*xd*xx~2+d) ,x)

[Out] -1/2*%a/d*1n(c*x-1)-1/2%a/d*1n(c*x+1)+a/d*1n(c*x)-b/d*arccos(c*xx)*1n(1+ckx+I
*x(—c72%x72+1) 7 (1/2) ) +I*b/d*polylog(2,-c*x-I*(-c"2*x~2+1)~(1/2))-b/d*arccos(
c*xx)*1n(1-c*x-I*(-c™2*x72+1) " (1/2))+I*b/d*polylog (2, ckxx+I*(-c~2*xx~2+1)~(1/2
))+b/d*arccos (c*x) *1n (1+(cxx+I* (—c™2*xx"2+1) " (1/2))~2)-1/2*Ixb*polylog(2,-(c

*x+T% (¢ 2%xx~2+1) " (1/2))"2) /d

Maxima [F] time = 0., size = 0, normalized size = 0.

X

1 (log (cx+1) N log(cx-1) 2log (x)) ~ bf arctan (\/cx +1vV-cx + 1,cx)

2 d d d c2dx3 — dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arccos(c*x))/x/(-c"2*d*x"2+d) ,x, algorithm="maxima"

[Out] -1/2x%ax(log(c*x + 1)/d + log(c*x - 1)/d - 2%log(x)/d) - bxintegrate(arctan2
(sqrt(c*x + 1)*sqrt(-c*x + 1), c*x)/(c™2*d*x"3 - d*x), x)

Fricas [F] time = 0., size = 0, normalized size = 0.

barccos (cx) + a
c2dx3 —dx '

integral (—

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate((atb*arccos(c*x))/x/(-c"2xd*x~2+d) ,x, algorithm="fricas")

[Out] integral(-(b*arccos(cx*x) + a)/(c™2*d*x"3 - d*x), x)

Sympy [F] time = 0., size = 0, normalized size = 0.

a bacos (cx)
_f c2x3—x dx + f c2x3—x dx
d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*acos(c*x))/x/(-c**x2*xd*x**2+d) ,x)

[Out] -(Integral(a/(c**2xx**3 - x), x) + Integral(b*acos(c*x)/(cx*2*x**3 - x), X)

)/d

Giac [F] time = 0., size = 0, normalized size = 0.

barccos (cx) + a
f - dx
(czdx2 - d)x

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((at+b*arccos(c*x))/x/(-c™2xd*x"2+d),x, algorithm="giac")

[Out] integrate(-(b*arccos(c*x) + a)/((c™2*d*x"2 - d)*x), x)
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a+b cosL(cx)
36 [ i) dx

Optimal. Leaf size=107

ibcPolyLog (2, —eicos_l(cx)) ibcPolyLog (2, ¢l COS_l(C")) a+bcosl(cx) 2 tanh ™ (ei COS_l(C")) (a +b cos‘l(cx))
- + - +
d d dx d

[Out] -((a + b*ArcCos([c*x])/(d*x)) + (2*cx(a + bxArcCos[c*x])*ArcTanh[E~ (I*ArcCos
[c*x])])/d + (bxc*ArcTanh[Sqrt[1l - c2*x72]])/d - (I*bxc*PolyLogl[2, -E~(I*A
rcCos[c*x])])/d + (Ixb*cxPolyLog[2, E~(IxArcCosl[c*x])])/d

Rubi [A] time = 0.141154, antiderivative size = 107, normalized size of antiderivative
1., number of steps used = 10, number of rules used = 8, integrand size = 25, number of rules _

integrand size
0.32, Rules used = {4702, 4658, 4183, 2279, 2391, 266, 63, 208}

ibcPolyLog (2, —eicos_l(c")) ibcPolyLog (2, el COS_l(“‘)) a+bcosl(cx) 2 tanh ™ (ei COS_l(Cx)) (a +b cos‘l(cx))
- + - +
d d dx d

Antiderivative was successfully verified.

[In] Int[(a + b*ArcCos[c*x])/(x"2*x(d - c 2xd*x"2)),x]

[Out] -((a + bxArcCos[c*x])/(d*x)) + (2*c*x(a + b*ArcCos[c*x])*ArcTanh[E~ (I*ArcCos
[c*x])])/d + (bxc*ArcTanh[Sqrt[1 - c~2*x72]])/d - (Ixbxc*PolyLogl[2, -E~(Ix*A
rcCos[c*x])])/d + (IxbxcxPolyLog[2, E~(I*ArcCos[c*x])])/d

Rule 4702

Int[((a_.) + ArcCos[(c_.)*(x_)]1*(b_.))"(n_)*((f_)*(x_))"(m_)*((d_) + (e_.
)*(x )72)7(p_), x_Symbol] :> Simp[((f*x)~(m + 1)*x(d + exx"2) " (p + Dx(a + b
*xArcCos[c*x])"n)/(d*f*(m + 1)), x] + (Dist[(c™2*(m + 2%p + 3))/(£f"2*(m + 1)
), Int[(f*x)"(m + 2)*(d + e*x"2) p*(a + b*ArcCos[c*x])"n, x], x] + Dist[(b*
cknxd~IntPart [p]l*(d + e*xx~2) FracPart[p])/(f*(m + 1)*x(1 - c”2%x"2) FracPart
[pl1), Int[(f*x)"(m + 1)*(1 - c”2%x"2)"(p + 1/2)*(a + bxArcCos[cxx])"(n - 1)
, x], x]1) /; FreeQ[{a, b, c, d, e, £, p}, x] && EqQ[c™2*d + e, 0] && GtQl[n,
0] && LtQ[m, -1] && IntegerQ[m]

Rule 4658
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Int[((a_.) + ArcCos[(c_.)*(x_)I*(b_.))"(n_.)/((@.) + (e_.)*x(x_)"2), x_Symbo
1] :> -Dist[(c*d)~(-1), Subst[Int[(a + b*x) n*Csc[x], x], x, ArcCos[c*x]],
x] /; FreeQ[{a, b, ¢, d, e}, x] && EqQ[c™2xd + e, 0] && IGtQ[n, 0]

Rule 4183

Int[cscl(e_.) + (£_)*(x_)]*((c_.) + (d_.)*(x_))"(m_.), x_Symbol] :> Simp[(
-2%(c + d*xx) “m*¥ArcTanh[E~(Ix(e + f*xx))])/f, x] + (-Dist[(d*m)/f, Int[(c + d
*x) " (m - 1)*Logl[l - E~(Ix(e + f*x))], x], x] + Dist[(d*m)/f, Int[(c + d*x)~
(m - 1)*Logl[l + E"(Ix(e + f*x))1, x1, x]) /; FreeQ[{c, 4, e, £}, x] && IGtQ
[m, 0]

Rule 2279

Int[Logl(a_) + (b_.)*((F_)~((e_.)*((c_.) + (d_.)*(x_))))"(n_.)], x_Symboll]
:> Dist[1/(d*e*n*Log[F]), Subst[Int[Logla + b*x]/x, x], x, (F~(ex(c + d*x))
)°nl], x] /; FreeQ[{F, a, b, c, d, e, n}, x] && GtQ[a, 0]

Rule 2391

Int[Log[(c_.)*x((d_) + (e_.)*(x )" (n_.))]1/(x_), x_Symbol] :> -Simp[PolyLogl[2
, —(cxexx"n)]/n, x] /; FreeQ[{c, d, e, n}, x] && EqQlc*d, 1]

Rule 266

Int[(x )" (m_.)*((a_) + (b_)*(x_)"(m_))"(p_), x_Symbol] :> Dist[1/n, Subst[
Int[x~(Simplify[(m + 1)/n] - 1)*(a + b*x)"p, x], x, x"nl], x] /; FreeQ[{a, b
, m, n, pt, x] & IntegerQ[Simplify[(m + 1)/n]]

Rule 63

Int[((a_.) + (b_)*x_))"(m )*x((c_.) + (d_)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator[m]}, Dist[p/b, Subst[Int[x~(p*(m + 1) - 1 *(c - (axd)/b +
(d*x"p)/b)°n, x], x, (a + bxx)"(1/p)], x1] /; FreeQ[{a, b, c, d}, x] && NeQ
[bxc — axd, 0] && LtQ[-1, m, O] && LeQ[-1, n, 0] && LeQ[Denominator[n], Den
ominator[m]] && IntLinearQ[a, b, ¢, d, m, n, x]

Rule 208

Int[((a_) + (b_.)*(x_)~2)"(-1), x_Symbol] :> Simp[(Rt[-(a/b), 2]*ArcTanh[x/
Rt[-(a/b), 2]11)/a, x] /; FreeQ[{a, b}, x] && NegQ[a/b]

Rubi steps
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1
a + bcos (cx) a+bcos™(cx) , [a+b cos~1(cx) (be) f V22 dx
f — Cdx=—————— +¢ f X -
x2 (d - Czdxz) dx d — c2dx? d
1
a+bcosTl(cx) cSubst (f(a + bx) csc(x) dx, x, cos‘l(cx)) (bc) Subst (f N dx, x, x

dx d 2d

1
tanh ™ (eiCOS_l(cx)) bSubst [f 1 2 dx, x, V1 - cx?

2

22
cd

a+bcosHcx) 2 (a +b cos‘l(cx))
= - +
d
a+ b COS—l(Cx) 2c (g + b Cos_l(cx)) tanh_l (eicosfl(cx)) bC tanh_ Vl - szz) (ZbC) Su]
— + .
d

dx

+

1

—_

+ -
dx
betanh™ (V1 - c2x2) ibcLi, (
+ -

QU

a+bcosl(cx) 2 (a +bcos ™ (cx)) tanh ™! (ei COSJ(C"))
- +
dx

Mathematica [A] time = 0.213533, size = 158, normalized size = 1.48

2ibcxPolyLog (2, —e' COS_l(C")) — 2ibcxPolyLog (2, é Cos_l(c")) + acxlog(l — cx) — acxlog(cx + 1) + 2a — 2bcx log (\/1 -
2dx

Warning: Unable to verify antiderivative.

[In] Integrate[(a + bxArcCos[c*x])/(x72*(d - c~2*xd*x"2)) ,x]

[Out] -(2%a + 2%bxArcCos[c*x] + 2xb*cxx*ArcCos[c*x]*Logl[l - E~(I*ArcCos[c*x])] -
2xbxc*xxArcCos [c*x] *Log[1 + E~(I*ArcCos[c*x])] + 2xb*ckxxLogl[x] + akxcxx*Log

[1 - c*x] - axc*xxxLogl[l + cxx] - 2xb*ckxxLogl[l + Sqrt[l - c”2*xx"2]] + (2xI)
xb*xcxx*PolyLog[2, -E~(IxArcCosl[c*x])] - (2%I)*b*cxx*PolyLog[2, E~(I*ArcCos[
c*x])])/ (2xd*x)

Maple [A] time = 0.156, size = 166, normalized size = 1.6

1 -1 1 1 b 2icb ich
anionD  anloe ) o Dareeoste) 2 rctan (ex+ i@ 1) - dilog (ex + V22 1)

Verification of antiderivative is not currently implemented for this CAS.

[In] int((at+b*arccos(c*x))/x~2/(-c”~2%d*x"2+d) ,x)
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[Out] -1/2%c*a/d*1n(c*xx-1)+1/2*c*a/d*1n(c*xx+1)-a/d/x-b/d*arccos(c*x)/x-2*I*c*xb/d*
arctan(cxx+I*(-c™2*%x"2+1) " (1/2))-I*c*b/d*xdilog(c*kx+I*(-c™2*x"2+1)~(1/2))-Ix
c*b/d*dilog(1l+c*x+Ix(-c™2%x"2+1) 7 (1/2))+c*b/d*arccos (c*x) *1n(1+c*xx+I*(-c~2%

x72+1)7(1/2))

Maxima [F] time = 0., size = 0, normalized size = 0.

c2x log(cx+1)—c2x log(—cx+1)-2 ¢ ) Vex+1v—cx+1
) (dxf ( S ) dx — (cxlog(cx +1) — cxlog |

2dx

d d dx

1 (clog (cx+1) clog(ex-1) 2
_a — —_——
2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a+b*arccos(c*x))/x"2/(-c"2*d*x"2+d),x, algorithm="maxima")

[Out] 1/2*a*x(cxlog(c*xx + 1)/d - cxlog(c*x - 1)/d - 2/(d*x)) - 1/2*%(2*d*x*integrat
e(1/2*(c™2xx*log(c*x + 1) - c”2*x*xlog(-c*x + 1) - 2*c)*sqrt(c*x + 1)*sqrt(-

ckx + 1)/(c™2%d*x”3 - d*x), x) - (ckx*log(c*x + 1) - c*x*xlog(-cxx + 1) - 2)
xarctan2(sqrt(c*x + 1)*sqrt(-c*x + 1), c*x))*b/(d*x)

Fricas [F] time = 0., size = 0, normalized size = 0.

barccos (cx) + a )

integral (— Sy —

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arccos(c*x))/x"2/(-c”2*d*x"2+d) ,x, algorithm="fricas")

[Out] integral(-(b*arccos(cxx) + a)/(c™2xd*x"4 - d*x"2), x)

Sympy [F] time = 0., size = 0, normalized size = 0.

a bacos (cx)
_f 2xh_y2 dx + f 2y _y2 dx
d

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate((atb*acos(c*x))/x**2/ (-ck*x2xd*x**2+d) ,x)

[Out] -(Integral(a/(cx*2xx*x4 - x**x2), x) + Integral (bxacos(c*x)/(cx*2xx*x4d — x*%

2), x))/d

Giac [F] time = 0., size = 0, normalized size = 0.

f barccos(cx) + a
- X

(czclx2 - cl)x2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arccos(c*x))/x"2/(-c”2*d*x"2+d) ,x, algorithm="giac")

[Out] integrate(-(b*arccos(c*x) + a)/((c™2xd*x"2 - d)*x"2), x)
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a+b cos™L(cx)
3.7 f Sl dx

Optimal. Leaf size=124

ibc*PolyLog (2, —e2 Cos_l(cx)) ibc*PolyLog (2, e% COS_l(”‘)) 2c2 tanh ™! (ezjcos_l(cx)) (a +b cos‘l(cx)) a4+ bcos
B 2d " 2d " d T 2dx

[Out] (bxcxSqrt[l - c™2*x72])/(2%d*x) - (a + b*ArcCos[c*x])/(2xd*x"2) + (2xc™2*(a
+ b*ArcCos[c*x])*ArcTanh [E™ ((2*I)*ArcCos[c*x])])/d - ((I/2)*bxc~2*PolyLogl

2, -E7((2*I)*ArcCos[c*x])])/d + ((I/2)*bxc”2*PolyLog[2, E~((2*I)*ArcCos[c*x
DI/d

Rubi [A] time = 0.185964, antiderivative size = 124, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 9, number of rules used = 7, integrand size = 25, e .

integrand size
0.28, Rules used = {4702, 4680, 4419, 4183, 2279, 2391, 264}

ibc®PolyLog (2, —e% Cosfl(cx)) ibc?PolyLog (2, eZiCOS&(C’C)) 2¢2 tanh™ (621’00571(“)) (a +bcos™ (cx)) 4+ bcos
- + + - :
2d 2d d 2dx:

Antiderivative was successfully verified.

[In] Int[(a + b*ArcCos[c*x])/(x"3%(d - c~2*xd*x"2)),x]

[Out] (b*xcxSqrt[1l - c™2%x72])/(2*%d*x) - (a + b¥ArcCos[c*x])/(2%d*x~2) + (2*c"2*(a
+ b*ArcCos[c*x])*ArcTanh [E~ ((2*I)*ArcCos[c*x])])/d - ((I/2)*bxc~2xPolyLogl

2, -E7((2*I)*ArcCos[c*x])])/d + ((I/2)*bxc”2*PolyLog[2, E~((2*I)*ArcCos[c*x
DI/d

Rule 4702

Int[((a_.) + ArcCos[(c_.)*(x_)]*(b_.))"(a_.)*((£_.)*(x_)) " (m_)*((d_) + (e_.
)*(x_)72)7(p_), x_Symbol] :> Simp[((f*x)~(m + 1)*x(d + exx"2) " (p + x(a + b
xArcCos [c*x])"n)/(d*f*(m + 1)), x] + (Dist[(c™2*(m + 2*p + 3))/(£72*%(m + 1)
), Int[(f*x)"(m + 2)*(d + e*x~2) p*x(a + b*ArcCos[c*x])"n, x], x] + Dist[(b*
cxn*d"IntPart [p]*(d + e*x”2) FracPart[p])/(f*(m + 1)*(1 - c~2*x"2) FracPart
[pl), Int[(f*x)"(m + 1)*(1 - c™2*%x72)"(p + 1/2)*(a + b*xArcCos[c*x])"(n - 1)
, x], x1) /; FreeQ[{a, b, ¢, d, e, f, p}, x] & EqQlc™2*d + e, 0] && GtQ[n,
0] && LtQ[m, -1] && IntegerQ[m]

Rule 4680
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Int[((a_.) + ArcCos[(c_.)*(x )I*x(_.))"(n_.)/((x)*x((d ) + (e_.)*x(x)"2)),
x_Symbol] :> -Dist[d~(-1), Subst[Int[(a + b*x)"n/(Cos[x]*Sin[x]), x], x, Ar
cCoslc*x]], x] /; FreeQ[{a, b, c, d, e}, x] & EqQ[c™2xd + e, 0] && IGtQ[n,
0]

Rule 4419

Int[Cscl(a_.) + (b_)*(x )] (m_)*((c_.) + (d_.)*(x_)) " (m_.)*Sec[(a_.) + (b
_I)*(x )] (n_.), x_Symbol] :> Dist[27n, Int[(c + d*x) m*Csc[2*a + 2*bx*x] n,
x], x] /; FreeQ[{a, b, c, d, m}, x] && IntegerQ[n] && RationalQ [m]

Rule 4183

Int[cscl(e_.) + (£_)*(x_)I*((c_.) + (d_.)*(x_))"(m_.), x_Symbol] :> Simp[(
-2%(c + d*xx) m¥ArcTanh[E~(Ix*(e + f*x))]1)/f, x] + (-Dist[(d*m)/f, Int[(c + 4
*x)"(m - 1)*Log[l - E~(Ix(e + f*x))], x], x] + Dist[(d*m)/f, Int[(c + d*x)~
(m - 1)*Logll + E~(Ix(e + f*x))], x], x]) /; FreeQl{c, d, e, £}, x] && IGtQ
[m, 0]

Rule 2279

Int[Logl(a_) + (b_.)*((F_)~((e_.)*((c_.) + (d_.)*(x_))))"(n_.)], x_Symbol]
:> Dist[1/(d*e*n*Log[F]), Subst[Int[Logla + b*x]/x, x], x, (F (ex(c + d*x))
)°n], x] /; FreeQ[{F, a, b, c, d, e, n}, x] && GtQ[a, 0]

Rule 2391

Int[Log[(c_.)*x((d_) + (e_.)*(x_)"(n_.))]1/(x_), x_Symbol] :> -Simp[PolyLogl[2
, —(cxexx"n)]/n, x] /; FreeQl{c, d, e, n}, x] && EqQlcx*d, 1]

Rule 264

Int[((c_.)*(x_)) " (m_.)*x((a_) + (b_.)*x(x_)"(n_))"(p_), x_Symbol] :> Simp[((c
*¥x)"(m + 1)*(a + b*x™n)"(p + 1))/(a*xcx(m + 1)), x] /; FreeQ[{a, b, ¢, m, n,
p}r, x] && EqQ[(m + 1)/n + p + 1, 0] && NeQ[m, -1]

Rubi steps
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f a+bcos™(cx) PLE beosHex) f a+ bcos!(cx) (be) f = sz

W e 2dx? X (d - czdxz) T 2d
bVl - 22 a+bcos(cx) ¢*Subst ( f (a + bx) csc(x) sec(x) dx, x, Cos‘l(cx))
2dx 2dx? d
beVl =22 a+beos M (cx) (262) Subst ( [(a+bx) csc(2x) dx, x, cos™! (cx))
2dx 2dx?
beVl-c2x2  a+bcosV(cx) 22 (a +bcos 1(cx)) tanh ( ZiCOS_l(C’“)) (bcz) Subst ( [1
T2 2d@ d *
beVl-c2x2  a+bcosTV(cx) 22 (“ +b cos_l(cx)) tanh” ( ZiCOS_l(CX)) (ibcz) Subst (f |
T 2dx 2de d )
beVl-c2x2  a+bcosTV(cx) 22 (a +b cos‘l(cx)) tanh~ ( Zicos_l(cx)) ibc*Li, (—eZi cos™
T 2 2@ d } 2d

Mathematica [A] time = 0.42693, size = 150, normalized size = 1.21

— — 2,2 -1
be (ZPOlyLOg( _p2icos” (cx)) iPOlyLOg (2, @2i cos 1(cx)) _ Vl-c*x 4 oo (cx) 42 cos 1(cx) log( p2icos™ 1(cx)) 5,

cx c2x2

2d
Warning: Unable to verify antiderivative.

[In] Integrate[(a + b*ArcCos[cxx])/(x"3*(d - c"2%d*x"2)),x]

[Out] -(a/x"2 - 2%a*xc”2*xLoglx] + a*c”™2*Logl[l - c™2*x72] + bxc 2% (-(Sqrt[1 - c™2*x
~2]/(c*x)) + ArcCos[c*x]/(c™2%x72) + 2%ArcCos[c*x]*Log[1l - E~((2*I)*ArcCos[
c*x])] - 2xArcCos[c*x]*Log[1 + E~((2*I)*ArcCos[c*x])] + I*PolyLogl[2, -E~((2
xI)*ArcCos[c*x])] - I*PolyLogl[2, E~((2*I)*ArcCos[c*x])]))/(2*d)

Maple [B] time = 0.177, size = 301, normalized size = 2.4

In

caln(cx-1) caln(ex+1) a c?aln (cx) ‘C b barccos (cx) c2b arccos (cx)
_ _ _ C N 2241
2d 2d et a ta de o 2dx? d

Verification of antiderivative is not currently implemented for this CAS.

[In] int((at+b*arccos(c*x))/x"3/(-c”2*d*x"2+d) ,x)
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[Out] -1/2%c”2x%a/d*1n(c*x-1)-1/2*c™2*a/d*1n(c*x+1)-1/2*%a/d/x"2+c"2*%a/d*1n(c*x)+1/
2%I*xc™2xb/d+1/2xbxc*x (-c™2%x"2+1) 7 (1/2) /d/x-1/2%b/d*arccos (c*x) /x"2-c"2*b/dx*
arccos (c*x)*1n(1+ckx+I*(-c™2*x72+1) " (1/2))+I*c~2*b/d*polylog(2,-c*x-I*(-c~2
*x"2+1)7(1/2))-c~2*b/d*arccos (cxx) *1n(1-c*x-I* (-c~2*x"2+1) " (1/2))+I*c~2*b/d
xpolylog (2, ckx+I*(-c™2%x"2+1)~(1/2))+c”2xb/d*arccos (cxx) *1n (1+(ckx+I* (-c™2%*
X"2+1)7(1/2))"2)-1/2*I*xb*c”2*xpolylog(2, - (ckx+I*(-c™2*x"2+1)~(1/2))"2)/d

Maxima [F] time = 0., size = 0, normalized size = 0.

X

log(cx—1) 2c*log (x) 1 ) . f arctan (ch +1vV-cx + 1,CX)
— a —

c2dx> — dx3

1 (c?log(cx +1)
_E( i 4 i a2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arccos(c*x))/x"~3/(-c”2*d*x~2+d) ,x, algorithm="maxima"

[Out] -1/2%(c”2*log(c*x + 1)/d + c™2*log(c*x - 1)/d - 2*c™2*log(x)/d + 1/(d*x"2))
xa - bxintegrate(arctan2(sqrt(c*x + 1)*sqrt(-cxx + 1), cx*x)/(c”2*%d*x"5 - dx

x73), x)

Fricas [F] time = 0., size = 0, normalized size = 0.

barccos (cx) + a
c2dx> —dx3 7

integral (—

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arccos(c*x))/x"3/(-c”2*d*x"2+d) ,x, algorithm="fricas")

[Out] integral(-(b*arccos(c*x) + a)/(c™2*xd*x~5 - d*x~3), x)

Sympy [F] time = 0., size = 0, normalized size = 0.

a bacos (cx)
———dx +
_fczxs_x_z dx f 253 dx

d

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate((atb*acos(c*x))/x**3/ (-ck*x2xd*x**2+d) ,x)

[Out] -(Integral(a/(cx*2xx*x5 - x**3), x) + Integral (b*acos(c*x)/(cx*2xx*x5 — x*%

3), x))/d

Giac [F] time = 0., size = 0, normalized size = 0.

f barccos(cx) + a
- X

(czclx2 - d)x3

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arccos(c*x))/x"3/(-c"2xd*x"2+d) ,x, algorithm="giac")

[Out] integrate(-(b*arccos(c*x) + a)/((c™2*d*x"2 - d)*x"3), x)
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tf‘x4(a+JJCos_1(cx))
(d—czdxz)z

Optimal. Leaf size=180

3.8 X

3ibPolyLog (2, —eiCOS_l(‘”‘)) 3ibPolyLog (2, eicos_l(c’“)) 3 (a +bcosT(cx))  3x (a +bcos™t (cx)) 3tanh™ (ei o
20542 - 20542 - 2282 (1 - 2x2) - 2042 -

[Out] b/(2%c”5xd"2*xSqrt[1 - c™2*x72]) - (b*Sqrt[l - c™2*x72])/(c"5%d"2) + (3*x*(a
+ b*ArcCos[c*x]))/(2xc”™4*d"2) + (x73*(a + bxArcCos[c*x]))/(2xc™2*xd"2*(1 -

c"2xx72)) - (3*(a + b*ArcCos[c*x])*ArcTanh[E~ (I*ArcCos[c*x])])/(c™5*d"2) +

(((3*I)/2)*b*PolyLog[2, -E~(I*ArcCos[c*x])])/(c"56xd"~2) - (((3*I)/2)*bxPolyL

ogl2, E~(I*ArcCos[c*x])])/(c”5*%d~2)

Rubi [A] time = 0.230507, antiderivative size = 180, normalized size of antiderivative =
1., number of steps used = 12, number of rules used = 9, integrand size = 25, number of rules _

integrand size
0.36, Rules used = {4704, 4716, 4658, 4183, 2279, 2391, 261, 266, 43}

3ibPolyLog (2, —e COS?l(C")) 3ibPolyLog (2, eicosfl(cx)) x3 (a +b cos‘l(cx)) 3x (a +bcos! (cx)) 3tanh™ (ei e
20542 B 20542 + + 442 B
c c>d 20242 (1 - c2x2) 2c*d

Antiderivative was successfully verified.

[In] Int[(x"4*(a + b*ArcCos[c*x]))/(d - c ™ 2*xd*x"2)"2,x]

[Out] b/(2%c”5xd"2*Sqrt[1 - c2*x"2]) - (b*Sqrt[l - c™2*x72])/(c"5%d"2) + (3*x*(a
+ bxArcCos[c*x]))/(2%c™4%d"2) + (x"3*(a + bxArcCos[c*x]))/(2xc™2xd"2x(1 -

c”2*x72)) - (3%(a + bxArcCos[c*x])*ArcTanh[E~ (I*ArcCos[c*x])])/(c"5%d"2) +

(((3%I)/2)*b*PolyLogl[2, -E~(I*ArcCos[c*x])]1)/(c™5%d"2) - (((3*I)/2)*bxPolyL

og[2, E~(I*ArcCos[c*x])]1)/(c"5*d"2)

Rule 4704

Int[((a_.) + ArcCos[(c_.)*(x_)I*(b_.)) " (n_.)*x((f_.)*(x_)) " (m_)*((d_) + (e_.
)¥(x_)72)7(p_), x_Symbol] :> Simp[(fx(f*x)"(m - 1)*(d + e*xx"2)"(p + 1)*(a +
b*xArcCos[c*x]) n)/(2*%ex(p + 1)), x] + (-Dist[(f72x(m - 1))/ (2%ex(p + 1)),

Int[(fxx)"(m - 2)*(d + e*x"2)"(p + 1)*(a + b*ArcCos[c*x])"n, x], x] - Dist[
(b*xf*nxd~IntPart [p]*(d + exx~2) FracPart[p])/(2*cx(p + 1)*(1 - c~2*x~2) Fra
cPart[pl), Int[(f*x)"(m - 1)*(1 - c™2*x"2)"(p + 1/2)*(a + b*ArcCos[c*x])~(n
- 1), x1, x1) /; FreeQ[{a, b, c, d, e, f}, x] && EqQ[c”2*d + e, 0] && GtQ[



59

n, 0] && LtQ[p, -1] && GtQ[m, 1]

Rule 4716

Int[((a_.) + ArcCos[(c_.)*(x_ )I*(b_.))"(n_)*((£f_)*(x_))"(m_)*((d) + (e_.
)x(x_)~2)"(p_), x_Symbol] :> Simp[(fx(f*x)"(m - 1)*x(d + exx"2)"(p + L)x(a +
bxArcCos[c*x])"n)/(ex(m + 2*p + 1)), x] + (Dist[(f72*(m - 1))/(c”2*(m + 2%
p+ 1)), Int[(fxx)"(m - 2)*(d + e*x”2) p*x(a + bxArcCos[c*x])"n, x], x] - Di
st [(b*f*n*d~IntPart [p]*(d + exx”2) FracPart[p])/(cx(m + 2*%p + 1)*(1 - c™2%x
~2)“FracPart([pl), Int[(f*x)"(m - 1)*(1 - c”2*x"2)"(p + 1/2)x(a + b*ArcCos|c
*x])"(n - 1), x], x]) /; FreeQ[{a, b, c, d, e, f, p}, x] && EqQ[c™2*d + e,

0] && GtQ[n, 0] && GtQ[m, 1] && NeQ[m + 2*p + 1, 0] && IntegerQ[m]

Rule 4658

Int[((a_.) + ArcCos[(c_.)*(x_)]*(b_.))"(n_.)/((@_) + (e_.)*(x_)"2), x_Symbo
1] :> -Dist[(c*d)~(-1), Subst[Int[(a + b*x) n*Cscl[x], x], x, ArcCos[c*x]],
x] /; FreeQ[{a, b, c, d, e}, x] && EqQ[c™2*d + e, 0] && IGtQ[n, O]

Rule 4183

Int[cscl(e_.) + (f_)*(x_)1*((c_.) + (d_.)*(x_))"(m_.), x_Symbol] :> Simp[(
-2%(c + d*x) “m¥ArcTanh[E~(I*(e + f*x))])/f, x] + (-Dist[(d*m)/f, Int[(c + 4
*x) " (m - 1)*Logl[l - E~(I*(e + f*x))], x], x] + Dist[(d*m)/f, Int[(c + d*x)~
(m - )*Logl[l + E~(Ix(e + f*x))], x], x]) /; FreeQl[{c, d, e, f}, x] && IGtQ
[m, 0]

Rule 2279

Int[Logl(a_) + (b_.)*((F_)~((e_.)*((c_.) + (d_.)*(x_))))"(n_.)], x_Symbol]
:> Dist[1/(d*e*n*Log[F]), Subst[Int[Logla + b*x]/x, x], x, (F~(ex(c + d*x))
)°nl, x] /; FreeQ[{F, a, b, c, d, e, n}, x] && GtQ[a, 0]

Rule 2391

Int[Log[(c_.)*x((d_) + (e_.)*(x )" (n_.))]1/(x_), x_Symbol] :> -Simp[PolyLog[2
, —(cxexx"n)]/n, x] /; FreeQl{c, d, e, n}, x] && EqQ[cx*d, 1]

Rule 261

Int[(x_ )" (m_.)*((a_) + (b_)*(x_)"(m_))"(p_), x_Symbol] :> Simp[(a + b*x"n)
“(p + 1)/ (b*nx(p + 1)), x] /; FreeQ[{a, b, m, n, p}, x] && EqQ[m, n - 1] &&
NeQ[p: -1]



Rule 266

Int[(x_)"(m_.)*((a_) + (b_)*(x_)"(m_))"(p_), x_Symbol] :> Dist[1/n, Subst[
Int [x~(Simplify[(m + 1)/n] - 1)*(a + b*x)"p, x], x, x"nl, x] /; FreeQ[{a, b
, m, n, pt, x] & IntegerQ[Simplify[(m + 1)/n]]

Rule 43
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Int[((a_.) + (b_D)*(x_))"(m_.)*((c_.) + (d_.)*(x_))"(n_.), x_Symbol] :> Int
[ExpandIntegrand[(a + b*x) m*(c + d*x)"n, x], x] /; FreeQ[{a, b, c, d, n},
x] && NeQ[b*c - axd, 0] && IGtQ[m, O] && ( !'IntegerQ[n] || (EqQlc, 0] && Le
QL7*m + 4%n + 4, 0]) || LtQ[9*m + 5%(n + 1), 0] || GtQ[m + n + 2, 0])

Rubi steps

J

x* (a +b cos‘l(cx))

3

x> (a +b cos‘l(cx)) bJ (1-22)™ ax 3[

x2(a+b Cos‘l(cx))

d—c2dx?
_ N ~
(d - czdxz)2 2c242 (1 - szz) 2cd? 2c2d
x bSubst | [ —— dx,
3 (a + bcos‘l(cx)) N X3 (a + bcos‘l(cx)) . (3b)f\/ﬁdx ) ubs f(l—CZx)3/2 X, X
B 2c4d? 20242 (1 _ szz) 20342 4ed?

30Vl — 2x2  3x (a +b cos‘l(cx)) x3 (a +bcos! (cx)) 3 Subst (f(a + bx) csc(x) d:

ST woe 20442 By (1- ) " 20542
b bVl — 2x2  3x (a +b cos‘l(cx)) x3 (a +b cos‘l(cx)) 3 (a + bcos’
T oV Ol T 2ctd? * 20242 (1 - szz) )
b bVl —c2x2  3x (a +b Cos‘l(cx)) x> (a +b Cos‘l(cx)) 3 (a + bcos
TSPl — 22 Od? " 2ctd? " e (1 - szz) )
b bVl — 2x2  3x (a +b cos‘l(cx)) x> (a +b cos‘l(cx)) 3 (a +bcos’
+ —

= - +
252 — 252 c5d? 2ctd? 222 (1 - c2?)
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Mathematica [A] time = 0.335002, size = 294, normalized size = 1.63

2iPolyLog(2,—ei COS_l(CX)) 5 2 cos™Lex) log(lJrei Cos_l(cx))

cog—1
icos™*(cx
_icos™*(cx) +

3] -

¢ 2% ¢ 3i(4PolyLog(2,ei COS_1(”())+cos‘1(cx)(cos‘l(cx)+4i log(l—eicos_l(c"))))
bl - 4ct - 8¢5 |
dZ

Warning: Unable to verify antiderivative.

[In] Integrate[(x"4*(a + bxArcCos[c*x]))/(d - c™2%d*x~2)"2,x]

[Out] (a*xx)/(c™4%d"2) - (a*x)/(2*%c™4*d"2x(-1 + c™2xx72)) + (3*axLogl[l - cxx])/(4x%
c"b*%d~2) - (3*axLogl[l + c*x])/(4*c”56xd"2) + (bx((Sqrt[l - c™2*xx~2] - ArcCos
[c*xx])/(4*c™4x(c + c™2%x)) + (Sqrtl[l - c™2%x72] + ArcCos[c*x])/(4*xc™4x(c -
c”2%x)) + (-Sqrt[l - c”2*x72] + c*x*ArcCos[c*x])/c”5 - (3*(((-I/2)*ArcCoslc
*xx]~2)/c + (2xArcCos[c*x]*Log[1 + E~(I*ArcCos[c*x])])/c - ((2%I)*PolyLogl2,
-E~(I*xArcCos[c*x])]1)/c))/(4xc™4) - (((3%I)/8)*(ArcCos[c*x]*(ArcCos[c*x] +
(4xI)*Log[l - E~(I*ArcCos[c*x])]) + 4*PolyLog[2, E~(I*ArcCos[cx*x])]))/c75))

/d~2

Maple [A] time = 0.306, size = 296, normalized size = 1.6

ax a 3aln(cx-1) a 3aln(cx +1) b = Dbarccos(cx)x barc
_ + — — — 22 + 1 + _
d2c¢*  4d%c5 (ex - 1) 4425 4d2¢5 (cx +1) 4425 A d2ct 2 d2c4

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x"4*(at+b*arccos(c*x))/(-c " 2xd*xx"2+d)"2,x)

[Out] 1/c”4xa/d"2*x-1/4/c"5*a/d"2/(c*x-1)+3/4/c"5*a/d"2*1In(c*xx-1)-1/4/c"5*a/d"2/(
cxx+1)-3/4/c”5*%a/d"2*1n(cxx+1) -b* (-c™2*x"2+1) ~(1/2) /d"2/c"5+1/c"4*b/d"2*arc
cos(c*x)*x-1/2/c”4*b/d"2/ (c"2*x"2-1) *arccos (c*x) *x-1/2/c"5*b/d~2/ (c"2*x~2-1
Y*x(—c72%x72+1) " (1/2)-3/2/c"5*b/d"2*xarccos (c*x) *1n (1+ckxx+I* (—c™2*xx"2+1) ~(1/2
))+3/2xI*b*polylog(2,-cxx-I*(-c™2*x~2+1)~(1/2))/d"2/c"5+3/2/c~5*b/d " 2*arcco
s(c*xx)*1n(1-cxx-I*(-c™2*x72+1) " (1/2))-3/2*I*b*polylog(2, ckx+I*(-c 2%x"2+1)"
(1/2))/d"2/c"5
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Maxima [F] time = 0., size = 0, normalized size = 0.

((4 A3x3—6cx-3 (c2x2 - 1) log (cx +1) +3 (czx2 - 1)

1,1 2x 4x 3log(cx+1) 3log(cx—1)
4 "\ c®d?x2 — c4d?2  c*d? c>d? c>d?

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~4*(atb*arccos(c*x))/(-c™2*d*x"2+d)"2,x, algorithm="maxima")

[Out] -1/4xax(2xx/(c”6*d"2*%x72 - c™4*d"2) - 4xx/(c”4*xd"2) + 3*log(c*xx + 1)/(c”5*d
~2) - 3xlog(cxx - 1)/(c™5%d"2)) + 1/4%((4*c™3%x~3 - 6%ckx - 3*k(c™2%x"2 - 1)
*xlog(c*x + 1) + 3*(c™2*%x72 - 1)*log(-cxx + 1))*arctan2(sqrt(cxx + 1)*sqrt(-

cxx + 1), c*x) + 4%(c T7*#d 2%x"2 - ¢ 5*d"2)*xintegrate(~1/4%(4xc 3*x™3 - 6*c*

x - 3x(c™2%x72 - 1)*log(cxx + 1) + 3%(c™2*x"2 - 1)*log(-c*x + 1))*sqrt(c*x

+ 1)*sqrt(-ckx + 1)/(c™8%d 2%x"4 - 2*%c™6%d"2%x"2 + c~4*d"~2), x))*b/(c 7*d 2

*x72 - ¢c~b*d"2)

Fricas [F] time = 0., size = 0, normalized size = 0.

bx* arccos (cx) + ax* )

integral (c4d2x4 —22d2x2 + 42’ X

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~4*(atb*arccos(c*x))/(-c™2*d*x~2+d)~2,x, algorithm="fricas")

[Out] integral((b*x~4*arccos(c*x) + axx"4)/(c™4xd"2%x"4 - 2%xc™2*d"2*x"2 + d72), x
)

Sympy [F] time = 0., size = 0, normalized size = 0.

4 4

ax bx* acos (cx

f44 2.2 dx f44 z(z)dx
c*x*=2c%x“+1 c*x*=2c%x“+1

d2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x**4*(atbk*acos(c*x))/ (-ckx*2xdkx**2+d) **2,x)
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[Out] (Integral (axx*x4/(cx*4d*xx*4 — 2kckx2kx**2 + 1), x) + Integral (b*x**4*acos(c
*x) / (cxkdxxkkd — 2kckx*2kx**2 + 1), x))/d**x2

Giac [F] time = 0., size = 0, normalized size = 0.

(barccos (cx) + a)x*

d
(czalx2 - d)2 i

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~4*(atb*arccos(c*x))/(-c™2*d*x~2+d)~2,x, algorithm="giac")

[Out] integrate((b*arccos(cxx) + a)*x~4/(c™2xd*x"2 - d)~2, x)
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3.9

3 b -1
fx (a+ cos (cx)) x

2
(d—czdxz)
Optimal. Leaf size=155

ibPolyLog (2, eZicosfl(Cx)) x? (u +b cos‘l(cx)) i (u +b cos‘l(cx))2 log (1 — % COS*l(C")) (a +b cos‘l(cx))
- 20442 MY (1-c22) - 2bctd2 - ctd? - 203,

[Out] (b*x)/(2*%c™3*d"2#Sqrt[1 - c™2*x72]) + (x"2*(a + bxArcCos[c*x]))/(2*xc™2%d"2x*
(1 - ¢c™2%x72)) - ((I/2)*(a + bxArcCos[c*x])~2)/(b*xc™4*d"2) - (b*ArcSin[c*x]

)/ (2%c™4%d"2) + ((a + bxArcCos[cxx])*Logl[l - E~((2*I)*ArcCos[c*x])])/(c™4*d

~2) - ((I/2)#*b*PolyLog[2, E~((2*I)*ArcCos[c*x])])/(c™4*d"2)

Rubi [A] time = 0.18674, antiderivative size = 155, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 8, number of rules used = 8, integrand size = 25, e o e

0.32, Rules used = {4704, 4676, 3717, 2190, 2279, 2391, 288, 216}

integrand size

ibPolyLog (2, eZiCOS_l(“‘)) x? (a +b cos‘l(cx)) i(a +b cos‘l(cx))2 log (1 - Cos_l(cx)) (a +b cos‘l(cx))
- 2c42 Y (1-cx2) - 2bctd? cAd? Py

Antiderivative was successfully verified.

[In] Int[(x"3*(a + b*ArcCos[c*x]))/(d - c " 2*xd*x"2)"2,x]

[Out] (b*x)/(2%xc™3*d"2*Sqrt[1 - c™2*x72]) + (x"2*%(a + b*ArcCos[c*x]))/(2%c™2xd 2%
(1 - c™2%x72)) - ((I/2)*(a + b*ArcCos[c*x])~2)/(b*xc™4%d"2) - (bxArcSin[c*x]

)/ (2%c™4%d~2) + ((a + bxArcCos[cxx])*Logl[l - E~((2*I)*ArcCos[c*x])])/(c™4*d

~2) - ((I/2)*b*PolyLog[2, E~((2+I)*ArcCos[c*x])])/(c4*d"2)

Rule 4704

Int[((a_.) + ArcCos[(c_.)*(x_)]*(b_.))"(n_.)*((f_.)*(x_)) " (m_)*((d_) + (e_.
)*(x )72)7(p_), x_Symbol] :> Simp[(f*(f*x)"(m - 1)*(d + e*xx"2)"(p + L)*(a +
bxArcCos[c*x])"n)/(2%ex(p + 1)), x] + (-Dist[(f"2*(m - 1))/ (2*xex(p + 1)),

Int[(f*xx)"(m - 2)*(d + e*xx"2)"(p + 1)*(a + b*ArcCos[c*x])"n, x], x] - Dist[
(b*xf*n*xd~IntPart [p]*(d + exx~2) FracPart[p])/(2*cx(p + 1)*(1 - c~2*x"2) Fra
cPart([pl), Int[(f*x)"(m - D*(1 - c”2*x"2)"(p + 1/2)*(a + bxArcCos[c*x]) " (n
- 1), x], x]) /; FreeQ[{a, b, c, d, e, f}, x] && EqQ[c™2*d + e, 0] && GtQ[
n, 0] & LtQlp, -1] && GtQ[m, 1]
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Rule 4676

Int[(((a_.) + ArcCos[(c_.)*(x_)]1*(b_.))"(n_.)*x(x_))/((d_) + (e_.)*(x_)"2),
x_Symbol] :> Dist[1/e, Subst[Int[(a + b*x) n*Cot[x], x], x, ArcCos[c*x]], x
1 /; FreeQ[{a, b, c, d, e}, x] && EqQ[c™2*d + e, 0] && IGtQ[n, O]

Rule 3717

Int[((c_.) + (d_)*(x_))"(m_.)*tan[(e_.) + Pix(k_.) + (f_.)*(x_)], x_Symbol
1 > Simp[(I*(c + d*x)"(m + 1))/(d*(m + 1)), x] - Dist[2xI, Int[((c + d*x)~
m*E” (2% I*k*Pi)*E~ (2xI* (e + f*xx)))/(1 + E~(2%Ixk*Pi)*E~(2*I*x(e + f*x))), x],
x] /; FreeQl[{c, d, e, f}, x] && IntegerQ[4xk] && IGtQ[m, 0]

Rule 2190

Int [CC(F)~((g_)*((e_.) + (£_)*(x_))))"(n_.)*((c_.) + (d_D*(x_))"(m_.))/
(@) + (b_)*x((F_)"((g_I)*((e_.) + (£_.)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x)"mxLog[1l + (b*(F~(g*(e + f*x)))™n)/al)/(bxf*gxn*Logl[F]), x] - Di
st [(d*m) / (bxfxg*n*Log[F]), Int[(c + d*x)"(m - 1)*Log[l + (bx(F~(gx(e + fxx)
))°n)/al, x], x] /; FreeQ[{F, a, b, ¢, d, e, f, g, n}, x] && IGtQ[m, 0]

Rule 2279

Int[Logl(a_) + (b_.)*((F_)~((e_.)*((c_.) + (d_.)*(x_))))"(n_.)], x_Symbol]
:> Dist[1/(d*e*n*Log[F]), Subst[Int[Logla + b*x]/x, x], x, (F (ex(c + d*x))
)°nl, x] /; FreeQ[{F, a, b, ¢, d, e, n}, x] & GtQ[a, O]

Rule 2391

Int[Log[(c_.)*x((d_) + (e_.)*(x )" (n_.))]1/(x_), x_Symbol] :> -Simp[PolyLogl[2
, —(cxexx™n)]/n, x] /; FreeQl{c, d, e, n}, x] && EqQlcxd, 1]

Rule 288

Int[((c_.)*x(x_)) " (m_.)*x((a_) + (b_.)*x(x_)"(n_))~(p_), x_Symbol] :> Simp[(c~
(n - D*x(cxx)"(m - n + Dx*(a + bxx™n) " (p + 1))/ (b*n*x(p + 1)), x] - Dist[(c”
nx(m - n + 1))/ (b*nx(p + 1)), Int[(c*x)"(m - n)*(a + bxx™n) " (p + 1), x], x]
/; FreeQ[{a, b, c}, x] && IGtQ[n, 0] && LtQ[p, -1] && GtQ[m + 1, n] && !'I
LtQ[(m + nx(p + 1) + 1)/n, 0] && IntBinomialQ[a, b, ¢, n, m, p, xJ

Rule 216

Int[1/Sqrt[(a_) + (b_.)*(x_)"2], x_Symbol] :> Simp[ArcSin[(Rt[-b, 2]*x)/Sqr
t[al]l/Rt[-b, 2], x] /; FreeQ[{a, b}, x] && GtQ[a, 0] && NegQ[b]
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Rubi steps
b[—=_d (+b cos ()
——x x(a+bcos™(cx)
f x3 (a +b cos‘l(cx)) o x? (a +b cos‘l(cx)) . (1-c2x2) " . il —— o dx
(d _ Czdxz)z 2c242 (1 - szz) 2cd? c%d
bx x? (a +b cos‘l(cx)) Subst ( [(a + bx) cot(x) dx, x, cos‘l(cx)) b [ N
= —+ —+ —
2c3d2\1 — ¢2x2 2c242 (1 - szz) cd? 2
2 .
bx x2 (a +b cos‘l(cx)) i(a +b Cos‘l(cx)) bsin ! (cx) (2i) Subst ( f
= —+ — — —
23821 — 252 20242 (1 - CZxZ) 2bctd? 2c4d?
2
~ bx N x? (a +b cos‘l(cx)) i(a +b cos‘l(cx)) bsin™}(cx) (a + bcosL(q
23d2\1 — 22 2c242? (1 - c2x2) 2bctd? 2c4d?
2
~ bx N x? (a +b cos‘l(cx)) i(a +b cos‘l(cx)) bsin™}(cx) (a + bcosL(q
0Bl — 22 2022 (1 _ c2x2) 2bctd? 2c4d?
2
~ bx N x2 (a +b cos‘l(cx)) i(a +b cos‘l(cx)) bsin™!(cx) (a + bcosL(,
BRI — 22 2022 (1 _ szz) 2bctd? 2ctd?

Mathematica [A] time = 0.455747, size = 203, normalized size = 1.31

2a
c2x2-1

bV1-2x2  bV1-c2:2

—2ibcos!
1-cx cx+1 2ib cos ((

4ctd?

—4ibPolyLog (2, —et COS'l(CX)) — 4ibPolyLog (2’ ol cos—l(cx)) _

+2alog (1 - szz) +

Warning: Unable to verify antiderivative.

[In] Integrate[(x"3*(a + b*ArcCos[c*x]))/(d - c™2*d*x"2)72,x]

[Out] ((b*Sqrt[l - c™2%x72])/(1 - c*x) - (b*Sqrtl[l - c™2*x72])/(1 + cxx) - (2*a)/
(-1 + c™2%x72) + (b*ArcCos[c*x])/(1 - cxx) + (b*ArcCos[c*x])/(1 + c*x) - (2

*1) *b*ArcCos [cxx] "2 + 4xb*ArcCos[c*x]*Log[l - E~(I*ArcCos[c*x])] + 4*b*ArcC
os[cxx]*Log[1 + E~(I*ArcCos[c*x])] + 2*axLogl[l - c™2%x72] - (4%I)*b*PolyLog

[2, -E~(I*ArcCos[c*x])] - (4*I)*bxPolyLogl[2, E~(I*ArcCos[c*x])])/(4xc™4*d~2

)
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Maple [A] time = 0.25, size = 312, normalized size = 2.

a aln(cx-1) a aln(cx+1) ~b (arccos (Cx))z ~bx? bx
- + + + -2 - 2 -
4d2%c* (cx - 1) 24%c 4d%c* (cx +1) 24%c d2c 242 (szz _ 1) 2 342 (szz _

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x"3*(at+b*arccos(c*x))/(-c~2*xd*xx"2+d) ~2,x)

[Out] -1/4/c”4*a/d"2/(cxx-1)+1/2/c"4*a/d"2*x1n(c*x-1)+1/4/c"4*a/d"2/ (c*x+1)+1/2/c”
4xa/d"2*x1n(c*x+1)-1/2*I/c”4*xb/d"2*arccos (c*x) ~2-1/2*%I1/c"2*¥b/d~2/(c"2xx~2-1)
*x72-1/2/c”3*b/d"2/ (c™2*xx"2-1) *x* (-c"2*x"2+1) ~(1/2)-1/2/c"4*xb/d"2/ (c"2*xx"2-
1)*arccos(cxx)+1/2%I/c”4*b/d"2/(c"2*xx"2-1)+1/c"4*b/d"2*arccos (c*x) *1n (1+c*x
+Ix(-c72*x72+1) " (1/2))+1/c”4*b/d " 2*arccos (cxx) *1n(1-c*x-I* (-c™2*x"2+1) " (1/2
))-I/c”4%b/d"2*polylog(2,-c*x-I*(-c~2*x"2+1)~(1/2))-1/c~4*b/d"2*polylog(2,c
*x+I*(-c™2xx"2+1) " (1/2))

Maxima [F] time = 0., size = 0, normalized size = 0.

1 1 log (02x2 - 1)
2 4 6d2x2 — cAd2 ctd?

[((czx2 - 1) log (cx +1) + (czx2 - 1) log (—cx +1) - 1) arctan (\/cx +1vV-cx
] ;

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~3*(atb*arccos(c*x))/(-c™2*d*x"2+d)"2,x, algorithm="maxima"

[Out] -1/2x%ax(1/(c”6xd"2xx"2 - c"4xd"2) - log(c™2*x72 - 1)/(c™4%d~2)) + 1/2%(((c”
2xx72 - 1D)xlog(c*xx + 1) + (c™2*x72 - 1)*log(-cxx + 1) - 1)*arctan2(sqrt(c*x

+ D*sqrt(-c*xx + 1), c*xx) - 2%(c™6%xd"2*x"2 - c~4*d"2)*integrate(1/2x((c~2%
Xx"2 - Dxe”(1/2x1log(cxx + 1) + 1/2xlog(-cxx + 1))*log(c*x + 1) + (c™2*x"2 -
1)*e~(1/2%log(c*xx + 1) + 1/2xlog(-c*xx + 1))*log(-cxx + 1) - e~ (1/2*log(c*x

+ 1) + 1/2xlog(-c*xx + 1)))/(c™9*d"2*x"6 — 2*c”~7*d"2+x"4 + c~5*xd"2*x"2 + (c
TT*d72%x74 - 2%cTBb*d"2%x72 + ¢73*%d"2)*e" (log(cxx + 1) + log(-cxx + 1))), x)

)*b/ (c™6%d"2%x"2 - c"4%d72)

Fricas [F] time = 0., size = 0, normalized size = 0.

bx3 arccos (cx) + ax® )

integral (c4d2x4 —2c2d2x2 + 42’ X
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~3*(atb*arccos(c*x))/(-c™2*d*x~2+d)~2,x, algorithm="fricas")

[Out] integral((bxx~3*arccos(c*x) + a*x”3)/(c™4*d"2*x"4 - 2%c™2%d"2*x"2 + d72), x
)

Sympy [F] time = 0., size = 0, normalized size = 0.

f ax3 f bx3 acos (cx) dx

cAxt=2c2x2+1 cAxt—2c¢2x2+1

42
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x**3*(a+b*acos(c*x))/ (-c*x*x2*xd*xx**2+d) **2,x)

[Out] (Integral(a*x**3/(ckx4xx*x*4d — 2kc*k*2xx**2 + 1), x) + Integral (b*x**3%acos(c
*x) / (Cxkdxxskd — 2kck*2kx**2 + 1), x))/d**x2

Giac [F] time = 0., size = 0, normalized size = 0.

(barccos (cx) + a)x®

d
(czalx2 - d)2 i

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~3*(atb*arccos(c*x))/(-c”2*d*x~2+d)"2,x, algorithm="giac")

[Out] integrate((b*arccos(c*x) + a)*x~3/(c™2xd*x"2 - d)~2, x)
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3.10

f xz(a+b cos_l(cx)) dx

2
(d—czdxz)
Optimal. Leaf size=136

ibPolyLog (2, —e' Cos_l(‘”‘)) ibPolyLog (2, ¢ Cos_l(cx)) x(a+b cos‘l(cx)) tanh™" (ei Cos_l(cx)) (a +b cos‘l(cx))
2032 - 2032 +2@ﬂ@—@ﬂ)_ c>d? ’

[Out] b/(2%c”3*d"2*%Sqrt[1 - c™2*x"2]) + (x*(a + b*ArcCos[c*x]))/(2%c™2xd"2x(1 - ¢
~2%x72)) - ((a + bxArcCos[c*x])*ArcTanh[E~(I*ArcCos[c*x])])/(c"3*d"2) + ((I
/2)*b*PolyLog[2, -E~(I*ArcCos[c*x])])/(c"3%d"2) - ((I/2)*b*PolyLogl[2, E~(Ix
ArcCos[c*x])])/(c™3*%d"2)

Rubi [A] time = 0.129542, antiderivative size = 136, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 8, number of rules used = 6, integrand size = 25, e -

integrand size
0.24, Rules used = {4704, 4658, 4183, 2279, 2391, 261}

ibPolyLog (2, —eicosfl(cx)) ibPolyLog (2, ¢ COS*l(C")) x(a + beos™(cx)) tanh™" (e COSfl(Cx)) (a+bcos™(cx))
20342 - 20342 Y (1-c22) - 32 M

Antiderivative was successfully verified.

[In] Int[(x"2*(a + b*ArcCos[c*x]))/(d - c ™ 2*xd*x"2)"2,x]

[Out] b/(2%c™3%d"2*%Sqrt[1 - c™2*x"2]) + (x*(a + b*ArcCos[c*x]))/(2%c™2xd"2x(1 - ¢
~2%x72)) - ((a + bxArcCos[c*x])*ArcTanh[E~ (I*ArcCosl[c*x])])/(c~3*%d"2) + ((I
/2)*b*PolyLog[2, -E~(I*ArcCos[c*x])])/(c"3*%d"2) - ((I/2)*b*PolyLogl[2, E~(Ix*
ArcCos[c*x])])/(c™3%d"2)

Rule 4704

Int[((a_.) + ArcCos[(c_.)*(x_)I*(b_.)) " (n_.)*x((f_.)*(x_)) " (m_)*((d_) + (e_.
)*(x )72)7(p_), x_Symbol] :> Simp[(fx(f*x)"(m - 1)*(d + e*xx"2)"(p + D)*(a +
bxArcCos[c*x])"n)/(2%ex(p + 1)), x] + (-Dist[(£f72*(m - 1))/ (2*%ex(p + 1)),

Int[(fxx)"(m - 2)*(d + exx"2)"(p + 1)*(a + bxArcCos[c*x])"n, x], x] - Distl[
(b*xf*n*xd~IntPart [p]*(d + exx"2) FracPart[p])/(2*cx(p + 1)*(1 - c~2*x"2) Fra
cPart([pl), Int[(f*x)"(m - D*(1 - c™2*x"2)"(p + 1/2)*(a + bxArcCos[c*x]) " (n
- 1), x1, x1) /; FreeQ[{a, b, ¢, d, e, £}, x] && EqQ[c™2*d + e, 0] && GtQ[
n, 0] && LtQlp, -1]1 && GtQ[m, 1]
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Rule 4658

Int[((a_.) + ArcCos[(c_.)*(x_)]*(b_.))"(n_.)/((d_) + (e_.)*(x_)"2), x_Symbo
1] :> -Dist[(c*d)~(-1), Subst[Int[(a + b*x) n*Csclx], x], x, ArcCos[c*x]],
x] /; FreeQl{a, b, c, d, e}, x] && EqQ[c™2*d + e, 0] && IGtQ[n, 0]

Rule 4183

Int[cscl(e_.) + (£_)*(x_)1*((c_.) + (d_.)*(x_))"(m_.), x_Symbol] :> Simp[(
-2%(c + d*xx) m¥ArcTanh[E~(I*(e + f*x))])/f, x] + (-Dist[(d*m)/f, Int[(c + 4
*x)"(m - 1)*Logl[l - E~(I*x(e + f*x))], x], x] + Dist[(d*m)/f, Int[(c + d*x)~
(m - 1)*Logl[l + E"(Ix(e + f*x))], x], x]) /; FreeQl{c, d, e, f}, x] && IGtQ
[m, 0]

Rule 2279

Int[Logl(a_) + (b_)*((F_)"((e_.)*((c_.) + (d_.)*(x_))))"(n_.)], x_Symbol]
:> Dist[1/(d*e*n*Log[F]), Subst[Int[Logla + b*x]/x, x], x, (F (ex(c + d*x))
)°nl, x] /; FreeQ[{F, a, b, ¢, d, e, n}, x] && GtQ[a, 0]

Rule 2391

Int[Log[(c_.)*x((d_) + (e_.)*(x_)"(n_.))]1/(x_), x_Symbol] :> -Simp[PolyLogl[2
, —(cxexx™n)]/n, x] /; FreeQl{c, d, e, n}, x] && EqQlcxd, 1]

Rule 261

Int[(x_)"(m_.)*((a_) + (b_)*(x_)"(m_))"(p_), x_Symbol] :> Simp[(a + b*x"n)
“(p + 1)/(b*nx(p + 1)), x] /; FreeQ[{a, b, m, n, p}, x] & EqQ[m, n - 1] &&
NeQ[p, -1]

Rubi steps
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f x? (a + bcos‘l(cx)) X (a + bcos‘l(cx)) N bJ m ax ) f%s;zm dx
(d _ Czdxz)2 2c242 (1 - szz) 2cd? 2c2d
b x (a +b cos‘l(cx)) Subst ( [(a+ bx) esc(x) dx, x, cos‘l(cx))
- 263@2V1 - 22 " 2c24d? (1 - czxZ) ’ 20342
b x (a +b cos‘l(cx)) (a +b cos‘l(cx)) tanh ™! (ei COS_l(C")) b Subst (
) 26321 - 222 " 2c24? (1 - szz) B c3d? -
b X (a +b cos‘l(cx)) (a +b cos‘l(cx)) tanh ™ (ei Cos_l(cx)) (ib) Subs
) 2c3d2V1 — ¢2x2 * 2¢24? (1 - c2x2) B c3d? *
b x (a +b cos‘l(cx)) (a +b cos‘l(cx)) tanh ™" (ei Cos_l(”‘)) ibLi, (—e’
B 203d21 - 2x2 * 2c24? (1 - szz) - c3d? * 203

Mathematica [A] time = 0.308591, size = 251, normalized size = 1.85

—2ib (czx2 - 1) PolyLog (2, —e' COS_l(C")) + 2ib (¢ - 1) PolyLog (2, ¢ COS_l(‘”‘)) — acx?log(1 - cx) + ac®x? log(cx +

Warning: Unable to verify antiderivative.

[In] Integrate[(x"2*(a + bxArcCos[c*x]))/(d - c™2%d*x~2)72,x]

[Out] -(2%axc*x + 2*b*Sqrt[l - c”2*x"2] + 2xb*c*xx*ArcCos[c*x] + 2*bxArcCos[cxx]*L
ogll - E~(I*ArcCos[c*x])] - 2xb*c™2%x"2xArcCos[c*x]*Log[1l - E~(I*ArcCos[c*x

1)1 - 2#b*ArcCos[c*x]*Log[1l + E~(I*ArcCos[c*x])] + 2xbxc~2*x~2xArcCos [c*x]*
Log[1l + E"(I*ArcCos[c*x])] + axLogll - c*xx] - axc™2*x"2*xLog[l - c*x] - axLo

gll + c*xx] + axc™2xx"2*Logl[l + c*x] - (2%I)*bx(-1 + c™2xx"2)*PolyLog[2, -E~
(I*ArcCos[c*x])] + (2*%I)*bx(-1 + c”~2xx"2)*PolyLog[2, E~(I*ArcCos[c*x])])/(4
*cT3%d"2x (-1 + cT2%x72))

Maple [A] time = 0.151, size = 253, normalized size = 1.9

a aln(cx —-1) a aln(cx+1)  barccos(cx)x b Vo 11— h

43d% (cx-1) TTAGE 1B (cx+1) 432 222 (c2x2 - 1) 2 342 (c2x2 - 1)

Verification of antiderivative is not currently implemented for this CAS.
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[In] int(x"2*(at+b*arccos(c*x))/(-c 2*d*x~2+d) ~2,x)

[Out] -1/4/c”3*a/d"2/(cxx-1)+1/4/c"3*a/d"2*1n(c*x-1)-1/4/c"3*a/d"2/ (c*x+1)-1/4/c”
3*xa/d"2*1n(cxx+1)-1/2/c"2%b/d"2/ (c"2*x"2-1) *arccos (c*x) *x-1/2/c"3*b/d"2/(c”
2xx72-1) % (—c™2*x"2+1) ~(1/2)-1/2/c"3*b/d"2*arccos (c*xx) *1n (1+cxx+I* (-c™2xx"2+
1)7(1/2))+1/2*%Ixb*polylog(2,-c*x-I*(-c™2%x"2+1)~(1/2))/c~3/d"2+1/2/c"3*b/d~
2*xarccos (cxx)*1n(1-cxx-I*(-c™2%x"2+1) " (1/2) ) -1/2*I*xb*polylog(2, ckxx+I*(-c~2%

x"2+1)°(1/2))/c”3/d"2

Maxima [F] time = 0., size = 0, normalized size = 0.

((2 cx + (czx2 - 1) log (cx +1) - (czx2 - 1) log (—cx + 1)) arctan (

1 2x log (cx +1) B log (cx —1) _
1\l —2p c3d? c3d?

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~2*(atb*arccos(c*x))/(-c”2xd*x~2+d)~2,x, algorithm="maxima")

[Out] -1/4x%a*x(2*x/(c”4*d"2%x"2 - ¢72%d”"2) + log(c*x + 1)/(c”3*d"2) - log(c*x - 1)
/(c73*%d72)) - 1/4x((2%cxx + (c™2%x72 - 1)*log(c*xx + 1) - (c™2*x72 - 1)*log(

-cxx + 1))*arctan2(sqrt(cxx + 1)*sqrt(-c*x + 1), c*x) - 4*(c”5*d"2*x"2 - ¢~
3*d"2)*integrate(1/4*(2xcxx + (c™2%x72 - 1)*log(c*x + 1) - (c™2*x"2 - 1)x*lo
g(-c*xx + 1))*sqrt(c*xx + 1)*sqrt(-c*xx + 1)/(c™6*d™2%x"4 - 2%c™4*d"2*x"2 + ¢~
2%d"2), x))*b/(c”bxd"2*x"2 - c"3*d"2)

Fricas [F] time = 0., size = 0, normalized size = 0.

N bx? arccos (cx) + ax?
integra ,X
S et — 22 + 2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~2*(a+b*arccos(c*x))/(-c™2*d*x"2+d)"2,x, algorithm="fricas")

[Out] integral ((bxx~2*arccos(cx*x) + a*x"2)/(c”4*d"2*x"4 - 2%c™2xd"2*x"2 + d72), x
)
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Sympy [F] time = 0., size = 0, normalized size = 0.

2 2

ax bx= acos (cx

f44 2.2 dx f44 2(2)dx
c*x*=2c%x“+1 c*x*-2c4x-+1

dZ

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x**2x*(a+b*acos(c*x))/ (—c**x2*xd*xx**2+d) **2,x)

[Out] (Integral (axx*x2/(cx*4*xx*4 — 2kckx2xx**2 + 1), x) + Integral (b*x**2*acos(c

*x) / (cxkdxxkkd — 2kckx*2kx**2 + 1), x))/d**x2

Giac [F] time = 0., size = 0, normalized size = 0.

(barccos (cx) + a)x?

d
(czclx2 - d)2 i

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~2*(atb*arccos(c*x))/(-c~2*d*x~2+d)~2,x, algorithm="giac")

[Out] integrate((b*arccos(c*x) + a)*x~2/(c™2xd*x"2 - d)~2, x)
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x(a+JJCos_1(cx))
311 | s dx
(d—czdxz)
Optimal. Leaf size=57
a+ bcos™(cx) bx

+
2c242? (1 - szz) 2cd?V1 — c2x?

[Out] (b*x)/(2*c*d"2xSqrt[1 - c™2*x72]) + (a + b*ArcCos[cx*x])/(2%c™2*d"2x(1 - c~2
*x72))

Rubi [A] time = 0.0461148, antiderivative size = 57, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 2, number of rules used = 2, integrand size = 23, T~ > % _

0.087, Rules used = {4678, 191}

integrand size

a+ bcos™(cx) bx

+
20242 (1 - szz) 2cd?V1 — c2x?

Antiderivative was successfully verified.

[In] Int[(x*(a + bxArcCos[c*x]))/(d - c™2*%d*x"2)"2,x]

[Out] (b*x)/(2*%c*d™2xSqrt[1 - c™2*x72]) + (a + b*ArcCos[cxx])/(2%c™2*d"2x(1 - c~2
*x72))

Rule 4678

Int[((a_.) + ArcCos[(c_.)*(x_ )I*(b_.))"(n_.)*(x )*x((d_) + (e_.)*x(x_)"2)"(p_
.), x_Symbol] :> Simp[((d + exx"2)"(p + 1)*(a + bxArcCos[c*x])"n)/(2%ex(p +
1)), x] - Dist[(b*n*d"IntPart[pl*(d + e*x~2) FracPart[p])/(2*cx(p + 1)*(1
- ¢72*%x72)FracPart([p]), Int[(1 - c™2*x"2)"(p + 1/2)*(a + bxArcCos[c*x])~(n
- 1, x], x] /; FreeQ[{a, b, c, d, e, p}, x] && EqQ[c™2*d + e, 0] && GtQ[n
, 0] && NeQlp, -1]

Rule 191
Int[((a_) + (b_.)*(x_ )" (n_))"(p_), x_Symbol] :> Simp[(x*(a + bxx™n) (p + 1)

)/a, x] /; FreeQ[{a, b, n, p}, x] && EqQ[1/n + p + 1, 0]

Rubi steps
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1

T R e R
bx a+ bcos1(cx)

= +
2cd2V1 — 2x2 2c2d? (1 - szz)

b —
f X (ﬂ +bcos™ (cx)) a+ bcos!(cx) (1—c2x2)3/2

Mathematica [A] time = 0.114275, size = 49, normalized size = 0.86

a + bexV1 = c2x2 + b cos™ Y (cx)

2c2d? — 2c4d?%x?

Antiderivative was successfully verified.

[In] Integrate[(x*(a + bxArcCos[c*x]))/(d - c™2*d*x"2)"2,x]

[Out] (a + bkcxx*Sqrt[l - c™2*x72] + b*xArcCos[c*x])/(2%xc™2*d™2 - 2%c™4*d~2*x"2)

Maple [A] time = 0.004, size = 98, normalized size = 1.7

1 a .\ b { arccos(cx) 1 \/ (-1 —2cx+2 1 \/ (cx+1)% +2cx +2
- 4+ |- - —(cx — —2Ccx - —(cx cx
2| 242 (c2x2—1) >\ 2c2x2-2  4cx-4 dex +4

Verification of antiderivative is not currently implemented for this CAS.
[In] int(x*(atb*arccos(c*x))/(-c~2*d*x~2+d) 2,x)

[Out] 1/c”2x(-1/2*a/d"2/(c"2*x"2-1)+b/d"2x(-1/2/(c"2*x"2-1) *arccos (c*x)-1/4/ (c*x—
1) *x(=(cxx-1)"2-2%c*x+2) " (1/2)-1/4/ (cxx+1) * (- (c*x+1) "24+2*c*xx+2) " (1/2)))

Maxima [B] time = 1.47584, size = 225, normalized size = 3.95

5 72
Od4+VcOd4chd2x c6d4—Vc6d4c4d2x) 2 arccos (cx) a

V-c2x2+1c2d? V-c2x2+1c24?
1
4 NEFT c*d?x? — 242 2 (c4d2x2 _ c2d2)




76

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*(atb*arccos(c*x))/(-c"2xd*x"2+d) ~"2,x, algorithm="maxima"

[Out] -1/4%((sqrt(-c™2%x72 + 1)*c"2xd"2/(c"6*xd"4 + sqrt(c™6+d~4)*c 4*d"2xx) - sqr
t(-c72*%x72 + 1)*c”2*%d"2/(c"6*d"4 - sqrt(c™6*d™4)*c 4*d"2*x))*c"5xd"2/sqrt (c
“6*%d~4) + 2%arccos(c*x)/(cT4*d"2*x"2 - ¢"2*%d"2))*b - 1/2xa/(c”4*d"2*x"2 - ¢
~2*xd"2)

Fricas [A] time = 2.21101, size = 115, normalized size = 2.02

ac?x? + V—c2x2 + 1bcx + b arccos (cx)
2 (c4d2x2 - czdz)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*(at+b*arccos(c*x))/(-c"2xd*x"2+d)"2,x, algorithm="fricas")

[Out] -1/2%(a*xc™2%x72 + sqrt(-c™2*x"2 + 1)*b*c*x + bxarccos(c*x))/(c™4*d"2%x"2 -
c"2*xd"2)

Sympy [F] time = 0., size = 0, normalized size = 0.

f ax dx + f bx acos (cx) X
cAxd-2c2x2+1 cArt-2c2x2+1
dZ

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*(atb*acos(c*x))/(-c**x2*xd*xx**2+d) **2,x)

[Out] (Integral(a*x/(ck*4xx*x*x4 — 2*ck*2*x*x2 + 1), x) + Integral (b*x*acos(c*x)/(c
sokdkxkkd — kcHkk¥kxk*2 + 1), x))/d**2

Giac [A] time = 1.26603, size = 135, normalized size = 2.37

bx? arccos (cx) ax? —c2x2 +1bx  barccos (cx) a

5 (c2x2 _ 1)d2 5 (szz _ 1)d2 Ty (szz _ 1)cd2 T TR Taan
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*(at+b*arccos(c*x))/(-c"2*d*x"2+d)"2,x, algorithm="giac")

[Out] -1/2%bxx"2*%arccos(c*x)/((c™2*xx"2 - 1)*d"2) - 1/2%axx"2/((c™2*x"2 - 1)*d"2)
- 1/2xsqrt(-c™2*x72 + 1)*b*x/((c™2%x72 - 1)*c*d"2) + 1/2xb¥arccos(c*x)/(c™2

*d~2) + 1/2*%a/(c”2xd"2)
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a+b cos™L(cx)
312 | ) dx

Optimal. Leaf size=132

ibPolyLog (2, —e"cosfl(c")) ibPolyLog (2, ¢ COS*l(C")) x(a +beos™(cx)) tanh™" (e COSJ(CX)) (a+bcos™(cx))
- 2cd? " 2cd? * 242 (1 _ c2x2) - cd? *

[Out] b/(2%c*d”~2*xSqrt[1 - c™2*x72]) + (xx(a + bxArcCos[c*x]))/(2%d"2*%(1 - c™2%x"2
)) + ((a + bxArcCos[c*x])*ArcTanh[E~ (I*ArcCos[c*x])])/(cxd~2) - ((I/2)*bxPo
lyLog[2, -E~(I*ArcCos[c*x])])/(c*d"2) + ((I/2)*b*PolyLogl[2, E~(I*ArcCos[c*x

D1/ (cxd™2)

Rubi [A] time = 0.0915474, antiderivative size = 132, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 8, number of rules used = 6, integrand size = 22, "> % _

integrand size
0.273, Rules used = {4656, 4658, 4183, 2279, 2391, 261}
ibPolyLog (2, —eicos_l(c")) ibPolyLog (2, ¢ C"S_l(c")) x(a +beos™ (cx)) tanh ™" (e COS_I(”‘)) (a +bcos™H(cx))
- +

+ + +
2cd? 2cd? 242 (1 —_ CZxZ) cd?

Antiderivative was successfully verified.

[In] Int[(a + b*ArcCos[c*x])/(d - c™2*xd*x"2)"2,x]

[Out] b/(2%c*d™2*Sqrt[1 - c™2*x72]) + (x*x(a + bxArcCos[c*x]))/(2xd"2x(1 - c™2*x"2
)) + ((a + bxArcCos[c*x])*ArcTanh[E~ (I*ArcCos[c*x])])/(cxd~2) - ((I/2)*b*Po
lyLog[2, -E~(I*ArcCos[c*x])])/(c*d™2) + ((I/2)*b*PolyLogl[2, E~(I*ArcCos[c*x

1)/ (cxd™2)

Rule 4656

Int[((a_.) + ArcCos[(c_.)*(x_)]*(b_.))"(n_.)*((d_) + (e_)*(x_)"2)"(p_), x_
Symbol] :> -Simp[(x*(d + e*x"2)"(p + 1)*(a + b*ArcCos[c*x]) n)/(2xdx(p + 1)
), x] + (Dist[(2*p + 3)/(2*xd*x(p + 1)), Int[(d + exx"2)"(p + 1)*(a + b*ArcCo
slc*x])"n, x], x] - Dist[(b*c*n*d IntPart[p]*(d + exx~2) FracPart([pl)/(2x(p
+ 1)x(1 - c¢™2%x72) FracPart[p]), Int[x*(1 - c™2*xx"2)"(p + 1/2)*(a + b*ArcC
os[c*x])~(n - 1), x]1, x]1) /; FreeQ[{a, b, c, d, e}, x] && EqQ[c™2*d + e, 0]
&& GtQ[n, 0] && LtQl[p, -1] && NeQ[p, -3/2]

Rule 4658
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Int[((a_.) + ArcCos[(c_.)*(x_)I*(b_.))"(n_.)/((@.) + (e_.)*x(x_)"2), x_Symbo
1] :> -Dist[(c*d)~(-1), Subst[Int[(a + b*x) n*Csc[x], x], x, ArcCos[c*x]],
x] /; FreeQ[{a, b, ¢, d, e}, x] && EqQ[c™2xd + e, 0] && IGtQ[n, 0]

Rule 4183

Int[cscl(e_.) + (£_)*(x_)]*((c_.) + (d_.)*(x_))"(m_.), x_Symbol] :> Simp[(
-2%(c + d*xx) “m*¥ArcTanh[E~(Ix(e + f*xx))])/f, x] + (-Dist[(d*m)/f, Int[(c + d
*x) " (m - 1)*Logl[l - E~(Ix(e + f*x))], x], x] + Dist[(d*m)/f, Int[(c + d*x)~
(m - 1)*Logl[l + E"(Ix(e + f*x))1, x1, x]) /; FreeQ[{c, 4, e, £}, x] && IGtQ
[m, 0]

Rule 2279

Int[Logl(a_) + (b_.)*((F_)~((e_.)*((c_.) + (d_.)*(x_))))"(n_.)], x_Symboll]
:> Dist[1/(d*e*n*Log[F]), Subst[Int[Logla + b*x]/x, x], x, (F~(ex(c + d*x))
)°nl], x] /; FreeQ[{F, a, b, c, d, e, n}, x] && GtQ[a, 0]

Rule 2391

Int[Log[(c_.)*x((d_) + (e_.)*(x )" (n_.))]1/(x_), x_Symbol] :> -Simp[PolyLogl[2
, —(cxexx"n)]/n, x] /; FreeQ[{c, d, e, n}, x] && EqQlc*d, 1]

Rule 261

Int[(x )" (m_.)*((a_) + (b_)*(x_)"(m_))"(p_), x_Symbol] :> Simp[(a + b*x"n)
“(p + 1)/ (b*xnx(p + 1)), x] /; FreeQ[{a, b, m, n, p}, x] && EqQ[m, n - 1] &&
NeQ[p, -1]

Rubi steps



80

x
) (bc)fmdx fa+bcos‘1(cx) dx

f a+ bcos™(cx) e x (ﬂ + b cos™(cx) . N FREN
(d - can2)’ 22 (1-22) 242 2d

b x (a +bcos! (cx)) Subst ( [(a + bx) esc(x) dx, x, cos‘l(cx))

) 2cd?V1 — c2x? ’ 242 (1 - c2x2) - 2cd?

_ b N x (a +bcos™ (cx)) N (a +b cos‘l(cx)) tanh ™" (el cos 1(“‘)) N b Subst (flog (i

2cd?V1 - ¢2x2 242 (1 - c2x2) cd?

b X (a +b cos‘l(cx)) (a +b cos‘l(cx)) tanh ™ (eicos_l(cx)) (ib) Subst (f =

) 2cd?V1 - ¢2x2 ’ 242 (1 - szz) ¥ cd? - |
b x (a +b cos‘l(cx)) (a +b cos‘l(cx)) tanh ™ (eicos_l(cx)) ibLi, (—eicos_l(cx

) 2cd?V1 — ¢2x? * 242 (1 - szz) ¥ cd? - 2cd?

Mathematica [A] time = 0.280222, size = 220, normalized size = 1.67

2ibPolyLog (2,—ei cos™1 (Cx)) 2ibPolyLo g(Z,ei cos~! (cx))

— + - —
c c c2x2-1 c c c—c2x c2x+c c—c2x c2x+

442

2ax alog(1-cx) + alog(cx+1) + W1-c2x2  bV1-c2x2 + becosL(cx) bceos!

Warning: Unable to verify antiderivative.

[In] Integrate[(a + b*ArcCos[cx*x])/(d - c~2*xd*x~2)72,x]

[Out] ((b*Sqrtll - c™2*x72])/(c - c”2*x) + (b*Sqrt[l - c™2*x72])/(c + c™2xx) - (2
*xaxx) /(-1 + ¢”2*x72) + (b*ArcCos[c*x])/(c - c"2*x) - (b*ArcCos[c*x])/(c + c

~2%x) - (2xb*ArcCos[c*x]*Log[l - E~(I*ArcCos[c*x])])/c + (2xb*ArcCos[c*x]*L

ogll + E~(I*ArcCos[c*x])])/c - (a*Logl[l - c*x])/c + (axLogll + c*xx])/c - ((
2%I)*b*PolyLog[2, -E~(I*ArcCos[c*x])])/c + ((2%I)*b*PolyLog[2, E~(I*ArcCos[
c*x])1)/c)/(4%d~2)

Maple [A] time = 0.146, size = 250, normalized size = 1.9

a aln(cx -1) a aln(cx+1) barccos(cx)x b ™) b arccos
- —~ — - - V—c2x2 +1+ ,
4cd? (cx -1) 4 cd? 4dcd? (cx +1) 4 cd? 2 42 (c2x2 _1) 2 cd? (c2x2 _1) o 2 cd-

Verification of antiderivative is not currently implemented for this CAS.
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[In] int((a+b*arccos(c*x))/(-c~2*xd*x"2+d) "2,x)

[Out] -1/4/c*a/d"2/(c*x-1)-1/4/c*a/d"2*1n(c*x-1)-1/4/c*xa/d"2/ (c*x+1)+1/4/c*xa/d" 2%
In(c*x+1)-1/2*b/d"2/(c"2*xx"2-1) *arccos (c*x) *x-1/2/c*xb/d~2/ (c"2*%x"2-1) *(-c~2
*x72+1) 7 (1/2)+1/2/c*b/d"2*xarccos (c*x) *1n (1+c*x+Ix (-c™2*x"2+1) ~(1/2) ) -1/2*I*
b*polylog(2,-ckx-I*(-c™2%x"2+1)7(1/2))/c/d"2-1/2/cxb/d"2*arccos (cxx) *1n(1-c
*x=I*(-c™2*xx72+1) " (1/2))+1/2*%I*b*polylog (2, cxx+I*(-c™2xx~2+1)~(1/2)) /c/d"2

Maxima [F] time = 0., size = 0, normalized size = 0.

2.2 2.2
1 95 log (cx +1) ) log (cx -1) ((2 cx — (c x° - 1) log(cx +1) + (c x° - 1) log (—cx + 1)) arctan (w
1\ 2 — 2 cd? cd?

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arccos(c*x))/(-c”2xd*x"2+d)~2,x, algorithm="maxima"

[Out] -1/4x%a*x(2*x/(c”2*d"2%x"2 - d72) - log(c*x + 1)/(c*d”2) + log(c*x - 1)/(c*d™
2)) - 1/4%((2xc*x - (c72*%x"2 - D)xlog(c*xx + 1) + (c™2%x"2 - 1)*log(-c*xx + 1
))*arctan2(sqrt(c*x + 1)*sqrt(-cxx + 1), c*xx) + 4*x(c™3*%d"2%x"2 - c*d~2)*int
egrate(-1/4*(2xc*xx - (c™2*%x72 - 1)*log(c*x + 1) + (c™2*x"2 - 1)*xlog(-c*x +
1)) *sqrt(c*xx + 1)*sqrt(-cxx + 1)/(c™4*d™2%x"4 - 2%c™2*%d"2%x"2 + d72), x))*Db

/(c73*%d"2%x72 - c*d~2)

Fricas [F] time = 0., size = 0, normalized size = 0.

barccos (cx) +a )

integral (c4d2x4 —22d2x2 + 42’ :

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arccos(c*x))/(-c”2%d*x"2+d)~2,x, algorithm="fricas")

[Out] integral((bxarccos(c*x) + a)/(c™4*d"2%x"4 - 2*c™2*d"2*x"2 + d72), x)
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Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*acos(c*x))/(—cx*2xd*x**2+d)**2,x)

[Out] Timed out

Giac [F] time = 0., size = 0, normalized size = 0.

barccos(cx) + a
f >— dx
(czdx2 - d)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arccos(c*x))/(-c”2xd*x"~2+d)~2,x, algorithm="giac")

[Out] integrate((b*arccos(cxx) + a)/(c™2xd*x"2 - d)~2, x)
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a+b cosL(cx)
313 | o dx

Optimal. Leaf size=122

ibPolyLog (2, —e? Cos_l(‘”‘)) ibPolyLog (2, % COS_l(C")) a+bcos(cx) 2 tanh ™ (eZi COS_l(C")) (a +b cos‘l(cx))
) 2d? ’ 242 242 (1 - szz) * d?

[Out] (b*xcx*x)/(2*%d"2xSqrt[1 - c™2%x72]) + (a + b*ArcCos[c*xx])/(2*xd"2*x(1 - c™2*x"2
)) + (2%(a + b*ArcCos[c*x])*ArcTanh [E™ ((2*I)*ArcCos[c*x])])/d"2 - ((I/2)*b*
PolyLog[2, -E~((2*I)*ArcCos[c*x])])/d~2 + ((I/2)*bxPolyLogl[2, E~((2%I)*ArcC
os[c*x])])/d"2

Rubi [A] time = 0.170644, antiderivative size = 122, normalized size of antiderivative =

. . b f rul
1., number of steps used = 9, number of rules used = 7, integrand size = 25, i L

integrand size
0.28, Rules used = {4706, 4680, 4419, 4183, 2279, 2391, 191}

ibPolyLog (2, —%i C05_1(”‘)) ibPolyLog (2, % Cos_l(cx)) a+bcos(cx) 2 tanh ™ (eZi Cos_l(cx)) (a +b cos‘l(cx))
- 242 * 242 242 (1 - c2x2) * d?

Antiderivative was successfully verified.

[In] Int[(a + bx*ArcCosl[c*x])/(x*x(d - c™2*d*x"2)"2),x]

[Out] (b*c*x)/(2%d"2*Sqrt[1l - c™2*x72]) + (a + bxArcCos[c*x])/(2*d"2x(1 - c™2*x"2
)) + (2%(a + b*ArcCos[c*x])*ArcTanh [E™ ((2*I)*ArcCos[c*x])])/d"2 - ((I/2)*b*
PolyLog[2, -E~((2*I)*ArcCos[c*x])])/d"2 + ((I/2)*b*PolyLogl[2, E~((2%*I)*ArcC
os[c*x])])/d™2

Rule 4706

Int[((a_.) + ArcCos[(c_.)*(x_)]*(b_.))"(n_.)*((£_.)*(x_)) " (m_)*((d_) + (e_.
)*(x )72)"(p_), x_Symbol] :> -Simp[((f*x)~(m + 1)*(d + exx"2)"(p + L)*(a +
b*ArcCos [c*x])"n)/ (2*d*fx(p + 1)), x] + (Dist[(m + 2xp + 3)/(2xdx(p + 1)),
Int [(f*x) "m*x(d + e*x”2) " (p + 1)*(a + b*ArcCos[c*x])"n, x], x] - Dist[(b*c*n
xd~IntPart [p]*(d + e*xx~2) FracPart[p])/(2*fx(p + 1)*(1 - c~2*x"2) FracPart[
pl), Int[(f*x)~"(m + 1)*(1 - c™2%xx"2) " (p + 1/2)*(a + b*ArcCos[c*x])"(n - 1),
x], x]) /; FreeQl{a, b, ¢, d, e, f, m}, x] & EqQlc™2*d + e, 0] && GtQ[n,
0] &% LtQ[p, -1] && !GtQ[m, 1] && (IntegerQ[m] || IntegerQlp] || EqQ[n, 1]
)
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Rule 4680

Int[((a_.) + ArcCos[(c_.)*(x_)I*(b_.))"(n_.)/((x_)*((d_) + (e_.)*(x_)"2)),
x_Symbol] :> -Dist[d~(-1), Subst[Int[(a + b*x) n/(Cos[x]*Sin[x]), x], x, Ar
cCoslc*x]], x] /; FreeQl{a, b, c, d, e}, x] & EqQ[c™2*d + e, 0] && IGtQ[n,
0]

Rule 4419

Int[Cscl(a_.) + (b_)*x )1 (m_)*((c_.) + (d_.)*(x_)) " (m_.)*Sec[(a_.) + (b
_)*x(x )] (n_.), x_Symbol] :> Dist[27n, Int[(c + d*x) m*Csc[2*a + 2*b*x] n,
x], x] /; FreeQ[{a, b, c, d, m}, x] && IntegerQ[n] && RationalQ [m]

Rule 4183

Int[cscl(e_.) + (£_D)*(x )1*((c_.) + (d_.)*(x_))"(m_.), x_Symbol] :> Simp[(
-2x(c + d*xx) “m*¥ArcTanh[E~(I*x(e + f*x))])/f, x] + (-Dist[(d*m)/f, Int[(c + d
*x)"(m - 1)*Log[l - E"(Ix(e + f*x))], x], x] + Dist[(d*m)/f, Int[(c + d*x)~
(m - DxLogl[l + E"(Ix(e + f*x))], x], x]) /; FreeQl[{c, 4, e, £}, x] && IGtQ
[m, 0]

Rule 2279

Int[Logl(a_) + (b_.)*x((F_)~((e_.)*((c_.) + (d_.)*(x_))))"(n_.)], x_Symboll]
:> Dist[1/(d*e*n*Log[F]), Subst[Int[Logla + b*x]/x, x], x, (F (ex(c + d*x))
)°nl, x] /; FreeQ[{F, a, b, ¢, d, e, n}, x] & GtQ[a, O]

Rule 2391

Int[Log[(c_.)*x((d ) + (e_.)*(x_ )" (n_.))]1/(x_), x_Symbol] :> -Simp[PolyLogl[2
, —(cxexx™n)]/n, x] /; FreeQl{c, d, e, n}, x] && EqQlcxd, 1]

Rule 191
Int[((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Simp[(x*(a + bxx™n) (p + 1)

)/a, x] /; FreeQ[{a, b, n, p}, x] && EqQ[1/n + p + 1, 0]

Rubi steps
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(bC)dex fwdx
—c4x!
+

f a+ bcos™(cx) a+ bcos™(cx) x(d-c2dx2)
X =
R e e N d
_ bex s a+bcosHcx) Subst ( f (a + bx) csc(x) sec(x) dx, x, COS_l(CX))
2d2V1 — ¢2x?  2d? (1 - c2x2) d?
_ bex s a+bcosHcx) 2Subst ( f (a + bx) csc(2x) dx, x, cos™! (cx))
22V1 - 22 242 (1 - c2x?) 2
_ bex Lt bcos~1(cx) N 2 (a +b cos‘l(cx)) tanh™! (ezicosfl(cx)) N b Subst ( [log (l
20241 - 22 242 (1-c222) iz
o . log(
_ bex . a + bcos1(cx) . 2 (a +b cos‘l(cx)) tanh ™" (e21 cos 1(CX)) (ib) Subst ( f O;g.
2421 - c2x2 242 (1 - szz) d2
_ bex Lt bcos~1(cx) N 2 (a +b cos‘l(cx)) tanh ™ (ez"cos_l(‘”‘)) ibLi, (—eZiCOS_l(C*
221 - 22 242 (1-c222) d? 242

Mathematica [A] time = 0.485909, size = 152, normalized size = 1.25

- - -1 -
b (—iPolyLog (2, —e21c08 1(”‘)) + iPolyLog (2, g2 cos 1(C’C)) + VlCXT + Ccl)s Cziczx ) cos ! (cx) log (1 — glcos 1(Cx)) +2cc
—CX B
242

Warning: Unable to verify antiderivative.

[In] Integratel[(a + bxArcCos[c*x])/(xx(d - c™2*d*x~2)"2),x]

[Out] (a/(1 - c™2*x72) + 2xaxLogl[x] - a*Logl[l - c”2#x72] + b*x((c*x)/Sqrt[l - c”2%
x72] + ArcCos[c*x]/(1 - c™2%x72) - 2*xArcCos[c*x]*Log[l - E~((2+I)*ArcCos[c*

x])] + 2xArcCos[c*x]*Log[1 + E~((2xI)*ArcCos[c*x])] - I*PolyLog[2, -E~((2*I
)*ArcCos[c*x])] + IxPolyLog[2, E~((2*I)*ArcCos[c*x])]))/(2xd"2)

Maple [B] time = 0.188, size = 340, normalized size = 2.8

1,22
a aln(cx —1) a aln(cx+1)  aln(cx) Ebc X xbc "
_ _ _ _ _ V- 1—.

12 (x-1) 22 T iP(x+1) 22 T B2 g (@2-1) 28 (@2 -1) ety

Verification of antiderivative is not currently implemented for this CAS.
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[In] int((at+b*arccos(c*x))/x/(-c”2*d*x~2+d)"2,x)

[Out] -1/4*a/d"2/(c*x-1)-1/2%a/d"2*In(c*x-1)+1/4*a/d"2/ (cxx+1)-1/2*a/d"2*1n(c*x+1
)+a/d"2*%1n(c*x)-1/2%I*b/d~2/ (c™2*x"2-1) *c~2*x"2-1/2xb/d"2/ (c™2*x"2-1) *cxx* (
-c72%xx"2+1) " (1/2)-1/2%b/d"2/ (c"2%x"2-1) *arccos (c*xx)+1/2xIxb/d"2/ (c"2*xx"2-1)
-b/d~2*arccos (c*x) *1n(1+c*x+I*(-c™2%x72+1) 7 (1/2))+Ixb/d"2xpolylog(2, -c*x-I*
(=c™2%x72+1) " (1/2))-b/d"2*arccos (c*x) *In(1-c*x-I* (-c™2*xx"2+1) ~(1/2) ) +I*b/4d"
2*xpolylog (2, cxx+I*(—c™2xx"2+1) " (1/2) ) +b/d"2*arccos (c*x) *1n (1+(cxx+I* (-c™2%x
~2+1)7(1/2))"2)-1/2*I*xbxpolylog(2, - (cxx+I*(-c~2*x"2+1)~(1/2))"2)/d"2

Maxima [F] time = 0., size = 0, normalized size = 0.

X

1 ( 1 log(cx+1)+log(cx—l)_2log(x))+bfaYCtaH(VCX+1V—Cx+1,CX)

--a +
2 \c2d?x? - d? d? d? d? ctd?x® - 2 c2d%x3 + d?x
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arccos(c*x))/x/(-c"2*d*x"2+d)"2,x, algorithm="maxima")

[Out] -1/2%a*x(1/(c"2xd"2*x"2 - d72) + log(c*x + 1)/d"2 + log(cxx - 1)/d"2 - 2xlog
(x)/d"2) + bxintegrate(arctan2(sqrt(c*x + 1)*sqrt(-cxx + 1), c*xx)/(c™4*d™2%
X5 - 2%cT2%d72*x73 + d72*x), X)

Fricas [F] time = 0., size = 0, normalized size = 0.

barccos (cx) + a
, X
c*d?x5> — 2 c2d2x3 + d%x

integral (

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arccos(c*x))/x/(-c"2*d*x"2+d)"2,x, algorithm="fricas")

[Out] integral((b*arccos(c*x) + a)/(c74*d"2%x"5 - 2%c™2%d"2%x"3 + d™2%x), x)

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out



Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*acos(c*x))/x/ (-c**x2*xd*xx**2+d) **2,x)

[Out] Timed out
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Giac [F] time = 0., size = 0, normalized size = 0.

barccos(cx) + a
f 5— dx
(czdx2 - d) x

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arccos(c*x))/x/(-c"2*d*x"2+d)"2,x, algorithm="giac")

[Out] integrate((b*arccos(c*x) + a)/((c™2*d*x"2 - d)~2*x), x)



88

3 14 fa+b cos™1(cx) dx

x? (d—czalxz)2

Optimal. Leaf size=177

3ibcPolyLog (2, —eiCOS_l(C")) 3ibcPolyLog (2, e Cos_l(cx)) 3c%x (a +b Cos‘l(cx)) a+bcosHcx) 3¢ tanh ™" (ei
- 242 * 242 ’ 242 (1 - c2x2) 2y (1 -~ szz) "

[Out] (bxc)/(2*%d"2xSqrt[1 - c™2*x"2]) - (a + b*ArcCos[c*x])/(d"2*x*(1 - c~2*x"2))
+ (3xc™2*xx*x(a + b*xArcCos[c*x]))/(2xd"2*x(1 - c™2*xx72)) + (3*c*(a + bxArcCos
[c*x])*ArcTanh [E~ (I*ArcCos[c*x])])/d"2 + (bxc*ArcTanh[Sqrt[1 - c™2xx~2]])/d

"2 - (((3*I)/2)*b*c*PolyLogl[2, -E~(I*ArcCos[c*x])]1)/d~2 + (((3*I)/2)*b*c*Po
lyLog[2, E~(I*ArcCos[c*x])]1)/d"2

Rubi [A] time = 0.181843, antiderivative size = 177, normalized size of antiderivative =

1., number of steps used = 13, number of rules used = 11, integrand size = 25, number of rules

= 0.44, Rules used = {4702, 4656, 4658, 4183, 2279, 2391, 261, 266, 51, 63, 208}

integrand size

3ibcPolyLog (2, —é Cos_l(”‘)) 3ibcPolyLog (2, ¢ COS_l(C")) 3c%x (a +b cos‘l(cx)) a+bcos(cx) 3¢ tanh™! (ei
242 242 242 (1 - szz) d2x (1 - szz)

Antiderivative was successfully verified.

[In] Int[(a + bxArcCos[c*x])/(x72*%(d - c™2*d*x"2)72),x]

[Out] (b*xc)/(2xd"2*xSqrt[1 - c™2*x"2]) - (a + b*ArcCos[c*x])/(d"2*x*(1 - c~2*x"2))
+ (3%c™2xx*(a + bxArcCos[c*x]))/(2%d"2x(1 - c™2%x72)) + (3*cx(a + bxArcCos
[c*x])*ArcTanh [E™ (I*ArcCos[c*x])])/d"2 + (b*cxArcTanh[Sqrt[1 - c™2%x~2]])/d

"2 - (((3*I)/2)*b*c*PolyLogl[2, -E~(I*ArcCos[c*x])]1)/d"2 + (((3*I)/2)*b*c*Po
lyLog[2, E~(I*ArcCos[c*x])])/d"2

Rule 4702

Int[((a_.) + ArcCos[(c_.)*(x_)I*(b_.)) " (n_.)*x((f_.)*(x_)) " (m_)*((d_) + (e_.
)*(x_)72)7(p_), x_Symbol] :> Simp[((f*x)~(m + 1)*(d + exx"2) " (p + )x(a + Db
xArcCos [c*x])"n)/(d*f*(m + 1)), x] + (Dist[(c™2%(m + 2*p + 3))/(£72*%(m + 1)
), Int[(f*x)"(m + 2)*(d + e*x"2) p*(a + b*ArcCos[c*x])"n, x], x] + Dist[(b*
cknxd~IntPart [p]l*(d + e*x~2) FracPart[p])/(f*(m + 1)*(1 - c~2%x"2) FracPart
(p]), Int[(f*x)"(m + 1)*(1 - c™2*xx"2) " (p + 1/2)*(a + bxArcCos[c*x]) " (n - 1)
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, x1, x]) /; FreeQ[{a, b, c, d, e, f, p}, x] && EqQ[c™2*d + e, 0] && GtQ[n,
0] && LtQ[m, -1] && IntegerQ[m]

Rule 4656

Int[((a_.) + ArcCos[(c_.)*x(x )]1*(b_.))"(n_.)*x((d) + (e_.)*(x_)"2)"(p_), x_
Symbol] :> -Simp[(x*(d + e*x72)7(p + 1)*(a + b*ArcCos[c*x]) n)/(2*dx(p + 1)
), x] + (Dist[(2*xp + 3)/(2xd*(p + 1)), Int[(d + exx"2) " (p + 1)*x(a + bxArcCo
slcxx])"n, x], x] - Dist[(b*c*n*d~IntPart[pl*(d + e*x~2) FracPart[p])/(2x(p
+ 1)*(1 - c™2xx72) FracPart([p]), Int[x*x(1 - c™2xx"2)"(p + 1/2)*(a + bxArcC
oslcxx])"(n - 1), %], x]) /; FreeQ[{a, b, c, d, e}, x] && EqQ[c™2*d + e, 0]
&& GtQ[n, 0] && LtQlp, -1] && NeQ[p, -3/2]

Rule 4658

Int[((a_.) + ArcCos[(c_.)*(x_)]*(b_.))"(n_.)/((@_) + (e_.)*(x_)"2), x_Symbo
1] :> -Dist[(c*d)~(-1), Subst[Int[(a + b*x) n*Cscl[x], x], x, ArcCos[c*x]],
x] /; FreeQ[{a, b, c, d, e}, x] && EqQ[c™2*d + e, 0] && IGtQ[n, O]

Rule 4183

Int[cscl(e_.) + (f_)*(x_)1*((c_.) + (d_.)*(x_))"(m_.), x_Symbol] :> Simp[(
-2%x(c + d*xx) “m*¥ArcTanh[E~(I*x(e + f*xx))])/f, x] + (-Dist[(d*m)/f, Int[(c + d
*x) " (m - 1)*Logl[l - E~(I*(e + f*x))], x], x] + Dist[(d*m)/f, Int[(c + d*x)~
(m - )*Logl[l + E~(Ix(e + f*x))], x], x]) /; FreeQl[{c, d, e, f}, x] && IGtQ
[m, 0]

Rule 2279

Int[Logl(a_) + (b_.)*((F_)~((e_.)*((c_.) + (d_.)*(x_))))"(n_.)], x_Symbol]
:> Dist[1/(d*e*n*Log[F]), Subst[Int[Logla + b*x]/x, x], x, (F~(ex(c + d*x))
)°nl, x] /; FreeQ[{F, a, b, c, d, e, n}, x] && GtQ[a, 0]

Rule 2391

Int[Log[(c_.)*x((d_) + (e_.)*(x )" (n_.))]1/(x_), x_Symbol] :> -Simp[PolyLog[2
, —(cxexx"n)]/n, x] /; FreeQl{c, d, e, n}, x] && EqQ[cx*d, 1]

Rule 261

Int[(x_ )" (m_.)*((a_) + (b_)*(x_)"(m_))"(p_), x_Symbol] :> Simp[(a + b*x"n)
“(p + 1)/ (b*nx(p + 1)), x] /; FreeQ[{a, b, m, n, p}, x] && EqQ[m, n - 1] &&
NeQ[p: -1]
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Rule 266

Int[(x_)"(m_.)*((a_) + (b_)*(x_)"(m_))"(p_), x_Symbol] :> Dist[1/n, Subst[
Int [x~(Simplify[(m + 1)/n] - 1)*(a + b*x)"p, x], x, x"nl, x] /; FreeQ[{a, b
, m, n, pt, x] & IntegerQ[Simplify[(m + 1)/n]]

Rule 51

Int[((a_.) + (b_)*(x_)) " (m )*x((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> Simp[
((a+ b*x)"(m + D*x(c + d*xx)"(n + 1))/ ((b*xc - a*d)*(m + 1)), x] - Dist[(d*(
m+n+ 2))/((bxc - a*xd)*(m + 1)), Int[(a + b*x)"(m + 1)*(c + d*x)"n, x], x
1 /; FreeQ[{a, b, c, d, n}, x] && NeQ[b*c - axd, 0] && LtQ[m, -1] && !'(LtQ
[n, -1] && (EqQ[a, 0] || (NeQ[c, 0] && LtQ[m - n, 0] && IntegerQ[nl))) && I
ntLinearQ[a, b, ¢, d, m, n, x]

Rule 63

Int[((a_.) + (b_)*(x_))"(m )*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator([m]}, Dist[p/b, Subst[Int[x~(p*x(m + 1) - 1)*(c - (axd)/b +
(d*x"p)/b)°n, x1, x, (a + bxx)"(1/p)]1, x1] /; FreeQ[{a, b, c, d}, x] && NeQ
[bxc - axd, 0] && LtQ[-1, m, 0] && LeQ[-1, n, 0] && LeQ[Denominator[n], Den
ominator[m]] && IntLinearQ[a, b, ¢, d, m, n, x]

Rule 208

Int[((a_) + (b_.)*(x_)~2)"(-1), x_Symbol] :> Simp[(Rt[-(a/b), 2]*ArcTanh[x/
Rt[-(a/b), 2]11)/a, x] /; FreeQ[{a, b}, x] && NegQ[a/b]

Rubi steps
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(be) [ ———5 dx
a + bcos(cx) a+bcos™(cx) [ a+bcosHcx) x(1-c2x2)
f—zclx:——2 ) +(3c)f—2 dx — 7
2 (d - Czdxz) dx (1 - %X ) (d - Czdxz)
_ 2 3) [
_ _a + bCOS_l(CX) N 3c2x (ll + bCOS_l(Cx)) ) (bC) Subst (f x(l_czx)S/z dx, x, x ) ) (3bC )f (1_C:
% (1 - szz) 242 (1 - szz) 242 242
be a+bcos(cx) 3cx (a +b cos‘l(cx)) (3c) Subst ( [(a + bx) csc(x) dx, x,
= —_ + —_
221 - 22 dx(1-c2?) 242 (1 - c2x2) 242
be a+bcosTl(cx) 3cx (a +b cos‘l(cx)) 3c (a +b Cos‘l(cx)) tanh ™" (eicos_
221 - 22 dx(1-c2?) 242 (1 - 22 42
_ be a+bcos(cx) 3cx (a +b cos‘l(cx)) 3c (u +b cos‘l(cx)) tanh ™ (eiCOS_
Co2Vi—e dx (1 - szz) * 242 (1 - szz) ’ d2
~ be a+bcos(cx) 3cx (u +b cos‘l(cx)) 3c (a +b cos‘l(cx)) tanh ™ (eicosf
21— 2?2 dx (1 - szz) ’ 242 (1 - c2x2) * d?

Mathematica [A] time = 0.464617, size = 251, normalized size = 1.42

2ac? 4a  bevV1l-cZ
Czicz_xl - 3aclog(l — cx) + 3aclog(cx + 1) — f TR

—6ibCPOlyLOg (2, —eiCOS_l(CX)) + 6ibCP01yLOg (2/ el cos‘l(cx)) _

1-cx

Warning: Unable to verify antiderivative.

[In] Integrate[(a + b*ArcCos[cxx])/(x72*(d - c~2*xd*x~2)72),x]

[Out] ((-4#*a)/x + (b*xc*Sqrt[l - c™2*x72])/(1 - c*x) + (b*c*Sqrt[l - c2*x~2])/(1
+ cxx) - (2kaxc™2*x) /(-1 + c™2*xx72) - (4xbxArcCos[c*x])/x + (b*cxArcCos[c*x
1)/ - c*x) - (bxc*ArcCos[c*x])/(1 + c*x) - 6%bkxcxArcCos[c*x]*Log[l - E~(I
*xArcCos [c*x])] + 6%bxcxArcCos[c*x]*Log[1l + E~(I*ArcCos[c*x])] - 4*b*xcxLogl[x

1 - 3%axc*xLogl[l - c*x] + 3xaxcxLogl[l + c*xx] + 4*b*c*Log[l + Sqrt[l - c™2*x”

2]1] - (6xI)*bxc*PolyLog[2, -E~(I*ArcCos[cxx])] + (6xI)*bxc*PolyLogl[2, E~(I*
ArcCos[c*x])])/(4*d™2)
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Maple [A] time = 0.223, size = 260, normalized size = 1.5

ca 3caln(cx —1) ca 3caln(cx+1) a  3barccos (cx) c?x be Narwn

TiR(x-1) | 4B Al (x+D) | 4L Px o (2-1) 28 (@2 -1)

Verification of antiderivative is not currently implemented for this CAS.

[In] int((at+b*arccos(c*x))/x"2/(-c”2xd*xx~2+d)"2,x)

[Out] -1/4*c*a/d"2/(cxx-1)-3/4*c*a/d"2*1In(c*x-1)-1/4*c*xa/d~2/ (c*x+1)+3/4*c*a/d” 2%
In(c*x+1)-a/d"2/x-3/2*b/d"2/ (c"2*x"2-1) *arccos (c*x) *c~2*xx—1/2*c*b/d"2/ (c™ 2%
x"2-1)*(-c72%x"2+1) " (1/2)+b/d"2/x/ (c"2*x"2-1) *arccos (c*x) -2*I*c*b/d"2*arcta
n(ckx+I*(-c™2%x"2+1) " (1/2))-3/2*%I*cxb/d"2*dilog(c*kx+I*(-c™2%x"2+1) " (1/2))-3
/2%Ixc*b/d"2*dilog (1+ckx+I*(-c™2%x72+1) ~(1/2))+3/2*c*b/d"2*arccos (c*xx)*1n(1

+oxx+Ix(-c™2xx"2+1) " (1/2))

Maxima [F] time = 0., size = 0, normalized size = 0.

1 ; 2(302x2 —2) _3clog(cx +1) .\ 3clog(cx —1)
4 | 2d?x3 - d2x a2 a2

) ((6 cx* -3 (c3x3 - cx) log(cx+1)+3 (C3x3 - cx) log (—cx A

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arccos(c*x))/x"2/(-c”2*d*x"2+d)~2,x, algorithm="maxima")

[Out] -1/4%a*x(2%(3*c™2*x"2 - 2)/(c™2%d"2%xx"3 - d™2*x) - 3*cxlog(c*x + 1)/d"2 + 3%
cxlog(c*xx - 1)/d72) - 1/4%((6%c™2*%x"2 - 3*(c™3*x"3 - c*x)*log(c*xx + 1) + 3%
(c™3%x73 - cxx)*log(-cxx + 1) - 4)*xarctan2(sqrt(c*x + 1)*sqrt(-c*xx + 1), cx
x) + 4x(c72xd"2%x73 - d72*x)*integrate(-1/4*(6%c™3*x"2 - 3% (c74*x"3 - cT2*x
)*¥log(ckxx + 1) + 3*(c™4*x"3 - c”2*x)*log(-c*x + 1) - 4*c)*sqrt(c*x + 1)*sqr
t(-cxx + 1)/(c™4*%d"2%x"5 - 2*%c™2xd"2*x"3 + d"2*x), x))*b/(c”2*xd"2*xx"3 - d~2

*%)

Fricas [F] time = 0., size = 0, normalized size = 0.

ot | barccos (cx) + a
integra ,X
SN haexe — 2 2t + 22
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arccos(c*x))/x"2/(-c™2*d*x~2+d)~2,x, algorithm="fricas")

[Out] integral((b*arccos(c*x) + a)/(c™4*d”2*x"6 - 2*c~2*d"2xx"4 + d72*x72), x)

Sympy [F] time = 0., size = 0, normalized size = 0.

f a f bacos (cx)
cAx0-2c2x4 422 cAx0-2c2x4 422
42

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*acos(c*x))/x*x*2/ (—c*x*2xd*x**2+d) **2,X)

[Out] (Integral(a/(c**x4xx**6 — 2kcx*2xx*x4 + x**x2), x) + Integral (bxacos(c*x)/(c*
*4kxkkB — kcHk*kkxkk4 4+ x*k%2), x))/d**2

Giac [F] time = 0., size = 0, normalized size = 0.

dx

f barccos(cx) + a
(czalx2 - d)2x2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arccos(c*x))/x"2/(-c”2*d*x"2+d)"2,x, algorithm="giac")

[Out] integrate((b*arccos(c*x) + a)/((c™2*d*x"2 - d)~2%x72), x)
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315 f a+b cos™L(cx) dx

2
x3 (d—czdxz)
Optimal. Leaf size=159

ibc*PolyLog (2, -2 COS_I(”‘)) ibc*PolyLog (2, eZiCOS_l(”‘)) c2 (a +bcos! (cx)) a+bcosl(cx) 4c? tanh ™! (f
- + + - +
d? d? d2 (1 - szz) 2d2x? (1 - szz)

[Out] (bxc)/(2xd"2*xx*Sqrt[1 - c™2%x72]) + (c"2*(a + b*ArcCos[c*x]))/(d"2*(1 - c~2
*x72)) - (a + bxArcCos[cx*x])/(2%d"2*x"2x(1 - c™2%x72)) + (4*xc”2*(a + b*ArcC

os [c*x])*ArcTanh [E™ ((2%I)*ArcCos[c*x])])/d"2 - (Ixb*c~2*PolyLog[2, -E~((2xI
)*ArcCos[c*x])])/d"2 + (Ixbxc~2xPolyLogl[2, E~((2*I)*ArcCos[c*x])])/d"2

Rubi [A] time = 0.256963, antiderivative size = 159, normalized size of antiderivative

1., number of steps used = 12, number of rules used = 9, integrand size = 25, number of rules _

integrand size
0.36, Rules used = {4702, 4706, 4680, 4419, 4183, 2279, 2391, 191, 271}

ibc*PolyLog (2, —e% COS_l(C")) ibc*PolyLog (2, e COS_l(C")) c? (a +bcos! (cx)) a+bcos(cx)  4c? tanh ™" (e
- + + - +
d? d? a2 (1 - szz) 2422 (1 - szz)

Antiderivative was successfully verified.

[In] Int[(a + bxArcCos[c*x])/(x73*(d - c™2*d*x"2)72),x]

[Out] (b*c)/(2xd~2*xx*Sqrt[1 - c™2%x72]) + (c"2*(a + bxArcCos[c*x]))/(d"2*(1 - c~2
*x72)) - (a + bxArcCos[c*x])/(2%d"2*x"2x(1 - c™2%x72)) + (4*xc”2x(a + b*ArcC

os [c*x])*ArcTanh [E™ ((2%I)*ArcCos[c*x])])/d"2 - (Ixb*c”2*PolyLog[2, -E~((2*I
)*xArcCos[c*x]1)]1)/d"2 + (I*b*xc™2*PolyLog[2, E~((2*I)*ArcCos[c*x])])/d"2

Rule 4702

Int[((a_.) + ArcCos[(c_.)*x(x_)I*(b_.)) " (n_.)*((f_.)*(x_)) " (m_)*((d_) + (e_.
)*¥(x_)72)"(p_), x_Symbol] :> Simp[((f*x)"(m + 1)*(d + exx"2)"(p + 1)*x(a + b
xArcCos [c*x])"n)/(d*f*(m + 1)), x] + (Dist[(c”™2%(m + 2*p + 3))/(£72*%(m + 1)
), Int[(f*x)"(m + 2)*(d + e*x"2) p*(a + b*ArcCos[c*x])"n, x], x] + Dist[(b*
cknxd~IntPart [p]l*(d + e*xx~2) FracPart[p])/(f*(m + 1)*x(1 - c~2%x"2) FracPart
[pl1), Int[(f*x)"(m + *(1 - c™2%x"2)"(p + 1/2)*(a + b*ArcCos[cxx])"(n - 1)
, x1, x]) /; FreeQ[{a, b, c, d, e, f, p}, x] && EqQ[c™2*d + e, 0] && GtQ[n,
0] && LtQ[m, -1] && IntegerQ[m]
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Rule 4706

Int[((a_.) + ArcCos[(c_.)*(x_)]1*(b_.))"(n_.)*x((f_.)*(x_))"(m_)*((d_) + (e_.
)*(x_)72)"(p_), x_Symbol] :> -Simp[((f*x)~(m + 1)*(d + exx"2)"(p + 1)*(a +
bxArcCos[c*x]) "n) /(2*dxfx(p + 1)), x] + (Dist[(m + 2*p + 3)/(2*dx(p + 1)),
Int[(£*x)"m*x(d + e*x”2)"(p + 1)*(a + bxArcCos[c*x])"n, x], x] - Dist[(b*c*n
*d"IntPart [p]*(d + exx”2) FracPart([p])/(2xfx(p + 1)*(1 - c~2*x72) FracPart[
pl), Int[(f*x)"(m + 1)*(1 - c™2*xx"2) " (p + 1/2)*(a + b*ArcCos[c*x])"(n - 1),
x], x]) /; FreeQl{a, b, ¢, d, e, f, m}, x] & EqQlc™2+d + e, 0] && GtQ[n,
0] &% LtQlp, -1] && !GtQ[m, 1] && (IntegerQ[m] || IntegerQlp] || EqQ[n, 1]
)

Rule 4680

Int[((a_.) + ArcCos[(c_)*(x_)I*(b_.))"(n_.)/((x_)*((d_) + (e_.)*x(x_)"2)),
x_Symbol] :> -Dist[d~(-1), Subst[Int[(a + b*x)"n/(Cos[x]*Sin[x]), x], x, Ar
cCos[c*x]], x] /; FreeQ[{a, b, c, d, e}, x] && EqQ[c™2xd + e, 0] && IGtQ[n,
0]

Rule 4419

Int[Csc[(a_.) + (b_D)*x )] (m_D)*((c_.) + (d_)*(x_)) " (m_.)*Sec[(a_.) + (b
_D*(x_ )] (n_.), x_Symbol] :> Dist[2”n, Int[(c + d*x) m*Csc[2*a + 2*b*x] n,
x], x] /; FreeQ[{a, b, ¢, d, m}, x] && IntegerQ[n] && RationalQ[m]

Rule 4183

Int[cscl(e_.) + (£_D)*(x_)1*((c_.) + (d_.)*(x_))"(m_.), x_Symbol] :> Simp[(
-2x(c + d*xx) “m*¥ArcTanh[E~(Ix(e + f*xx))])/f, x] + (-Dist[(d*m)/f, Int[(c + d
*x) " (m - 1)*Logl[l - E~(Ix(e + f*x))], x], x] + Dist[(d*m)/f, Int[(c + d*x)~
(m - D)*Logl[l + E~(Ix(e + £*x))], x], x]) /; FreeQl[{c, d, e, f}, x] && IGtQ
[m, 0]

Rule 2279

Int[Logl(a_) + (b_.)*((F_)~((e_.)*((c_.) + (d_.)*(x_))))"(n_.)], x_Symbol]
:> Dist[1/(d*e*n*Log[F]), Subst[Int[Logla + b*x]/x, x], x, (F~(ex(c + d*x))
)°nl], x] /; FreeQ[{F, a, b, c, d, e, n}, x] && GtQ[a, 0]

Rule 2391
Int[Logl(c_.)*((d_) + (e_.)*(x_)"(n_.))]/(x_), x_Symbol] :> -Simp[PolyLogl[2

, —(cxexx"n)]/n, x] /; FreeQl{c, d, e, n}, x] && EqQlcxd, 1]

Rule 191
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Int[((a_) + (b_)*(x_)" (0 ))"(p_), x_Symbol] :> Simp[(x*(a + b*x"n) " (p + 1)
)/a, x] /; FreeQ[{a, b, n, p}, x] && EqQ[1/n + p + 1, 0]

Rule 271

Int[(x_)"(m_)*x((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Simp[(x~(m + 1)x*(
a + bxx™n)"(p + 1))/(ax(m + 1)), x] - Dist[(b*(m + n*x(p + 1) + 1))/(a*x(m +
1)), Int[x"(m + n)*(a + bxx™n)"p, x], x] /; FreeQ[{a, b, m, n, p}, x] && IL
tQ[Simplify[(m + 1)/n + p + 1], 0] && NeQ[m, -1]

Rubi steps

1
a+bcos™(cx) a+bcos™(cx) a+ bcos!(cx) ) 2(1-22) *
f—zdx:— +(202 f—z dx — >
3 (d _ czdxz) 2d2x? (1 - szz) X (d _ czdxz) 2d
«—1
bc c? (ﬂ +b cos‘l(cx)) a + bcos (cx) (202) f %
Tautioae | @(l-a)  ake(l-cw) a
be c? (a +b cos‘l(cx)) a+ bcosH(cx) (2c2) Subst ( f (a + bx) csc(x) sec(x
A (1-c22)  222(1-c22) a2
be c? (a +b cos‘l(cx)) a + bcos~1(cx) (4c2) Subst ( f (a + bx) csc(2x) dx, a
) 2d2xV1 = c2x2 i d? (1 - szz) 222 (1 - szz) B d?
be c? (a +b cos‘l(cx)) a+bcos(cx)  4c? (a +b cos‘l(cx)) tanh ™" (eZiCOS'
Tacicw | R(l-ca?) o (1-cd) z
be c? (a +b cos‘l(cx)) a+bcosT(cx) 42 (u +b cos‘l(cx)) tanh (eZiCOS_
T A (1-c22) 222 (1-c202) >
be ? (a +b cos‘l(cx)) a+bcos(cx) 4c (a +b Cos‘l(cx)) tanh ™" (ezz’cosf
Tatio2e | R(l-ax) a2 (l- ) 2

Mathematica [A] time = 0.659255, size = 217, normalized size = 1.36

. i cos—1 . i cog—1 ac? a bed:
—2ibc?PolyLog (2, -e% <) + 2ibc?PolyLog (2, €2/ () + —z —2ac®log (1- szz) +4ac® log(x) - 5 + =
242

Warning: Unable to verify antiderivative.
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[In] Integrate[(a + b*ArcCos[cxx])/(x"3*(d - c~2%d*x"2)72),x]

[Out] (-(a/x"2) + (a*xc”2)/(1 - c”2*x72) + (b*c™3*x)/Sqrt[l - c”2*x"2] + (b*cxSqrt
[1 - c™2%x72])/x - (b*ArcCos[c*x])/x"2 + (b*c™2xArcCos[c*x])/(1 - c™2%x72)

- 4xbxc~2xArcCos [c*x]*Log[1 - E~((2*I)*ArcCos[c*x])] + 4xbxc~2*%ArcCos [c*x]*
Log[1l + E"((2*I)*ArcCos[c*x])] + 4*xaxc™2*xLog[x] - 2%axc™2xLog[l - c™2xx"2]

- (2%I)*b*c~2*%PolyLog[2, -E~((2*I)*ArcCos[c*x])] + (2%I)*b*c"2*PolyLog[2, E
~((2%I)*ArcCos [c*x])])/(2*d~2)

Maple [A] time = 0.208, size = 371, normalized size = 2.3

c?a caln(cx -1) N c?a caln(cx +1) a c?aln (cx) B c?barccos (cx) _ bc
442 (cx-1) d? 442 (cx +1) d? 2d2x? a2 2 (szz _ 1) 2 2y (sz:

Verification of antiderivative is not currently implemented for this CAS.

[In] int((at+b*arccos(c*x))/x"3/(-c " 2*xd*xx"2+d)~2,x)

[Out] -1/4*c”2%a/d"2/(c*x-1)-c"2*a/d"2*x1n(c*x-1)+1/4*c”2*a/d"2/ (c*xx+1)-c"2*a/d~ 2%
In(c*x+1)-1/2*%a/d"~2/x"2+2*xc"2*a/d"2*1n(c*x) -c~2*b/d~2/ (c"2*xx~2-1) *arccos (c*
x)-1/2*cxb/d~2/x/(c™2*%x"2-1) * (=c™2*x™2+1) ~(1/2)+1/2%b/d"2/x"2/ (c"2*x"2-1) *a

rccos (c*xx)-2xc™2xb/d " 2*arccos (c*x) *In(1+ckxx+I* (—c™2*%x~2+1) " (1/2) ) -2*c”2*b/d
~2%arccos (cxx) *1n(1-cxx-I* (-c™2*%x"2+1) " (1/2) ) +2*c~2*b/d"2*arccos (c*x) *1n(1+
(c*kx+I*x(-c™2%x72+1) 7 (1/2))"2) -I*b*c~2*polylog(2,- (c*xx+I*(-c™2*x"2+1)~(1/2))
72)/d"2+2%I*xc"2%b/d"2*polylog (2, -ckx-I* (-c™2*x"2+1) " (1/2) ) +2%I*c~2*b/d " 2*po
lylog(2, c*x+Ix(-c™2*x"2+1)7(1/2))

Maxima [F] time = 0., size = 0, normalized size = 0.

X

1 (2clog(cx+1) 2c?log(cx—1)  4c?log(x) 2c%x% -1 N f arctan ( Vex +1v-cx +1, Cx)
2 4 d? d? d? c2d2x4 — d2x? c*d2x7 — 2 c2d%x5 + d2x3
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arccos(c*x))/x"3/(-c™2*d*x"2+d)"2,x, algorithm="maxima"

[Out] -1/2%a*x(2xc”2*log(c*xx + 1)/d"2 + 2xc”2*log(c*x - 1)/d"2 - 4*xc™2xlog(x)/d"2
+ (2xc™2xx72 - 1)/(c™2*%d"2%x"4 - d72%x72)) + bxintegrate(arctan2(sqrt(c*x +
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D*sqrt(-c*xx + 1), c*x)/(c”4xd™2%x"7 - 2%c™2xd"2*x"5 + d"2%x73), x)

Fricas [F] time = 0., size = 0, normalized size = 0.

barccos (cx) +a )

integral X
& (c4d2x7 —2c2d%x% + d?x3

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arccos(c*x))/x"3/(-c”2xd*x~2+d)~2,x, algorithm="fricas")

[Out] integral((bxarccos(c*x) + a)/(c™4*d™2%x"7 - 2%c™2*d"2%x"5 + d72%x73), x)

Sympy [F] time = 0., size = 0, normalized size = 0.

f a » f bacos (cx)
cAx7 2235443 A7 -2¢2x5 443

dZ

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*acos(c*x))/x**3/ (-c**x2*xd*xx**2+d) **2,x)

[Out] (Integral(a/(cx*4*xxx*7 - 2xc**2xx**5 + x*x3), x) + Integral(b*acos(cxx)/(cx*
*AkokkT — kCk*kkx*kk5 + x**3), x))/d**2

Giac [F] time = 0., size = 0, normalized size = 0.

barccos(cx) + a
f > dx
(czalx2 - d) x3

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((at+b*arccos(c*x))/x"3/(-c”2*d*x"2+d)"2,x, algorithm="giac")
g g g

[Out] integrate((b*arccos(cxx) + a)/((c™2xd*x"2 - d)~2*x~3), x)
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3.16 fx3 (d + ex2) (a +b cos‘l(cx)) dx

Optimal. Leaf size=149

1 dx* (a +bcos™ 1 bcos bx*V1 - c2x? (9C2d + 56) bxV1 - 22 <9c2d + 56) b (9c2d " 56:
7% (a+bcos™(cx)) + R (a+bcos™(cx)) - 14403 - 96¢° i 96¢

[Out] -(b*(9%c™2%d + b*e)*xxSqrt[l - c™2xx72])/(96%c”5) - (b*x(9*c™2xd + 5xe)*x"3%
Sqrt[1 - c™2xx72])/(144%c~3) - (b¥xexx"5*Sqrt[l - c™2*x72])/(36%c) + (d*x 4*

(a + b*ArcCos[c*x]))/4 + (exx"6x(a + bxArcCos[c*x]))/6 + (b*x(9*c™2xd + 5*e)
*ArcSin[c*x])/(96%c~6)

Rubi [A] time = 0.118787, antiderivative size = 149, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 6, number of rules used = 6, integrand size = 19, i L

integrand size
0.316, Rules used = {14, 4732, 12, 459, 321, 216}
bx3V1 — c2x2 (90201 + 56) bx V1 — c2x2 (9c2d + Se) b (9c2d + 5e:

144¢3 96¢° - 96¢

1 _ 1 _
de4 (a +bcos 1(cx)) + gex6 (a +bcos 1(cx)) -

Antiderivative was successfully verified.

[In] Int[x"3%(d + exx~2)*(a + bxArcCos[c*x]),x]

[Out] -(b*(9%c™2*%d + bxe)*x*Sqrt[1 - c™2xx72])/(96%c™5) - (b*x(9*c™2xd + b*e)*x"3x
Sqrt[1 - c™2xx72])/(144%c™3) - (b*e*xx”5*Sqrt[l - ¢ 2*x72])/(36%c) + (d*x™4x

(a + bxArcCos[c*x]))/4 + (exx"6*(a + bxArcCos[c*x]))/6 + (bx(9xc™2*d + 5xe)
xArcSin[c*x])/(96*c”~6)

Rule 14

Int[(u_)*((c_.)*(x_)) " (m_.), x_Symbol] :> Int[ExpandIntegrand[(c*x) m*u, x]
, x] /; FreeQ[{c, m}, x] && SumQ[u] && !LinearQ[u, x] && !'MatchQ[u, (a_ )
+ (b_.)x(v_) /; FreeQ[{a, b}, x] && InverseFunctionQ[v]]

Rule 4732

Int[((a_.) + ArcCos[(c_.)*(x_)I*(b_.))*((f_.)*(x_))"(m_.)*((d_) + (e_.)*(x_
)"2)"(p_.), x_Symbol] :> With[{u = IntHide[(f*x) "m*(d + e*x"2)7p, x]}, Dist
[a + b*ArcCos[c*x], u, x] + Dist[b*c, Int[SimplifyIntegrand[u/Sqrt[l - c~2x
x~2], x], x], x1]1 /; FreeQ[{a, b, c, d, e, f, m}, x] && NeQ[c™2*d + e, 0] &
& IntegerQlp] && (GtQ[p, 0] || (IGtQ[(m - 1)/2, 0] && LeQ[m + p, 0]))
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Rule 12

Int[(a_)*(u_), x_Symbol] :> Distla, Int[u, x], x] /; FreeQla, x] && !'Match
Qlu, (b_)*(v_) /; FreeQ[b, x]]

Rule 459

Int[((e_.)*(x_)) " (m_.)*((a_) + (b_.)*(x_)"(n_))"(p_.)*((c_) + (d_.)*x(x_)"(n
_)), x_Symbol] :> Simp[(d*(e*x)”"(m + 1)*(a + bxx™n) (p + 1))/(bxex(m + nx(p
+ 1) + 1)), x] - Dist[(axd*(m + 1) - bxcx(m + nx(p + 1) + 1))/ (b*x(m + n*x(p
+ 1) + 1)), Int[(exx)"m*x(a + b*x"n)"p, x], x] /; FreeQ[{a, b, c, d, e, m,
n, pr, x] && NeQ[b*c - axd, 0] && NeQ[m + nx(p + 1) + 1, 0]

Rule 321

Int[((c_)*(x D))" (m )*((a_) + (b_)*(x_)"(n_)) (p_), x_Symbol] :> Simp[(c~(
n - Dx*(cxx)"(m - n + 1)*x(a + bxx™n)"(p + 1))/(b*x(m + nxp + 1)), x] - Distl[
(axc™nx(m - n + 1))/(b*x(m + nxp + 1)), Int[(c*x)"(m - n)*(a + b*x"n) p, xJ,
x] /; FreeQ[{a, b, c, p}, x] && IGtQ[n, 0] && GtQ[m, n - 1] && NeQ[m + n*p
+ 1, 0] &% IntBinomialQ[a, b, ¢, n, m, p, x]

Rule 216
Int[1/Sqrt[(a_) + (b_.)*(x_)"2], x_Symbol] :> Simp[ArcSin[(Rt[-b, 2]*x)/Sqr

tlall/Rt[-b, 2], x] /; FreeQ[{a, b}, x] && GtQ[a, 0] && NegQ[b]

Rubi steps

fx3 (d + exz) (a +bcos! (cx)) dx = }de (a +bcos 1(cx)) %ex (a +bcos l(cx) + (bc) f 3d

1 1
— 4 -1 -1
= 4dx (a + b cos (cx)) 6ex (u + bcos (cx) + —(bc) f

bex®>V1 —c2x2 1

+ 2ex )

12\/ — c2x2

3d + Zex
dx

V1 = 22

1 1
=+ de4 (a + bcos‘l(cx)) + gex6 (a +b cos‘l(cx)) * 3% (bc (9d 4

36¢

~ b(9c2d + 56) VL= c2x2  pex®V1 — 22 VL 4( + beos-
- 14463 36¢ g \amoees

b (9c2d + 56) xV1-c2x2 b (902d + 53) VL =22 pexSV1— 22 1

1(cx)) + %ex6 (a -

+ ~dxt

965 - 1443 36¢ 4

b (90201 + 5@) xV1-c2x2 b (9czd + 5e) VL =22 pexSV1 — 22 1

965 N 144¢3 - 36¢

+ Zd.XA (
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Mathematica [A] time = 0.140823, size = 153, normalized size = 1.03

1 1 3x 23\ 3bdsin(cx) 5x3 5¢v x5\ Sbesin(cw)
—adx* + —aex® + bdV1 — 232 |——— — — |+ ———— + beV1 - 22 [—— - —— — — |+ ———
g T o ( 3203 160) 32c4 v mes ( 144~ 96¢5 360) 96¢6

Antiderivative was successfully verified.

[In] Integratel[x~3*(d + e*xx~2)*(a + bxArcCosl[c*x]),x]

[Out] (axd*x~4)/4 + (axe*x”6)/6 + bxdxSqrt[l - c™2*xx"2]*((-3*x)/(32*c~3) - x~3/(1
6*%c)) + bxexSqrt[l - c™2xx72]*((-5xx)/(96%c~5) - (5%xx73)/(144xc~3) - x75/(3
6%c)) + (bxdxx~4xArcCos[c*x])/4 + (b*exx 6*ArcCos[c*x])/6 + (3*b*xd*ArcSinl[c
xx])/(32*%c~4) + (b5*bxexArcSin[c*x])/(96%c~6)

Maple [A] time = 0.022, size = 177, normalized size = 1.2

1 (a [ec®x® x*®d\ b [arccos(cx)ec®x® arccos(cx)cx*d e[ x° 5c3x3 5¢
—= + += + +-|—— V-2 +1- V-c2x2 +1- —
c4(c2( 6 1 ) c2( 6 4 6( 6 ' 2 7 16

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x~3%(e*xx~2+d)* (a+b*arccos(c*x)),x)

[Out] 1/c”4x(a/c”2x(1/6*%exc”6*xx"6+1/4*xx"4*c~6%d)+b/c”2*(1/6%arccos (c*x)*e*xc™6*xx~6
+1/4xarccos (c*x)*c~6*x"4*d+1/6*%e*x (—1/6%c™5xx" 5% (—c™2xx"2+1) " (1/2)-5/24*c~3*
x"3%(-c72%x72+1) " (1/2)-5/16*xckxx (—c™2*%x"2+1) " (1/2)+5/16*arcsin(c*x) )+1/4*c”

2xd* (=1/4%c™3*x" 3% (-¢c™2%x72+1) " (1/2)-3/8*c*x* (-c~2*xx"2+1) ~(1/2) +3/8*arcsin(
c*x))))

Maxima [A] time = 1.81237, size = 255, normalized size = 1.71

2

. =X
2V—22 113 3V +1x 3 aresin (ﬁ) 1 .
5 + 1 - c|bd + == [48 x° arcc
c c Ve2ch 288

1 1 1
c aex® + 1 adx* + % 8 x* arccos (cx) —

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~3*(exx~2+d)*(atb*arccos(c*x)),x, algorithm="maxima")
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[Out] 1/6*axe*xx”™6 + 1/4*axd*x"4 + 1/32%(8*x"4*arccos(c*xx) - (2*sqrt(-c™2*x72 + 1)
*x"3/c”2 + 3*sqrt(-c”2%x72 + 1)*x/c”4 - 3*arcsin(c”2*x/sqrt(c”2))/(sqrt(c”2
)*c”™4))*c)*bxd + 1/288x(48*x"6*arccos(c*xx) - (8*sqrt(-c™2*x72 + 1)*x~5/c”2

+ 10*sqrt(-c™2*x"2 + 1)*x73/c”4 + 16*sqrt(-c”2*x"2 + 1)*x/c”6 - 16%arcsin(c
~2xx/sqrt(c”2))/(sqrt(c”2)*c~6))*c) *b*e

Fricas [A] time = 2.14309, size = 286, normalized size = 1.92

48 acbex® + 72 ac®dx* + 3 (16 bcbex® + 24 bebdx* — 9bc?d — 5 be) arccos (cx) — (8 bcdex® +2 (9 bc’d + 5 bc3e)x3 +3 (9 be
288 ¢t

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x”3*(e*x~2+d)*(atb*arccos(c*x)),x, algorithm="fricas")

[Out] 1/288%(48%axc”6*exx™6 + 72*axc 6xd*x"4 + 3*x(16*b*c”6*exx”™6 + 24*bxc”6xd*xx"4
- 9x%b*xc”2xd - bxb*e)xarccos(c*x) - (8*%b*c bkxexx™5 + 2% (9xb*xc~5%d + 5*b*xc™3
xe)*x”3 + 3% (9%b*c”3*d + Bxbkckxe)*x)*sqrt(-c”2*x"2 + 1))/c”6

Sympy [A] time = 5.14358, size = 211, normalized size = 1.42

ad¥*  aex®  bdxtacos(cx)  bexPacos(cx)  bddV-c22+1  bexSV-c2x2+1  3bdxV-c2x2+1  5bex®V—c2x2+1  3bdacos(cx)  SbexV—

4 6 4
2 [\ 4 6

Verification of antiderivative is not currently implemented for this CAS.

16¢ 36¢ 32¢3 h 144¢3 32c4 96¢

[In] integrate (x**3* (exx**2+d)* (atb*acos(c*x)),x)

[Out] Piecewise((axd*x**4/4 + axe*xx**6/6 + bkxd*x**4*acos(c*xx)/4 + bxexx*x6*acos(c
*X) /6 — bxd*x**3*xsqrt (—c*x*2xx**2 + 1)/(16%c) - bkexxx*5xsqrt (—c*x*2xx**2 + 1
)/ (36%c) — 3*kbkd*kx*ksqrt(—ck*x2xx*x*2 + 1)/(32xc**3) - Bxbkexx**3*sqrt (-c**2*x
*%2 + 1)/(144%c**3) - 3xbkd*acos(ckx)/(32%cx*4) - bxbxexxxsqrt (-cr*2kx**2 +
1)/ (96%c*x*5) - Bxbxexacos(c*x)/(96xc**6), Ne(c, 0)), ((a + pixb/2)x*(d*x**4
/4 + exx**x6/6), True))
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Giac [A] time = 1.14045, size = 231, normalized size = 1.55

V=c2x2 + 1bx%e 1 it V=c2x2 + 1bdx® 5V-c2x2 + 1bx3e

1 1 1
c bx® arccos (cx) e + c ax®e + 1 bdx* arccos (cx) — 36¢ +qaax - 16¢ 144 3

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~3*(exx~2+d)*(atb*arccos(c*x)),x, algorithm="giac")

[Out] 1/6*bxx~6*arccos(c*x)*e + 1/6%axx"6%e + 1/4*bxd*x"4*arccos(c*x) - 1/36%*sqrt
(-c™2%x72 + 1)*bxx"5*xe/c + 1/4xaxd*x”4 - 1/16*sqrt(-c”2%x"2 + 1)*b*d*x~3/c
- 5/144%sqrt(-c”2*x"2 + 1)*b*x"3%e/c”3 - 3/32*sqrt(-c”2*x”2 + 1)*bxd*x/c”3
- 3/32*b*d*arccos(c*x)/c”4 - 5/96*sqrt(-c”2%x"2 + 1)*b*xxxe/c”5 - 5/96%b*arc

cos(c*x)*e/c”6
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3.17 f x? (d + ex2) (a +bcos™ (cx)) dx

Optimal. Leaf size=120

b (1 - szz)3/2 (502d + 66) bV1 — ¢2x? (50201 + 3e) be (1 - 02x2)5/2
45¢5 - 15¢5 - 25¢5

1 _ 1 _
gdx3 (a + bcos 1(cx)) + gex5 (a +bcos 1(cx)) +

[Out] -(b*(5*%c™2*d + 3*e)*Sqrt[l - c”2*x"2])/(15*%c”5) + (b*(5xc™2*d + 6*xe)*(1 - ¢
~2xx72)7(3/2))/(45%c”5) - (b*ex(1 - c™2xx72)7(5/2))/(25%c”5) + (d*x~3*(a +
bxArcCos[c*x]))/3 + (e*xx"5*x(a + bxArcCos[c*x]))/5

Rubi [A] time = 0.12064, antiderivative size = 120, normalized size of antiderivative

. . ber of rul
1., number of steps used = 5, number of rules used = 5, integrand size = 19, e =

0.263, Rules used = {14, 4732, 12, 446, 77}

integrand size

b (1 - c2x2)3/2 (5c2d + 66) bv1 — c2x2 (5c2d + 33) be (1 - czxz)S/2
45¢5 - 15¢5 - 25¢°

%de’ (a + bcos‘l(cx)) + éex5 (u +b cos‘l(cx)) +

Antiderivative was successfully verified.

[In] Int[x"2*%(d + exx"2)*(a + bxArcCos[c*x]),x]

[Out] -(b*(5*%c™2*%d + 3*e)*Sqrt[l - c™2*x72])/(15%c”™5) + (b*(5*c™2*xd + 6xe)*(1 - ¢
~2%xx72)7(3/2))/(45%c”5) - (b*ex(1 - c™2%x"2)"(5/2))/(25%c”5) + (d*x"3*x(a +
bxArcCos[c*x]))/3 + (exx"5%(a + bxArcCos[c*x]))/5

Rule 14

Int[(u )*((c_.)*(x_))"(m_.), x_Symbol] :> Int[ExpandIntegrand[(c*x) m*u, x]
, x] /; FreeQ[{c, m}, x] && SumQ[u] && !'LinearQ[u, x] && !'MatchQ[u, (a )
+ (b_.)*(v_) /; FreeQ[{a, b}, x] && InverseFunctionQ[v]]

Rule 4732

Int[((a_.) + ArcCos[(c_.)*(x_)1*(b_.))*((f_.)*(x_)) " (m_.)*((d_) + (e_.)*(x_
)72)"(p_.), x_Symbol] :> With[{u = IntHide[(f*x) "m*(d + e*x"2)7p, x]}, Dist
[a + b*ArcCos[c*x], u, x] + Dist[b*c, Int[SimplifyIntegrand[u/Sqrt[l - c~2x
x~2], x], x], x]1] /; FreeQ[{a, b, c, d, e, f, m}, x] && NeQ[c™2*d + e, 0] &
& IntegerQ[p]l && (GtQlp, 0] || (IGtQ[(m - 1)/2, 0] && LeQ[m + p, 01))

Rule 12
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Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQ[a, x] && !'Match
Qlu, (b_)*(v_) /; FreeQ[b, xI]

Rule 446

Int[(x_ )" (m_)*((a_) + (b_)*x_) (@ )) " (p_.)*((c_) + (d_.)*(x_)"(n_))"(q_.
), x_Symbol] :> Dist[1/n, Subst[Int[x~(Simplify[(m + 1)/n] - 1)*(a + b*x)7p
x(c + d*x)"q, x], x, x"n], x] /; FreeQ[{a, b, ¢, d, m, n, p, qF, x] && NeQ[
bxc - axd, 0] && IntegerQ[Simplify[(m + 1)/n]]

Rule 77

Int[((a_.) + (b_.)*(x_))*x((c_) + (d_)*(x_))"(n_.)*x((e_.) + (£_.)*(x_)) " (p_
.), x_Symbol] :> Int[ExpandIntegrand[(a + b*x)*(c + d*x) n*x(e + f*x)7p, x],
x] /; FreeQ[{a, b, c, d, e, f, n}, x] && NeQ[b*c - axd, 0] && ((ILtQ[n, O]
&% ILtQ[p, 01) || EqQlp, 11 || (IGtQLp, O] && ( !'IntegerQ[n] || LeQ[9*p +
5x(n + 2), 0] || GeQ[n + p + 1, 0] || (GeQ[n + p + 2, 0] && RationalQ[a, b,
c, d, e, f1))))

Rubi steps
1 1 5d + 3ex
f (d +ex ) (a +bcos™ 1(cx)) dx = gdx (a +bcos™ 1(cx)) zex (a +bcos™ 1(cx)) + (bc)f = szz)
1 1 5d + 3ex
= gdx3 (a +b cos‘l(cx)) zex (a +b cos‘l(cx) + —(bc)f — dx
! 1 5d + 3
= gdxg’ (a +b Cos‘l(cx)) + gex5 (a +b Cos‘l(cx)) + %(bc) Subst (f —x( - jcze;)
! 1 1 5c2d + 3
= 38 (a+ beos™ (@) + zex® (a + beos™ (e)) + 35 (be) Subst [ | [_C4C 1 jc;;
3/2 5/2
b (5C2d + 3e) Vi-c2x2 b (5c2d + 66) (1 - szz) 2 e (1 _ szz) / 1 L
T 15¢5 " 45¢5 S

Mathematica [A] time = 0.102891, size = 125, normalized size = 1.04

4

1 2 4x? 8 1 1
—adx + —aex® + bd |—— - — \/1 22 4 beV1— 22 |-~ %~ X )4 Zhaxdcos ~L(cx) + =bex® cos™H(e
3 5 93  9c 753 75¢5 25¢) 3 5

Antiderivative was successfully verified.
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[In] Integrate[x™2+(d + exx"2)*(a + b*ArcCos[c*x]),x]

[Out] (a*xd*x"3)/3 + (a*exx"5)/5 + b*d*x(-2/(9%c~3) - x72/(9%c))*Sqrt[1 - c™2*x"2]
+ b¥xexSqrt[1 - c”2xx"2]*(-8/(75%c~5) - (4*x72)/(75%c~3) - x~4/(25%c)) + (bx
d*x~3xArcCos[c*x])/3 + (b*exx~5xArcCos[c*x])/5

Maple [A] time = 0.005, size = 161, normalized size = 1.3

1 (a (ec5x5 c5dx3) . b (arccos (cx) ec®x® , Arecos (cx) dc®x® L (_g Nar el 4 2x? Narrell % N

alg\53 T3 )ta 5 3 5 15

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x~2%(e*xx~2+d)* (a+tb*arccos(c*x)),x)

[Out] 1/c”3*(a/c”2x(1/5*%exc™5xx~5+1/3*c”5xd*x~3)+b/c”2*(1/5*arccos (c*x)*e*c~5*xx~5
+1/3%arccos (c*x) *d*c~5xx"3+1/5xe* (-1/5%c™dxx"4* (—c™2*%x"2+1) " (1/2)-4/15%c™ 2%

X"2% (—c72*x72+1) 7 (1/2)-8/15% (—c™2*x"2+1) ~(1/2) ) +1/3*c™2xd* (-1/3*c~2*xx~2* (-¢
"2%x72+1) 7 (1/2)-2/3% (—c72xx"2+1) 7 (1/2))))

Maxima [A] time = 1.75077, size = 194, normalized size = 1.62

(R T V=c2x2 +1x% 2V-c2x2 +1 1 5 3V-c2x? + 1x
5 aex> + 3 adx® + 9 3x” arccos (cx) — ¢ 2 + c4 bd + 7 15 x° arccos (cx) — — Q=

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~2*(exx~2+d)*(atb*arccos(c*x)),x, algorithm="maxima"

[Out] 1/B*akxexx~5 + 1/3*%axd*x”3 + 1/9%(3*x"3*arccos(c*x) - c*x(sqrt(-c™2*x"2 + 1)%
X"2/c”2 + 2xsqrt(-c"2*x"2 + 1)/c”4))*bxd + 1/75%(15*x " 5*arccos(c*x) - (3*sq
rt(-c™2%x72 + 1)*x74/c”2 + 4*xsqrt(-c”2*x"2 + 1)*x72/c”4 + 8xsqrt(-c™2*x"2 +

1) /c”6) *c) *b*e

Fricas [A] time = 2.23938, size = 250, normalized size = 2.08

45 ac’ex® + 75 ac’dx® + 15 (3 bcdex® +5 chdx3) arccos (cx) — (9 bctex* + 50 be’d + (25 bc*d +12 bcze)x2 +24 be)\/—cz.'
225¢°
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~2*(e*x~2+d)*(a+b*arccos(c*x)),x, algorithm="fricas")

[Out] 1/225%(45%axc”b*exx™5 + 7b*axc ™ 5xd*x~3 + 15%(3*b*c~b*exx™5 + b*xb*xc 5xd*x"3)
karccos (cxx) — (9%bkxc 4*xe*xx~4 + 50*xb*xc™2%d + (25%b*xc”™4*d + 12%bkxc”2%e)*x"2

+ 24xb*e)*sqrt(-c”2*x72 + 1))/c”5

Sympy [A] time = 2.63005, size = 177, normalized size = 1.48
adx® + ﬁ + bdx3 acos (cx) + bexS acos (cx) B bdx®V-2x2+1  bex*V—-c2x2+1  2bdV-c22+1  4dbex®V-c2x2+1  8beV—-c2x2+1 for ¢
3 5 3 5 9c 25¢ 9c3 75¢3 75¢°
a+ 2 o + e othe:
2 3 5

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate (x**2* (e*xx**2+d)* (atb*acos(c*x)) ,x)

[Out] Piecewise((a*d*x**x3/3 + axe*xx**5/5 + bxd*x**3*acos(c*x)/3 + b*e*xx**5*xacos(c
*x) /5 - bkdkx**2ksqrt (-ck*k2*x**2 + 1)/(9%c) - bxexxx*dksqrt (-ck*2xx*x*2 + 1)
/(25%c) - 2%bxd*sqrt (-cxk2xx**2 + 1)/(9%c**3) — 4dxbkexx**x2*xsqrt (—cx*k2xx**2

+ 1)/ (75%c**3) - 8*bxe*xsqrt (-cx*2xx**2 + 1)/(75%c*x5), Ne(c, 0)), ((a + pix
b/2) % (d*xx**3/3 + exx**x5/5), True))

Giac [A] time = 1.18421, size = 197, normalized size = 1.64

V=c2x2 +1bx*e 1

1 1 1
z bx® arccos (cx) e + z axde + 3 bdx3 arccos (cx) — 5 *3 adx®

V=c2x2 +1bdx?  4V—-c2x? + 1bx2e
9c

75¢3

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~2*(e*xx”2+d)* (at+b*arccos(c*x)) ,x, algorithm="giac")
g g g

[Out] 1/5%b*x~5*arccos(c*x)*e + 1/b*axx"bkxe + 1/3*bkxd*x~3*arccos(c*x) - 1/2b*xsqrt
(-c7™2%x72 + 1)*b*x"4*e/c + 1/3*%axd*x"3 - 1/9*sqrt(-c™2*x"2 + 1)*b*d*x~2/c -
4/75%sqrt (-c72%x72 + 1)*b*x"2%e/c”3 - 2/9*%sqrt(-c”2*x"2 + 1)*b*d/c”3 - 8/7
Bxsqrt (-c™2*x"2 + 1)xb*e/c”5
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3.18 fx (d + exz) (a +b cos‘l(cx)) dx

Optimal. Leaf size=122

(d + exz)2 (a +b cos‘l(cx)) b (8c4d2 + 8c%de + 332) sinHex)  bav1 - c2x? (d + exz) 3bxV1 - c2x2 (2C2d + e)

+
4e 32c%e 16¢ 32c3

[Out] (-3%b*(2xc™2xd + e)*x*Sqrt[l - c™2xx72])/(32%c”3) - (b*x*Sqrt[l - c™2%x"2]*
(d + exx™2))/(16*xc) + ((d + exx"2)"2x(a + bxArcCos[c*x]))/(4*xe) + (b*x(8*xc™4
*d~2 + 8%c 2xdxe + 3*e~2)*ArcSin[c*x])/(32%c"4xe)

Rubi [A] time = 0.0858386, antiderivative size = 122, normalized size of antiderivative =

. . b f rul
1., number of steps used = 4, number of rules used = 4, integrand size = 17, e

0.235, Rules used = {4730, 416, 388, 216}

integrand size

(d + exz)2 (u +b cos‘l(cx)) b (8c4d2 + 8c%de + 362) sinMex)  bav1 - a2 (d + exz) 3bxV1 — c2x2 (2c2d + e)
1e " 32k ) Tec ) 328

Antiderivative was successfully verified.

[In] Int[x*(d + exx"2)*(a + b*ArcCos[c*x]),x]

[Out] (-3*b*x(2xc™2*xd + e)*xxSqrt[1l - c™2xx72])/(32%c”3) - (b*x*Sqrt[l - c™2*x72]*
(d + exx™2))/(16%c) + ((d + exx"2) " 2x(a + bxArcCos[cx*x]))/(4xe) + (b*x(8xc™4
*d"2 + 8*xc"2xd*e + 3xe”2)*ArcSin[c*x])/(32%c”4xe)

Rule 4730

Int[((a_.) + ArcCos[(c_.)*(x_)]1*(b_.))*(x_)*((d_) + (e_.)*(x_)"2)"(p_.), x_
Symbol] :> Simp[((d + e*x”2)7(p + 1)*(a + bxArcCos[c*x]))/(2xex(p + 1)), x]
+ Dist[(b*c)/(2xex(p + 1)), Int[(d + exx"2)"(p + 1)/Sqrt[l - c™2xx~2], x],
x] /; FreeQ[{a, b, c, d, e, p}, x] && NeQ[c™2*d + e, 0] && NeQ[p, -1]

Rule 416

Int[((a_) + (b_D)*(x_)" (0 )) (p)*((c_) + (d_.)*x(x_)"(n_))"(q_), x_Symbol]
:> Simp[(d*x*(a + b*x™n) " (p + )x(c + d*x™n)"(q - 1))/ (bx(nx(p + q) + 1)),
x] + Dist[1/(bx(n*x(p + q) + 1)), Int[(a + b*x"n) p*x(c + d*x"n)~(q - 2)*Simp
[cx(b¥cx(n*x(p + q) + 1) - axd) + dx(bxcx(nx(p + 2%q - 1) + 1) - axdx(nx(q -
1) + 1))*x"n, x], x], x] /; FreeQ[{a, b, c, d, n, p}, x] && NeQ[bxc - axd,
0] && GtQlq, 1] && NeQ[nx(p + q) + 1, 0] && !'IGtQ[p, 1] && IntBinomialQ[a
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, b, c,d, n, p, q, x]

Rule 388

Int[((a_) + (b_)*(x_)" (0 )) " (p)*((c_) + (d_.)*(x_)"(n_)), x_Symbol] :> Si
mp[(d*x*(a + bxx™n) " (p + 1))/ (bx(nx(p + 1) + 1)), x] - Dist[(a*d - b*xcx(n*(
p+ 1)+ 1))/ (bx(ax(p + 1) + 1)), Int[(a + b*x™n)"p, x], x] /; FreeQ[{a, b,
c, d, n}t, x] &% NeQ[b*c - axd, 0] && NeQ[n*(p + 1) + 1, 0]

Rule 216

Int[1/Sqrtl(a_) + (b_.)*(x_)"2], x_Symbol] :> Simp[ArcSin[(Rt[-b, 2]*x)/Sqr
tlall/Rt[-b, 2], x] /; FreeQ[{a, b}, x] && GtQl[a, 0] && NegQ[bl

Rubi steps
2
5 2 1 (bc) (d+ex2) g
f x (d + exz) (a +b cos‘l(cx)) dx = (d i ) (a; bos (cx)) " f V4le—czx2

-d (4c2d +€)—3€(2C2d +e)x2

bx V1 — c2x2 (d + exz) (d + exz)z (a +b cos‘l(cx)) bf o)

- 16c " 4e - 16ce

3 (2c2d + e) xWV1-c22  bxVl-c2x2 (d + exz) N (d + exz)2 (a + bcos™(cx)
32¢3 16¢ 4e

3 (2c2d + e) xV1-c22  bxV1-c2x2 (d + exz) N (d -+ exz)2 (a + bcos™(cx)
32¢3 16¢ 4e

Mathematica [A] time = 0.103258, size = 131, normalized size = 1.07

—adx? + Zaex* - + =
2 4 4c 4c2? 32c4 2

-1 .o -1
1 1, bdxV1-c2x? N bd sin” " (cx) he m( 3x X3 ) N 3besin” (cx) 1

1
bdx? cos™ (cx) + Zb

Antiderivative was successfully verified.

[In] Integrate[x*(d + e*xx"2)*(a + bxArcCos[c*x]),x]

[Out] (axd*x"2)/2 + (a*xexx"4)/4 - (bxd*xxSqrt[l - c™2xx72])/(4*c) + bxe*xSqrt[l -
c"2%xx"2] % ((-3*%x) /(32%c™3) - x"3/(16%c)) + (bxdxx"2*xArcCosl[c*x])/2 + (b*xexx”
AxArcCos[c*x])/4 + (bxd*ArcSin[c*x])/(4*c™2) + (3*bkxexArcSin[c*x])/(32%c~4)
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Maple [A] time = 0.004, size = 137, normalized size = 1.1

1 (a [ec*x* x3%c*d b [arccos (cx)ectx* arccos(cx)dc*x® e[ 3x3 3cx 3 arcs
( ( )+ ( () + () +—(—TV—c2x2+1—?V—c2x2+1+

—_ —_ + —_
c2\c2\ 4 2 c2 4 2 4 ‘

(

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x*(exx~2+d)*(atb*arccos(c*x)),x)

[Out] 1/c”2*x(a/c”2x(1/4%exc™4*x"4+1/2*%x"2*c"4*d)+b/c”2* (1/4*arccos (c*x) *exc~4*xx~4
+1/2*arccos (cxx) *d*xc™4*x"2+1/4*e*x (-1/4*c™3*x" 3% (—c™2*xx"2+1) " (1/2) -3/8*c*xx*(
-Cc72%x72+1) " (1/2)+3/8*arcsin(cxx) ) +1/2%c™2*d* (-1/2*%cxx*x (—c™2xx~2+1) " (1/2)+1
/2*arcsin(c*x))))

Maxima [A] time = 1.74605, size = 200, normalized size = 1.64

2

. =X
V-c2x2 +1x AT (_) 1 2V-c2x2 + 12
5 - V2 bd + — | 8 x* arccos (cx) — —
c Ve2e2 32 c

1 1 1
—aex* + > adx? + 1 2 x? arccos (cx) — ¢

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*(e*x~2+d)*(atb*arccos(c*x)),x, algorithm="maxima"

[Out] 1/4*a*xexx~4 + 1/2*%axd*x"2 + 1/4%(2xx"2%arccos(c*x) - cx(sqrt(-c™2*x"2 + 1)x
x/c”2 - arcsin(c™2*x/sqrt(c”2))/(sqrt(c™2)*c~2)))*bxd + 1/32x%(8*x"4*arccos(

c*¥x) - (2xsqrt(-c”2*x72 + 1)*x73/c”2 + 3*sqrt(-c™2*x"2 + 1)*x/c”4 - 3*arcsi
n(c™2xx/sqrt(c”2))/(sqrt(c”2)*c~4))*c) *xb*e

Fricas [A] time = 2.13934, size = 234, normalized size = 1.92

8actex* + 16 ac*dx? + (8 bctex* +16 be*dx? — 8 bc*d - 3 be) arccos (cx) — (2 bclex? + (8 bcd +3 bce)x) —c2x2 +1
324

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*(e*x”2+d)*(a+b*arccos(c*x)),x, algorithm="fricas")
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[Out] 1/32*%(8*axc™4d*xexx~4 + 16%a*c”4*d*x"2 + (8*bxc 4d*xexx™4 + 16%b*c™4*d*x™2 - 8%
b*xc”™2xd - 3xb*e)*arccos(cxx) - (2%bxc”3*%exx”3 + (8*bkc~3*d + 3%bxcke)*x)*sq
rt(-c”2*x"2 + 1))/c"4

Sympy [A] time = 1.53018, size = 158, normalized size = 1.3

bex3V-c2x2+1  bdacos(cx)  3bexV—-c2x2+1  3beacos (cx)

adx®  aex*  bdx?acos(cx) + bextacos(cx)  bdxV-c2x2+1 forc # 0
4 2 4c 16¢ 4c? 32¢3 32c%

i+ 2 oS + o otherwis

2 2 4 )

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*(e*x**2+d)*(atb*acos(c*x)) ,x)

[Out] Piecewise((axdxx**2/2 + akxe*xx**4/4 + bxdxx**2%acos(c*x)/2 + bxexx**d*acos(c
*x) /4 - bxdkxxsqrt(—ck*2xx*x*2 + 1)/(4*c) - brexx*x3*ksqrt (-cx*2xx*x*x2 + 1)/(1

6%c) - bkxdxacos(c*xx)/(4xc**2) - 3xbkexx*sqrt(—cx*2xx*x2 + 1)/(32%c*x*3) - 3x
bxe*acos(c*x)/(32+c**4), Ne(c, 0)), ((a + pixb/2)*(d*x**2/2 + exx*x4/4), Tr

ue))

Giac [A] time = 1.18315, size = 170, normalized size = 1.39

1, T, 1 ., V-c2x2+1bx%e 1, V-c2x2+1bdx bdarccos(cx) 3°
— bx* arccos (cx) e + — ax®e + — bdx* arccos (cx) - —  + —adx” — - - —
4 4 2 16¢ 2 4c 4 c?

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*(e*x~2+d)*(atb*arccos(c*x)),x, algorithm="giac")

[Out] 1/4*b*x”~4xarccos(c*x)*e + 1/4xaxx"4*e + 1/2%b*d*x~2xarccos(c*x) - 1/16x*sqrt
(-c™2%x72 + 1)*bxx"3%e/c + 1/2%axd*x”2 - 1/4*sqrt(-c”2*x72 + 1)*bxd*x/c - 1
/4xbxd*arccos(cxx)/c”2 - 3/32%sqrt(-c™2*%x72 + 1)*b*x*e/c”3 - 3/32xb*arccos(
c*x)*e/c”4
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3.19 f (d + exz) (a +b cos‘l(cx)) dx

Optimal. Leaf size=81

— o
dx (a+beos™(cx)) + %eﬁ (a+beos(ex) - e J;CEBC - - . 9§3x )

[Out] -(b*(3*c™2*d + e)*Sqrt[l - c™2%x72])/(3*%c”3) + (b*ex(1l - c™2%x72)7(3/2))/(9
*c~3) + d*x*(a + bxArcCos[c*x]) + (exx~3%(a + bxArcCos[c*x]))/3

Rubi [A] time = 0.0674421, antiderivative size = 81, normalized size of antiderivative

. . ber of rul
1., number of steps used = 4, number of rules used = 3, integrand size = 16, o o e

0.188, Rules used = {4666, 444, 43}

integrand size

— ) 22 3/2
dx (a + bcos‘l(cx)) + %ex3 (u + bCOS_l(Cx)) - e J;C£3C “ 6) * . (1 9§3x )

Antiderivative was successfully verified.

[In] Int[(d + e*xx"2)*(a + bxArcCosl[c*x]) ,x]

[Out] -(b*(3*c™2*d + e)*Sqrt[l - c™2%x72])/(3*%c”3) + (b*ex(1l - c™2%x72)7(3/2))/(9
*c~3) + d¥x*(a + b*ArcCos[c*x]) + (exx~3%(a + bxArcCos[c*x]))/3

Rule 4666

Int[((a_.) + ArcCos[(c_.)*(x_)]*(b_.))*((d_) + (e_.)*x(x_)"2)"(p_.), x_Symbo
1] :> With[{u = IntHide[(d + e*x"2)"p, x]}, Dist[a + b*ArcCos[c*x], u, x] +
Dist[b*c, Int[SimplifyIntegrand[u/Sqrt[l - c™2*x72], x], x], x]] /; FreeQ[
{a, b, c, d, e}, x] & NeQ[c™2%d + e, 0] && (IGtQlp, 0] || ILtQlp + 1/2, 0]
)

Rule 444

Int[(x )" (m_.)*x((a_) + (b_D*x )" )) (p_)*x((c_) + (d_)*x)"(n))"(q_.
), x_Symbol] :> Dist[1/n, Subst[Int[(a + b*x) p*(c + d*x)"q, x], x, x"n], x
1 /; FreeQ[{a, b, ¢, d, m, n, p, q}, x] && NeQ[b*c - a*d, 0] && EqQ[m - n +
1, 0]

Rule 43
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Int[((a_.) + (b_)*(x_))"(m_.)*((c_.) + (d_.)*(x_))"(n_.), x_Symbol] :> Int
[ExpandIntegrand[(a + b*x) m*(c + d*x)°n, x], x] /; FreeQ[{a, b, ¢, d, n},
x] && NeQ[bxc - axd, 0] && IGtQ[m, O] &% ( !IntegerQ[n] || (EqQlc, 0] && Le
QL[7*m + 4*n + 4, 0]) || LtQ[9*m + 5%x(n + 1), 0] || GtQ[m + n + 2, 0])

Rubi steps

ex?
X (d + ?)

f (d + exz) (a + bcos‘l(cx)) dx = dx (a +b COS_l(Cx)) + %6953 (ﬂ +b COS_l(Cx)) + (be) f Vi— 2 ax

d+ 2

3 dx, x,x2
V1 - c2x )
1 1 3c2d+e e
=dx(a+bcos Hcx)) + =ex® (a + bcos™ (cx)) + = (bc) Subst f _— ——
( ) 3 ( ) 2 3c2V1 - c2x
b (3czd + e) V1 -c2x2  be (1 - szz)3/2
—~ +

3¢3 9¢3

1 1
— -1 3 -
=dx (a + bcos (cx)) + gex (a + b cos 1(cx)) + E(bc) Subst[

+dx (a + bcos‘l(cx)) + %exe’ (u + b cos

Mathematica [A] time = 0.07248, size = 91, normalized size = 1.12

1 bdV1 — c2x2 2 X2
3 _ 2V O L pe(-

adx + —aex” — —_———
3 c 9¢3  9c

1
) V1 - c2x2 + bdx cos(cx) + gbex3 cos 1(cx)

Antiderivative was successfully verified.

[In] Integrate[(d + e*x"2)*(a + b¥ArcCos[c*x]),x]

[Out] axd*x + (a*xe*xx~3)/3 - (bxd*Sqrt[l - c”2*x72])/c + bxex(-2/(9%c”3) - x72/(9%
c))*Sqrt[1 - c™2%x72] + b*d*x*xArcCos[c*x] + (bxexx~3*ArcCos[c*x])/3

Maple [A] time = 0.005, size = 112, normalized size = 1.4

2.2

1 3,3 b 3,3 2
ol R 7 Y P i () cxe + arccos (cx) dcdx + -V v 1 - SV 1 1) - 2dv—cax?
c\c2\ 3 c? 3 3 3 3

Verification of antiderivative is not currently implemented for this CAS.

[In] int((e*xx~2+d)*(at+b*arccos(c*x)),x)
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[Out] 1/c*x(a/c”2*x(1/3%c™3*x"3*e+d*c”3*x)+b/c”~ 2% (1/3*arccos (c*x)*c~3*x~3xe+arccos(
cxx) *xdxc " 3%x+1/3%ex(-1/3%c™2%xx" 2% (-c™2*%xx"2+1) " (1/2)-2/3% (-c"2*x"2+1) "~ (1/2))
—c™2xd* (-cT2%xx"2+1) ~(1/2)))

Maxima [A] time = 1.65647, size = 127, normalized size = 1.57

3

Vo2 112 2V +1 (cx arccos (cx) — V—c2x2 + 1)bd
+ 1 be + adx +
c

1 1
—aex® + = [3x® arccos (cx) — ¢
9 2 c

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx~2+d)*(atb*arccos(c*x)),x, algorithm="maxima"

[Out] 1/3%axe*x”3 + 1/9%(3*x”3*arccos(c*x) - c*(sqrt(-c™2*x"2 + 1)*x72/c”2 + 2%sq
rt(-c72%x72 + 1)/c”4))*b*xe + axd*x + (c*x*arccos(c*xx) - sqrt(-c™2*x"2 + 1))

*bxd/c

Fricas [A] time = 2.1665, size = 186, normalized size = 2.3

3acdex® +9acddx + 3 (bc3ex3 +3 bc3dx) arccos (cx) — (bczex2 +9bc%d +2 be) —2x2 +1

9c3

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx~2+d)*(atb*arccos(c*x)),x, algorithm="fricas")

[Out] 1/9*%(3*a*c”3*exx”3 + 9xaxc ™ 3xd*x + 3*(b*xc 3*e*xx~3 + 3*xb*xc~3*d*x)*arccos (c*x
) = (bxc™2%exx"2 + 9%bxc”2xd + 2xb*e)*sqrt(-c”2*x72 + 1))/c”3

Sympy [A] time = 0.678229, size = 114, normalized size = 1.41

aex3 bex3acos(cx)  bdV-c2x2+1  bex®V-c2x2+1  2beV—-c2x2+1
adx + - bdx acos (cx) + - - - o - o3

3
(11 + %b) (dx + %) otherwise

forc#0

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate((exx**2+d)*(a+b*acos(c*x)),x)

[Out] Piecewise((axd*x + axexx**3/3 + bxd*x*acos(cxx) + b¥exxxx3*acos(c*x)/3 - b*
dxsqrt (—ck*2*xx*x*2 + 1)/c — bkexx**x2*ksqrt (-cx*2xx**2 + 1)/(9%c) - 2xb*exsqrt
(—cx*2xx**2 + 1)/(9%c**3), Ne(c, 0)), ((a + pi*b/2)*(d*x + e*x**3/3), True)

)

Giac [A] time = 1.16234, size = 128, normalized size = 1.58

V=c2x2 + 1bx?e \ i V=c2x2 +1bd 2 V-c2x2 + 1be
9c c

9¢3

1 1
3 bx3 arccos (cx) e + 3 ax3e + bdx arccos (cx) —

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx~2+d)*(atb*arccos(c*x)),x, algorithm="giac")

[Out] 1/3*b*x~3xarccos(c*x)*e + 1/3*axx"3%e + bxdxx*arccos(c*x) - 1/9xsqrt(-c™2*x
2 + 1)*b*x"2%e/c + axd*x - sqrt(-c”2*x"2 + 1)xb*d/c - 2/9*%sqrt(-c”2*x"2 +

1) *bxe/c”3
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f (d+ex2)<a+b cos_l(cx)) q

X

3.20

Optimal. Leaf size=132

X

1 2isin” “1(ex) + Sex? 1
EzdeolyLog (2,e is (cx)) + dlog(x) (a + bcos (cx)) +Sex (a +bcos (cx)) - i 42

[Out] -(b*exx*Sqrt[1 - c”2*x72])/(4*xc) + (exx"2x(a + b¥ArcCos[c*x]))/2 + (b*exArc

Sin[c*x])/(4*c™2) + (I/2)*bxd*ArcSin[c*x]~2 - bxd*ArcSin[c*x]*Log[l - E~((2

xI)*ArcSin[c*x])] + d*(a + b*ArcCos[c*x])*Log[x] + bxd*ArcSin[c*x]*Logl[x] +
(I/2)*b*d*PolyLog[2, E~((2*I)*ArcSin[c*x])]

Rubi [A] time = 0.239003, antiderivative size = 132, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 12, number of rules used = 12, integrand size = 19, o o TR
integrand size

= 0.632, Rules used = {14, 4732, 12, 6742, 321, 216, 2326, 4625, 3717, 2190, 2279, 2391}

bexV1 — ¢2x2 N besin}(cx) .

1 B 1 bexV1 - 22 besin}(cx)
H 21 sin -1 2 -1
EzdeolyLog (2, es!s (Cx)) + dlog(x) (a + bcos (cx)) + ex (a + b cos (cx)) - ” + 12

Antiderivative was successfully verified.

[In] Int[((d + exx"2)*(a + b*xArcCos[c*x]))/x,x]

[Out] -(b*exxxSqrt[l - c~2*x72])/(4xc) + (exx"2x(a + bxArcCos[c*x]))/2 + (b*exArc

Sin[c*x])/(4xc™2) + (I/2)*b*d*ArcSin[c*x]~2 - b*d*ArcSin[c*x]*Log[l - E~((2

*I)*ArcSin[c*x])] + d*(a + b*ArcCos[cx*x])*Log[x] + b*d*ArcSin[c*x]*Log[x] +
(I/2)*b*d*PolyLog[2, E~((2*I)*ArcSin[c*x])]

Rule 14

Int[(u_)*((c_.)*(x_)) " (m_.), x_Symbol] :> Int[ExpandIntegrand[(c*x) m*u, x]
, x] /; FreeQ[{c, m}, x] && SumQ[u] && !'LinearQ[u, x] && !'MatchQ[u, (a )
+ (b_.)*x(v_) /; FreeQ[{a, b}, x] && InverseFunctionQ[v]]

Rule 4732

Int[((a_.) + ArcCos[(c_.)*(x_)I*(b_.))*((f_.)*(x_)) " (m_.)*((d_) + (e_.)*(x_
)"2)"(p_.), x_Symbol] :> With[{u = IntHide[(f*x) m*(d + e*x~2)7p, x]}, Dist
[a + b*ArcCos[c*x], u, x] + Dist[b*c, Int[SimplifyIntegrand[u/Sqrt[l - c~2x
x~2], x], x], x1]1 /; FreeQ[{a, b, c, d, e, f, m}, x] && NeQ[c™2*d + e, 0] &

1
Elb(

1.

+ —ibc

2
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& IntegerQlp]l && (GtQ[p, 0] || (IGtQ[(m - 1)/2, 0] && LeQ[m + p, 0]))

Rule 12

Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQla, x] &% !'Match
Qlu, (b )*(v_) /; FreeQ[b, x]]

Rule 6742

Int[u_, x_Symbol] :> With[{v = ExpandIntegrand[u, x]}, Int[v, x] /; SumQ[v]
]

Rule 321

Int[((c_)*(x D))" (m )*((a_) + (b_)*(x_)"(n_))"(p_), x_Symbol] :> Simp[(c™(
n - D*(c*xx)"(m - n + D*x(a + bxx™n) " (p + 1))/ (bx(m + nxp + 1)), x] - Dist[
(axc™nx(m - n + 1))/(b*x(m + nxp + 1)), Int[(c*x)"(m - n)*(a + b*x"n) p, xJ,
x] /; FreeQ[{a, b, c, p}, x] && IGtQ[n, O] && GtQ[m, n - 1] && NeQ[m + n*p
+ 1, 0] &% IntBinomialQ[a, b, ¢, n, m, p, x]

Rule 216

Int[1/Sqrt[(a_) + (b_.)*(x_)"2], x_Symbol] :> Simp[ArcSin[(Rt[-b, 2]*x)/Sqr
t[al]1/Rt[-b, 21, x] /; FreeQ[{a, b}, x] && GtQ[a, 0] && NegQ[b]

Rule 2326

Int[((a_.) + Logl(c_.)*(x_)"(n_.)]1*(b_.))/Sqrt[(d_) + (e_.)*(x_)"2], x_Symb
0l] :> Simp[(ArcSin[(Rt[-e, 2]*x)/Sqrt[d]]l*(a + b*Loglc*x"n]))/Rt[-e, 2], x
1 - Dist[(b*n)/Rt[-e, 2], Int[ArcSin[(Rt[-e, 2]#*x)/Sqrtl[dl]/x, x], x] /; Fr
eeQ[{a, b, ¢, d, e, n}, x] && GtQ[d, 0] && NegQlel

Rule 4625

Int[((a_.) + ArcSin[(c_.)*(x_)]*(b_.))"(n_.)/(x_), x_Symbol] :> Subst[Int[(
a + b*x)"n/Tan[x], x], x, ArcSin[c*x]] /; FreeQ[{a, b, c}, x] &% IGtQ[n, O]

Rule 3717

Int[((c_.) + (d_.)*(x_))"(m_.)*tan[(e_.) + Pix(k_.) + (f_.)*(x_)], x_Symbol
1 > Simp[(I*(c + d*x)~(m + 1))/(d*(m + 1)), x] - Dist[2*I, Int[((c + d*x)~
m*E~ (2% I*k*Pi)*E~(2%I*x(e + f*xx)))/(1 + E~(2*%I*k*Pi)*E~(2xIx(e + fx*x))), x1,
x] /; FreeQl[{c, d, e, f}, x] && IntegerQ[4xk] && IGtQ[m, 0]
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Rule 2190

Int [(CCF_)~((g_D*((e_.) + (£_.)*(x_))))"(n_)*((c_.) + (d_)*x_D)"(m_.))/
(a_) + (b_)*((F_)~((g_)*((e_.) + (£_.)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x)"m*xLog[l + (b*x(F~(gx(e + f*x)))"n)/al)/(b*f*gxn*Log[F]), x] - Di
st [(d*m) / (b*f*gxnxLog[F]), Int[(c + d*x)~(m - 1)*Logl[l + (b*x(F~(g*(e + f*x)
))"n)/al, x], x] /; FreeQ[{F, a, b, ¢, d, e, f, g, n}, x] && IGtQ[m, O]

Rule 2279

Int[Logl(a_) + (b_.)*((F_)~((e_.)*((c_.) + (d_.)*(x_))))"(n_.)], x_Symboll]
:> Dist[1/(d*e*n*Log[F]), Subst[Int[Logla + b*x]/x, x], x, (F (ex(c + d*x))
)°nl], x] /; FreeQ[{F, a, b, ¢, d, e, nt, x] && GtQ[a, O]

Rule 2391
Int[Logl[(c_.)*x((d_) + (e_.)*x(x_)"(n_.))]1/(x_), x_Symbol] :> -Simp[PolyLogl[2

, —(cxexx"n)]/n, x] /; FreeQl{c, d, e, n}, x] && EqQ[cx*d, 1]

Rubi steps
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f (d+ed)(o Z i COS_l(Cx)) %exz (a+bcos™(cex)) +d (a+ beos™(cx)) log(x) + (be) f & J%x)
%exz (a+bcos™(cx)) +d (a + beos™ (cx)) log(x) + %(bc) f = \/*%(x) .
%exz (a+bcosT(cex)) +d (a+beosT(cx)) log(x) + ;(bc) f ( —izxz \2/”11 li)f
%exz (a +beos™ () +d (a + beos™ (cx)) log(x) + (bed) f Og(x) v+ E(bc‘

bexV1 —c2x2 1

= 4 —ex? (a +b cos‘l(cx)) +d (a +bcos™ (cx)) log(x) + bd sin™*(cx

4c 2
bexV1-c2x2 1 besin™
= —% + Eex2 (a +0b cos‘l(cx)) + %z(cx) +d (a +b cos‘l(cx)) log(x
c
bexVi-c22 1 besin™" 1
= —% + Eex2 (a +b cos‘l(cx)) + es%z(cx) + Eibd sin~ (cx)? +d (a +
bexVI— 22 1 besin™’ 1
= _ex4—ccx + Eex2 (a +0b cos‘l(cx)) + es%z(cx) + Eibd sin"}(cx)? - bd sin’
bexV1 — 22 be sin™" 1
_ _% + 5ex? (a+boos () + %2(”) + sibdsin™ (cx)? = bd sin
bex V1 — 222 besin™! 1
L e ) (a +b cos‘l(cx)) + besin_(cx) + ~ibd sin"(cx)? — bd sin
4c 2 4c? 2

Mathematica [A] time = 0.193091, size = 111, normalized size = 0.84

bexV1 — c2x2 . besin~}(cx)
c

c2

1 .
1 —2ibdPolyLog (2, —g>2icos 1(”‘)) + 4ad log(x) + 2aex? — + 2b cos™}(cx) (exz +2dlog (1

Warning: Unable to verify antiderivative.

[In] Integrate[((d + exx"2)*(a + b*ArcCos[c*x]))/x,x]

[Out] (2*%axe*xx™2 - (bxexx*Sqrt[l - c”2*x72])/c - (2%I)*b*d*ArcCos[c*x]™2 + (b*xexA
rcSinf[cx*x])/c”2 + 2*bxArcCos [c*x]*(e*x”2 + 2xd*Log[1 + E~((2x*I)*ArcCos[c*x]
)1) + 4xaxd*Log[x] - (2*I)*b*d*PolyLog[2, -E~((2+I)*ArcCos[c*x])])/4
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Maple [A] time = 0.144, size = 130, normalized size = 1.

2 ] b b 2 b
? + adIn (cx) - %b (arccos (cx))* d — %V—szz +1+ arccosz(cx) re_ arcc;ocsz(cx) ® + bdarccos (cx)In (1 + (c

Verification of antiderivative is not currently implemented for this CAS.

[In] int((e*x~2+d)*(at+b*arccos(c*x))/x,x)

[Out] 1/2*a*x"2%e+axd*1ln(c*x)-1/2*xI*b*arccos(c*x) ~2xd-1/4*bxe*xx*(-c™2*xx"2+1) " (1/2
)/c+1/2xb*xarccos (c*x) *x"2%e-1/4%b/c"2*%arccos (c*x) *xe+b*xd*arccos (c*xx) *1n(1+(c
*x+1* (-c72%xx72+1) 7 (1/2)) "2) -1/2*I*b*d*polylog(2, - (c*x+I* (-c™2xx"2+1) ~(1/2))

~2)

Maxima [F] time = 0., size = 0, normalized size = 0.

(bex2 + bd) arctan (ch +1V-cx +1, cx) ;

X

X

1
5 aex? + adlog (x) + f

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx~2+d)*(atb*arccos(c*x))/x,x, algorithm="maxima"

[Out] 1/2*a*xexx”2 + axdxlog(x) + integrate((b*exx~2 + bxd)*arctan2(sqrt(c*x + 1)x

sqrt(-cxx + 1), c*x)/x, %)

Fricas [F] time = 0., size = 0, normalized size = 0.

aex? + ad + (bex2 + bd) arccos (cx)
X

integral
& X

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx~2+d)*(atb*arccos(c*x))/x,x, algorithm="fricas")

[Out] integral((axe*x”2 + axd + (b*e*x~2 + bx*d)*arccos(c*x))/x, X)
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Sympy [F] time = 0., size = 0, normalized size = 0.

X

f (a + bacos (cx)) (d + exz) ;

x
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx**2+d)* (atb*acos(c*x))/x,x)

[Out] Integral((a + bxacos(c*x))*(d + e*x**2)/x, x)

Giac [F] time = 0., size = 0, normalized size = 0.

2
f (ex + d)(b aiCCCOS (cx) + a) i

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx~2+d)*(atb*arccos(c*x))/x,x, algorithm="giac")

[Out] integrate((exx~2 + d)*(bxarccos(c*x) + a)/x, x)
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f (d+ex2)<a+b cos_l(cx)) q

x2

3.21

Optimal. Leaf size=66

X

d(a+bcos™(cx))

X

beV1 — c2x2

c

+ex (a +b cos‘l(cx)) + bed tanh ™ (‘Vl - szz) -

[Out] -((b*e*Sqrt[l - c~2*x"2])/c) - (d*(a + bxArcCos[c*x]))/x + exx*(a + b*ArcCo
sl[c*xx]) + b*ckdxArcTanh[Sqrt[1 - c™2%x"2]]

Rubi [A] time = 0.074847, antiderivative size = 66, normalized size of antiderivative =
1., number of steps used = 5, number of rules used = 6, integrand size = 19, number of rules _

integrand size
0.316, Rules used = {14, 4732, 446, 80, 63, 208}
d(a+bcos™(cx))

X

beV1 — c2x2

c

+ex (a +b cos‘l(cx)) + bed tanh ™ ( 1- szz) -

Antiderivative was successfully verified.

[In] Int[((d + exx"2)*(a + b*ArcCos[c*x]))/x"2,x]

[Out] -((b*e*xSqrt[1 - c~2*x"2])/c) - (d*(a + bxArcCos[c*x]))/x + exx*(a + b*ArcCo
s[cxx]) + bkxcxd*ArcTanh[Sqrt[1 - c™2xx"2]]

Rule 14

Int[(u_)*((c_.)*(x_)) " (m_.), x_Symbol] :> Int[ExpandIntegrand[(c*x) m*u, x]
, x] /; FreeQ[{c, m}, x] && SumQ[u] && !LinearQ[u, x] && !'MatchQ[u, (a_)
+ (b_.)*x(v_) /; FreeQ[{a, b}, x] && InverseFunctionQ[v]]

Rule 4732

Int[((a_.) + ArcCos[(c_.)*(x_)1*(b_.))*((£_.)*(x_)) " (m_.)*((d_) + (e_.)*(x_
)"2)"(p_.), x_Symbol] :> With[{u = IntHide[(f*x) "m*(d + e*x"2)7p, x]}, Dist
[a + bxArcCos[c*x], u, x] + Dist[b*c, Int[SimplifyIntegrand[u/Sqrt[l - c™2x
x~2], x1, x], x1]1 /; FreeQ[{a, b, c, d, e, f, m}, x] && NeQ[c™2*d + e, 0] &
& IntegerQlp] && (GtQ[p, O] || (IGtQ[(m - 1)/2, 0] &% LeQ[m + p, 0]))

Rule 446

Int[(x_ )" (m_)*((a_) + (b_)*x_) (@ )) " (p_.)*((c_) + (d_.)*(x_)"(n_))"(q_.
), x_Symbol] :> Dist[1/n, Subst[Int[x~(Simplify[(m + 1)/n] - 1)*(a + b*x)7p
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*(c + d*x)"q, x], x, x"nl], x] /; FreeQ[{a, b, ¢, d, m, n, p, qF, x] && NeQ[
bxc - a*xd, 0] && IntegerQ[Simplify[(m + 1)/n]]

Rule 80

Int[((a_.) + (b_D)*(x_))*((c_.) + (d_.)*x(x_))"(n_.)*((e_.) + (£_.)*x(x_))"(p
_.), x_Symbol] :> Simp[(b*(c + d*x)"(n + D)x(e + £xx)"(p + 1))/(d*f*x(n + p
+ 2)), x] + Dist[(axd*fx(n + p + 2) - bx(d*ex(n + 1) + cxf*x(p + 1)))/(d*f*(
n+p+2)), Int[(c + d*x)"nx(e + £*x)7"p, x], x] /; FreeQ[{a, b, c, d, e, £
, n, pr, x] && NeQ[n + p + 2, 0]

Rule 63

Int[((a_.) + (b_)*(x_)) " (m )*x((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator([m]}, Dist[p/b, Subst[Int[x~(px(m + 1) - 1)*(c - (axd)/b +
(d*x"p)/b)°n, x], x, (a + bxx)~(1/p)], x1] /; FreeQ[{a, b, c, d}, x] && NeQ
[bxc - axd, 0] && LtQ[-1, m, 0] && LeQ[-1, n, 0] && LeQ[Denominator[n], Den
ominator[m]] && IntLinearQ[a, b, ¢, d, m, n, x]

Rule 208

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-(a/b), 2]*ArcTanh[x/
Rt[-(a/b), 2]1)/a, x] /; FreeQ[{a, b}, x] && NegQ[a/b]

Rubi steps
d+ex?)(a+bcos™(cx d(a+Dbcos™(cx —d + ex?
f( )( . ( ))dx:— ( ( ))+ex(a+bcos—1(cx))+(bc)f¢dx
X X x‘/l — 22
d(a+bcos (cx 1
S ( ( )) +ex (a + bcos‘l(cx)) + =(bc) Subst (f
X 2
bevl —c2x2  d(a+bcos™ (cx 1
_ - o ( " ( )) +ex (a + bcos‘l(cx)) - E(bcd) Subst (f

bevl — 22 d (a +0b cos‘l(cx))

= +ex (a +b cos‘l(cx)) +

(bdd) Subst [ [—

2

i

2

2

a

c

I X
beVl — c2x2  d(a+bcos™(cx _ ,
_ e : X ( - ( ))+ex(a+bcos‘1(cx))+bcdtanh l( 1 - c%x’
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Mathematica [A] time = 0.0615048, size = 80, normalized size = 1.21

d
—% + aex + bed log

beV1 — ¢2x2 bd cos™!
(\/1 —2x2 + 1) - e—ccx — bed log(x) — M + bex cos™1(cx)
Antiderivative was successfully verified.
[In] Integrate[((d + e*x"2)x(a + bxArcCosl[c*x]))/x"2,x]

[Out] -((axd)/x) + axexx - (b*exSqrt[l - c™2*x72])/c - (b*d*ArcCos[c*x])/x + b*ex
x*ArcCos[c*x] - b*ckdxLogl[x] + bkxcxd*Log[l + Sqrt[l - c™2xx"2]]

Maple [A] time = 0.007, size = 79, normalized size = 1.2

dc\ b LR v
c (;2 (ecx - ;C) + 2 (arccos (cx)ecx — m —eV-—c2x2+1+ cszrtanh(

1 )))
V—c2x? +1
Verification of antiderivative is not currently implemented for this CAS.

[In] int((exx"2+d)* (a+b*arccos(c*x))/x"2,x)

[Out] cx*(a/c”2*(excxx—-c*xd/x)+b/c”2*x(arccos (c*xx)*exckx—arccos (ckxx)*cxd/x—e*x(-c™2*x
“2+1) " (1/2)+c"2*xd*arctanh(1/(-c™2xx"2+1) " (1/2))))

Maxima [A] time = 1.50752, size = 109, normalized size = 1.65

2V-c2x2+1 2| arccos(cx) (cx arccos (ex) = V= + 1)be ad
clog| —— + - ————|bd + aex + -

x| x| X c x

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx~2+d)*(atb*arccos(c*x))/x"2,x, algorithm="maxima"

[Out] (cxlog(2xsqrt(-c™2xx~2 + 1)/abs(x) + 2/abs(x)) - arccos(c*x)/x)*b*d + axexx
+ (c*x*arccos(cxx) - sqrt(-c™2*x"2 + 1))*bxe/c - a*xd/x
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Fricas [B] time = 2.46413, size = 360, normalized size = 5.45

bc?dx log (V—c2x2 +1+ 1) — bc?dx log ( —c2x2 +1 - 1) + 2 acex? — 2 V—c2x2? + 1bex — 2 acd — 2 (bcd — bee)x arctan

2cx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx~2+d)*(atb*arccos(c*x))/x"2,x, algorithm="fricas")

[Out] 1/2%(b*c”2*xd*x*xlog(sqrt(-c™2*x"2 + 1) + 1) - bxc 2*d*x*log(sqrt(-c™2*x"2 +
1) = 1) + 2%akcxe*x”2 - 2xsqrt(-c”2xx"2 + 1)*bkexx - 2%axcxd - 2%(b*cxd - b
xcke)xx*karctan(sqrt (-c™2*x72 + 1)*c*x/(c™2*x"2 - 1)) + 2x(b*cxe*xx™2 - bxcxd

+ (bxc*d - b*cxe)*x)*arccos(c*x))/(c*x)

Sympy [A] time = 4.0338, size = 78, normalized size = 1.18

X

1 f 1
—acosh (a) or W >1 bd acos (cx) > forc=0
- tbe V-c2x2+1
C

d
_a + aex — bed

X iasin (;) otherwise otherwise

X

xacos (cx) —

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx**2+d)* (at+bxacos(c*x))/x**2,x)

[Out] -a*d/x + axe*xx - b¥cxd*Piecewise((-acosh(1/(c*x)), 1/Abs(cx*2*xx*%x2) > 1), (
I*asin(1/(c*x)), True)) - b*dxacos(c*x)/x + bxexPiecewise((pi*x/2, Eq(c, 0)
), (xxacos(cxx) - sqrt(-c*x*2xx**x2 + 1)/c, True))

Giac [B] time = 1.86946, size = 1170, normalized size = 17.73

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx~2+d)*(atb*arccos(c*x))/x"2,x, algorithm="giac")

[Out] -b*c™2*d*arccos(c*x)/(c - (c™2%x72 - 1)72*xc/(c*x + 1)74) + bxc~2*xd*log(abs(
ckx + sqrt(-c™2*x72 + 1) + 1))/(c - (c™2*%x72 - 1)72%c/(c*xx + 1)74) - b*c 2%
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dxlog(abs(-c*x + sqrt(-c™2*x"2 + 1) - 1))/(c - (c™2%x72 - 1)72xc/(c*x + 1)~
4) - axc”2xd/(c - (c72*x72 - 1)72*xc/(c*x + 1)74) + 2x(c™2*x™2 - 1)*b*xc™2*d*
arccos(c*x)/((cxx + 1)72x(c - (c72%x72 - 1)72*%c/(c*xx + 1)74)) + 2x(c™2%x™2
- D)*xa*xc”2xd/((cxx + 1)72x(c - (c™2*%x72 - 1)72*xc/(c*xx + 1)74)) - (c™2*%x"2 -
1) "2*xbxc~2xd*arccos (c*x) /((ckxx + 1)74*x(c - (c™2%x72 - 1)72*c/(c*x + 1)74))
+ b*xarccos(c*x)*e/(c - (c™2*x72 - 1)72%c/(cxx + 1)74) - (c™2*x72 - 1) " 2%b*
c"2*d*log(abs(c*x + sqrt(-c™2*x72 + 1) + 1))/((c*x + 1)74*x(c - (c™2*%x"2 - 1
)"2xc/(c*xx + 1)74)) + (c72%x72 - 1)72*b*c”2*d*xlog(abs(-c*x + sqrt(-c™2*x72
+ 1) - 1))/ ((cxx + 1)74%(c - (c72*%x72 - 1)72*xc/(cxx + 1)74)) - (c™2*x"2 - 1
)" 2xaxc”2+%d/ ((c*kx + 1)74*x(c - (c™2*%x72 - 1)72*c/(c*x + 1)74)) + axe/(c - (c
“2%x72 - 1)72*xc/(cxx + 1)74) + 2%(c”2*%x"2 - 1)*b*arccos(cxx)*e/((c*x + 1)72
x(c - (c72*x72 - 1)72*c/(c*x + 1)74)) - 2%sqrt(-c™2%x72 + 1)*b*xe/((c*x + 1)
*(c - (c72*%x72 - 1)72xc/(cxx + 1)74)) + 2*%(c™2*x”2 - 1)*axe/((c*x + 1)72*(c
- (c72*%x72 - 1)72xc/(c*xx + 1)74)) + (c™2*x72 - 1) 2xb*arccos(c*x)*e/((c*xx
+ 1)74x(c - (c72*xx72 - 1)72xc/(c*x + 1)74)) + 2%(-c™2*xx"2 + 1)~ (3/2)*bxe/ ((
cxx + 1)73x(c - (c™2%x72 - 1)72%c/(cxx + 1)74)) + (c™2%x72 - 1) 2*axe/((c*x
+ 1)74x(c - (c™2%xx72 - 1)72*xc/(c*xx + 1)74))
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f (d+ex2)<a+b cos_l(cx)) q

x3

3.22

Optimal. Leaf size=119

X

d (a +b cos‘l(cx))
2x2

bedV1 —c2x2 1,
2x

1 .
EibePolyLog (2, e?isin 1(”‘)) - + elog(x) (a +b cos‘l(cx)) +

[Out] (b*c*d*Sqrt[l - c™2*x72])/(2*x) - (d*(a + b*ArcCos[c*x]))/(2%x72) + (I/2)*Db
xexArcSin[c*x] "2 - bxexArcSin[c*x]*Log[l - E~((2*I)*ArcSin[c*x])] + ex(a +
b*ArcCos [c*x])*Log[x] + bxexArcSin[c*x]*Log[x] + (I/2)*b*exPolyLog[2, E~((2
*I)*xArcSin[c*x])]

Rubi [A] time = 0.220723, antiderivative size = 119, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 10, number of rules used = 10, integrand size = 19, e o e

= 0.526, Rules used = {14, 4732, 6742, 264, 2326, 4625, 3717, 2190, 2279, 2391}

bedV1 —c2x2 1,
2x

integrand size

d (a +b cos‘l(cx))

o + elog(x) (a +b cos‘l(cx)) +

1 o
5ibePolyLog (2, 2isin 1<Cx>) -

Antiderivative was successfully verified.

[In] Int[((d + exx"2)*(a + bx*ArcCosl[c*x]))/x"3,x]

[Out] (bxcxd*Sqrt[l - c™2xx72])/(2*x) - (d*(a + b*ArcCos[c*x]))/(2*x72) + (I/2)*b
xexArcSin[c*xx] "2 - bxexArcSin[c*x]*Logl[l - E7((2*I)*ArcSin[c*x])] + ex(a +
b*ArcCos [c*x])*Log[x] + bxexArcSin[c*x]*Log[x] + (I/2)*b*exPolyLog[2, E~((2
*I)*ArcSin[c*x])]

Rule 14

Int[(u_)*((c_.)*(x_)) " (m_.), x_Symbol] :> Int[ExpandIntegrand[(c*x) m*u, x]
, x] /; FreeQ[{c, m}, x] && SumQ[u] && !'LinearQ[u, x] && !MatchQ[u, (a_)
+ (b_.)x(v_) /; FreeQ[{a, b}, x] && InverseFunctionQ[v]]

Rule 4732

Int[((a_.) + ArcCos[(c_.)*(x_)I*x(b_.))*((f_.)*(x_))"(m_.)*((d_) + (e_.)*(x_
)"2)"(p_.), x_Symbol] :> With[{u = IntHide[(f*x) "m*(d + e*x"2)7p, x]}, Dist
[a + bxArcCos[c*x], u, x] + Dist[b*c, Int[SimplifyIntegrand[u/Sqrt[1 - c™2%
x~2], x], x], x1]1 /; FreeQ[{a, b, c, d, e, f, m}, x] && NeQ[c™2*d + e, 0] &

+ Ezbe sin"}(cx)? - bes

+ Ezbe sin"}(cx)? - bes
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& IntegerQ[p]l && (GtQ[p, 0] || (IGtQ[(m - 1)/2, 0] && LeQ[m + p, 0]))

Rule 6742

Int[u_, x_Symbol] :> With[{v = ExpandIntegrand[u, x]}, Int[v, x] /; SumQ[v]
]

Rule 264

Int[(Cc_)*(x_))"(m_.)*((a_) + (b_.)*x(x_)"(m_))"(p_), x_Symbol] :> Simp[((c
*x)"(m + 1)*(a + b*x™n)"(p + 1))/(a*xc*x(m + 1)), x] /; FreeQ[{a, b, c, m, n,
p}, x] && EqQ[(m + 1)/n + p + 1, 0] && NeQ[m, -1]

Rule 2326

Int[((a_.) + Logl(c_.)*(x_)"(n_.)1*(b_.))/Sqrt[(d_) + (e_.)*(x_)"2], x_Symb
0ol] :> Simp[(ArcSin[(Rt[-e, 2]*x)/Sqrt[d]]*(a + bxLoglc*x"n]))/Rt[-e, 2], x
] - Dist[(b*n)/Rt[-e, 2], Int[ArcSin[(Rt[-e, 2]*x)/Sqrtl[d]l]/x, x], x] /; Fr
eeQ[{a, b, ¢, d, e, n}, x] && GtQ[d, 0] && NegQl[e]

Rule 4625

Int[((a_.) + ArcSin[(c_.)*(x_)I*(b_.))"(n_.)/(x_), x_Symbol] :> Subst[Int[(
a + b*x) " n/Tan[x], x], x, ArcSin[c*x]] /; FreeQ[{a, b, c}, x] && IGtQ[n, O]

Rule 3717

Int[((c_.) + (d_.)*(x_))"(m_.)*tan[(e_.) + Pix(k_.) + (f_.)*(x_)], x_Symbol
1 > Simp[(I*(c + d*x)"(m + 1))/(d*x(m + 1)), x] - Dist[2*I, Int[((c + d*x)~
m*E” (2xIxk*Pi)*E~ (2xI* (e + f*x)))/(1 + E~(2xIxk*Pi)*E~(2*Ix(e + f*x))), x],
x] /; FreeQ[{c, d, e, f}, x] && IntegerQ[4*k] && IGtQ[m, O]

Rule 2190

Int [(C(F_)~((g_)*((e_.) + (£_)*(x_))))"(n_.)*((c_.) + (d_)*(x_))"(m_.))/
(@) + (b_)*x((F_)~((g_.)*x((e_.) + (£_)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x)"mxLog[l + (b*x(F~(gx(e + fxx)))"n)/al)/(bxf*g*n*Log[F]), x] - Di
st [(d*m) / (b*xf*g*n*xLog[F]), Int[(c + d*x)"(m - 1)*Logl[l + (bx(F~(gx(e + f*x)
))"n)/al, x]1, x] /; FreeQ[{F, a, b, ¢, d, e, f, g, n}, x] && IGtQ[m, O]

Rule 2279

Int[Logl(a_) + (b_.)*x((F_)"((e_.)*((c_.) + (d_.)*(x_))))"(n_.)], x_Symbol]
:> Dist[1/(d*e*n*Log[F]), Subst[Int[Logla + b*x]/x, x], x, (F (ex(c + d*x))
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)°nl], x] /; FreeQ[{F, a, b, c, d, e, n}, x] && GtQ[a, 0]
Rule 2391

Int[Log[(c_.)*((d_) + (e_.)*(x_)"(n_.))]/(x_), x_Symbol] :> -Simp[PolyLogl[2
, —(cxexx"n)]/n, x] /; FreeQ[{c, d, e, n}, x] && EqQlc*xd, 1]

Rubi steps
d+ex?)(a+bcos(cx d(a+bcos™(cx 4y elog(x)
f ( ) ( ( )) dx = — ( ( )) +e (u + bcos‘l(cx)) log(x) + (bc) f 22 T gy
x3 2x2 VI — 22

d(a+bcos(cx) i 1
- b 1o ) o)+ ) (=
d (a +b cos‘l(cx))

= - 7 +e (a +bcos! (cx)) log(x) — %(bcd) f

bedV1 —c2x2  d (a +b cos‘l(cx))

dx + (bc

1
x2V1 - c2x2

+e (a +b cos‘l(cx)) log(x) + be sin*(cx) logy(:

2x 2x2
bed Vi — 22 d (a +0b cos‘l(cx)) . .
= 7 - 72 +e (a + bcos (cx)) log(x) + besin™ (cx) log(:
bedV1 - 2x2  d(a+bcos™H(ex)) 1
_ X o o ( o ( )) + Eibe sin"Mex)2 + e (a +b cos‘l(cx)) log(x) -
bedV1 — 22 d(a+bcos™Hex)) 1 o
= o ( ) + ~ibesin~!(cx)? — besin™! (cx) log (1 — g2isin
2x 2x2 2
bedV1 — 22 d(a+bcos™Hex 1 o
= o ( ( )) + =ibesin~}(cx)? — besin™! (cx) log (1 — g2isin
2x 2x2 2
bedV1 — 252 d(a +bcos cx 1 o
_ o o ( o ( )) + Eibe sin~}(cx)? = besin™} (cx) log (1 — g2isin

Mathematica [A] time = 0.153997, size = 105, normalized size = 0.88

ibex?PolyLog (2, —eZiCOS_l(C")) + ad — 2aex? log(x) — bedxV1 — c2x2 + bcos™(cx) (d — 2ex? log (1 + e2icos_1(cx))) +ib
- 2x2

Warning: Unable to verify antiderivative.

[In] Integrate[((d + e*x"2)*(a + bxArcCos[c*x]))/x"3,x]
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[Out] -(a*d - bkcxd*x*Sqrt[l - c™2*x"2] + Ixb*exx 2*ArcCos[c*x]~2 + b¥ArcCos[c*x]
x(d - 2xexx"2xLog[1 + E~((2*xI)*ArcCos[c*x])]) - 2%akxexx"2*xLog[x] + I*bkxexx”
2xPolyLog[2, -E~((2*I)*ArcCos[c*x])])/(2%xx~2)

Maple [A] time = 0.313, size = 127, normalized size = 1.1

barccos (cx)d

d [ ] bed
_ 2 L seln (cx) — Lp (arccos (cx))* e + L 2bd + LV—czxz +1-
2 2 2x 2 x?

2 x?

Verification of antiderivative is not currently implemented for this CAS.

[In] int((exx"2+d)* (a+b*arccos(c*x))/x"3,x)

[Out] -1/2*%axd/x"2+axe*x1ln(c*x)-1/2*xI*b*arccos(c*x) " 2xe+1/2xIxc”2xbxd+1/2%bxc*xd* (-
c"2%x"2+1) " (1/2) /x-1/2*b*xarccos (c*xx) *d/x"2+b*xexarccos (c*xx) *1n(1+ (c*xx+I*x(-c~
2xx72+1)7(1/2))"2)-1/2*I*xb*e*polylog(2,-(c*xx+I*(-c™2%x"2+1)~(1/2))"2)

Maxima [F] time = 0., size = 0, normalized size = 0.

V=c2x2 +1c¢  arccos (cx) arctan ( Vex +1v—-cx +1, CX) ad
- +bef " dx+aelog(x)—ﬁ

1
2 bd X x2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx~2+d)x*(at+b*arccos(c*x))/x"3,x, algorithm="maxima")
g g

[Out] 1/2%b*xd*(sqrt(-c™2*x"2 + 1)*c/x - arccos(c*x)/x"2) + bxexintegrate(arctan2(
sqrt(c*x + 1)*sqrt(-c*xx + 1), c*x)/x, x) + akxexlog(x) - 1/2%a*xd/x"2

Fricas [F] time = 0., size = 0, normalized size = 0.

aex? + ad + (bex2 + bd) arccos (cx)
,X

integral
g 3

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx~2+d)*(atb*arccos(c*x))/x"3,x, algorithm="fricas")

+ be arccos (cx) In (1 + (cx + iV—c?



[Out] integral((axe*x”2 + axd + (b*e*x”2 + bxd)*arccos(c*x))/x"3, x)

131

Sympy [F] time = 0., size = 0, normalized size = 0.

dx

f (a + bacos (cx)) (d + ex?)

3
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx**2+d)*(atb*acos(c*x))/x**3,x)

[Out] Integral((a + b*xacos(c*x))*(d + e*xx**2)/x**3, x)

Giac [F] time = 0., size = 0, normalized size = 0.

2
f (ex + d)(b a;:cos (cx) +a) ”

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((e*x~2+d)*(a+b*arccos(c*x))/x"3,x, algorithm="giac")

[Out] integrate((exx~2 + d)*(b*arccos(c*x) + a)/x"3, x)
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f (d+ex2)<a+b cos_l(cx)) q

x4

3.23

Optimal. Leaf size=85

X

1 -1
A (a+0 C(;S (cv)) ¢ (a-+beos™(ex) + 1 (c2d + 6e) tanh ™ ( 1- szz) +
3x X 6

bedV1 — c2x2
2

6x

[Out] (b*c*d*Sqrt[1 - ¢ 2*x72])/(6*x72) - (d*(a + b*ArcCos[c*x]))/(3*x~3) - (ex(a
+ b*ArcCos[c*x]))/x + (bxc*x(c”™2*d + 6*xe)*ArcTanh[Sqrt[1 - c~2*x"2]])/6

Rubi [A] time = 0.0909705, antiderivative size = 85, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 6, number of rules used = 7, integrand size = 19, L

integrand size
0.368, Rules used = {14, 4732, 12, 446, 78, 63, 208}

1 -1
o (” +beos (Cx)) ¢ (” + beos (Cx)) L (czd + 66) tanh ™! ( 1- szz)
3x3 X 6

N bedV1 — c2x2

6x2

Antiderivative was successfully verified.

[In] Int[((d + exx"2)*(a + bxArcCos[c*x]))/x"4,x]

[Out] (b*c*xd*Sqrt[l - c™2*x"2])/(6%x72) - (d*x(a + b*ArcCos[c*x]))/(3*x73) - (ex*x(a
+ bxArcCos[c*x]))/x + (b*ckx(c™2*d + 6%e)*ArcTanh[Sqrt[1l - c™2*x72]])/6

Rule 14

Int[(u_)*((c_.)*(x_))"(m_.), x_Symbol] :> Int[ExpandIntegrand[(c*x) m*u, x]
, x] /; FreeQ[{c, m}, x] && SumQ[u] && !LinearQ[u, x] && !'MatchQ[u, (a_)
+ (b_.)*x(v_ ) /; FreeQ[{a, b}, x] && InverseFunctionQ[v]]

Rule 4732

Int[((a_.) + ArcCos[(c_.)*x(x_)I*(b_.))*((f_.)*(x_)) " (m_.)*x((d_) + (e_.)*(x_
)72)"(p_.), x_Symbol] :> With[{u = IntHide[(f*x) "m*(d + e*x~2)7p, x]}, Dist
[a + b*ArcCos[c*x], u, x] + Dist[b*c, Int[SimplifyIntegrand[u/Sqrt[1l - c~2x
x~2], x], %], x1]1 /; FreeQ[{a, b, c, d, e, £, m}, x] && NeQ[c™2*%d + e, 0] &
& IntegerQ[p] && (GtQ[p, 0] || (IGtQ[(m - 1)/2, 0] && LeQ[m + p, 01))

Rule 12
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Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQ[a, x] && !'Match
Qlu, (b )*(v_) /; FreeQ[b, x]]

Rule 446

Int[(x_ )" (m_)*((a_) + (b_)*x_) (@ )) " (p_.)*((c_) + (d_.)*(x_)"(n_))"(q_.
), x_Symbol] :> Dist[1/n, Subst[Int[x~(Simplify[(m + 1)/n] - 1)*(a + b*x)7p
x(c + d*x)~q, x], x, x"n], x] /; FreeQ[{a, b, ¢, d, m, n, p, q}, x] && NeQ[
bxc - axd, 0] && IntegerQ[Simplify[(m + 1)/n]]

Rule 78

Int[((a_.) + (b_.)*(x_))*((c_.) + (d_)*(x_))"(n_.)*((e_.) + (f_.)*(x_))"(p
_.), x_Symbol] :> -Simp[((bxe - axf)*(c + d*x)~(n + 1)*(e + f*x)~(p + 1))/(
fx(p + 1)*(cxf - d*xe)), x] - Dist[(axd*fx(n + p + 2) - bx(d*ex(n + 1) + cxf
x(p + 1)))/(fx(p + 1)*(c*xf - d*xe)), Int[(c + d*x)"nx(e + f*x)"(p + 1), x],
x] /; FreeQ[{a, b, c, d, e, f, n}, x] & LtQ[p, -1] && ( 'LtQ[n, -1] || Int
egerQ[p] | !(IntegerQ[n] [ !(EqQle, 0] || !'(EqQ[c, 0] |l LtQlp, nl))))

Rule 63

Int[((a_.) + (b_)*(x_))"(m )*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator([m]}, Dist[p/b, Subst[Int[x~(px(m + 1) - 1)*(c - (axd)/b +
(d*x"p)/b)°n, x]1, x, (a + bxx)"(1/p)], x1] /; FreeQ[{a, b, c, d}, x] && NeQ
[bxc — axd, 0] && LtQ[-1, m, 0] && LeQ[-1, n, 0] && LeQ[Denominator[n], Den
ominator[m]] && IntLinearQ[a, b, ¢, d, m, n, x]

Rule 208
Int[((a_) + (b_.)*(x_)~2)"(-1), x_Symbol] :> Simp[(Rt[-(a/b), 2]*ArcTanh[x/

Rt[-(a/b), 2]11)/a, x] /; FreeQ[{a, b}, x] && NegQ[a/b]

Rubi steps
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dx

(d -+ exz) (a +b cos‘l(cx)) d (a +b Cos‘l(cx)) e (a +b cos‘l(cx)) —d - 3ex?
| dx = - - ) + (o) [ —

x4 3x3

d (a +b cos‘l(cx)) e (a +b cos‘l(cx)) 1 o f —d — 3ex2

- 3x3 X " 3 V1 = 252 ax
d(a+bcos™(cx)) el(a+bcosl(cx)) 1 —d—
=— ( 5 ( )) - ( ( )) + =(bc) Subst( A Bex dx, x, xz)
3x X 6 xzm
Vi—c2x2 d(a+bcos'(cx)) e(a+bcos™(cx 1
_ bed o ( ( )) - ( ( )) - — (bc (czd + 66)) Subst
6x2 3x3 x 12

b(c%d Sub
bedV1 —c2x2  d (11 +b cos‘l(cx)) e (a +b cos‘l(cx)) ( (C * 66)) ubst [f
= = - 0 - " + -
_ bedV1-c2x2 d (a+bcosTex)) ea+beosTMex)) 1

_ - 2 -1,
o2 33 " + 6bc (c d+ 6e) tanh (

Mathematica [A] time = 0.0612279, size = 130, normalized size = 1.53

d bedV1 —c2x? 1 1 bd cos™
SN i e gbc3d log(\/l - 2% + 1) - gbc3d log(x) + bce log(\/l —2x? + 1) _bdcos (ex) bee |

33 x 6x2 3x8
Antiderivative was successfully verified.

[In] Integrate[((d + e*x"2)*(a + b*ArcCos[c*x]))/x"4,x]

[Out] -(a*d)/(3*xx73) - (axe)/x + (bxckxd*Sqrt[l - c™2xx72])/(6*x"2) - (b*d*ArcCos[
c*xx])/(3*%x73) - (b*exArcCos[c*x])/x - (b*c~3*d*Logl[x])/6 - b*cxexLogl[x] + (
bxc~3*d*Log[1 + Sqrt[l - c™2*x"2]])/6 + bxckxexLogl[l + Sqrt[l - c™2*x"2]]

Maple [A] time = 0.009, size = 119, normalized size = 1.4

2
3 ( a (_i _d ) N b (_ arccos (cx)e  arccos(ex)d  c*d ( 1 e %Artanh(

1
a2 L P - || +er
2\ cx 3cx3) ¢ cx 3cxd 3\ 2¢2x? V22 + 1)) e

Verification of antiderivative is not currently implemented for this CAS.

[In] int((exx~2+d)*(a+b*arccos(c*x))/x"4,x)
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[Out] c~3*x(a/c”2x(-e/c/x-1/3/c*d/x"3)+b/c 2% (-arccos(c*x)*e/c/x-1/3*arccos(c*x)/c
*d/x73-1/3%c"2%d* (-1/2/c"2/x" 2% (-c™2%x"2+1) ~(1/2)-1/2*%arctanh (1/ (-c~2*xx"2+1
)" (1/2)))+exarctanh(1/(-c™2xx"2+1) " (1/2))))

Maxima [A] time = 1.49256, size = 161, normalized size = 1.89

1, 2V-c2x2+1 2 —2x2 +1 2 arccos (cx) 2V-c2x2+1 2| arccos(cx)
—|lcflog| ———— + + c— bd +|clog| ——— + - ———|be -

6 |x| |x| x? x3 |x| |x| X

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((e*x~2+d)*(atb*arccos(c*x))/x"4,x, algorithm="maxima")

[Out] 1/6*((c"2*log(2*sqrt(-c”2*x~2 + 1)/abs(x) + 2/abs(x)) + sqrt(-c™2*x"2 + 1)/
X"2)*c - 2%arccos(c*x)/x"3)*b*d + (c*log(2*sqrt(-c™2*x"2 + 1)/abs(x) + 2/ab
s(x)) - arccos(c*x)/x)*bxe - akxe/x - 1/3%axd/x"3

Fricas [B] time = 3.05402, size = 394, normalized size = 4.64

c2x2-1

4 (bd + 3 be)x® arctan (ﬂ) - (bc3d +6 bce)x3 log (V—c2x2 +1+ 1) + (bc3d +6 bce)x3 log (\/—czx2 +1- 1) -

123
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((e*x~2+d)*(atb*arccos(c*x))/x"4,x, algorithm="fricas")

[Out] -1/12%(4x(bxd + 3x*b*e)*x~3*arctan(sqrt(-c™2*x"2 + 1)*c*xx/(c™2*x"2 - 1)) - (
bxc~3*d + 6xbxckxe)*x"3*log(sqrt(-c™2*x"2 + 1) + 1) + (bxc™3*d + 6xbxc*e)*x"
3xlog(sqrt(-c™2*x"2 + 1) - 1) - 2%sqrt(-c™2%x72 + 1)*bxckd*x + 12%axe*x”2 +
4xaxd + 4*x(3xbxexx”2 - (b*d + 3*bxe)*x”~3 + b*d)*arccos(c*x))/x"3
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Sympy [A] time = 5.50967, size = 172, normalized size = 2.02

1
2 1) ool
c acosh(cx) 22

- for — >1
2 2x |02x2|
bed|4 .o . (1)
ictasin | — . .
cx 1c 1 .
> - + otherwise ) .
1 3 [ 1L _ = -

ad  ae 2x, /1—@ 2cx3, (1 o, acosh (Cx) for 2] >1 bd acc
= — bce . - 3
3x>  x 3 iasin (&) otherwise 2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx**2+d)*(atb*acos(c*x))/x**4,x)

[Out] -axd/(3*x**3) - axe/x - bkxcxd*Piecewise((-c**2*acosh(1/(c*x))/2 - c*xsqrt(-1
+ 1/ (cxx2xx*%2) )/ (2%x), 1/Abs(c**2xx**2) > 1), (Ixc**2*xasin(1/(c*x))/2 - 1

xc/ (2%xxsqrt (1 - 1/(ck*2%xx*x%2))) + I/(2%ckxx*k3xsqrt(l - 1/(cx*2xx*%x2))), Tr
ue))/3 - bxcxexPiecewise((-acosh(1/(c*x)), 1/Abs(c**2*x**2) > 1), (I*asin(1
/(c*x)), True)) - bxd*acos(c*x)/(3*x**x3) - bkexacos(c*x)/x

Giac [B] time = 13.8413, size = 4182, normalized size = 49.2

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx~2+d)*(atb*arccos(c*x))/x"4,x, algorithm="giac")

[Out] -1/3%bxc~3xd*arccos(c*xx)/(3*(c™2*x"2 - 1)/(c*x + 1)72 + 3*x(c™2*x"2 - 1)72/(
ckx + 1)74 + (c™2%xx72 - 1)73/(c*x + 1)76 + 1) + 1/6xb*c”3*d*log(abs(c*x + s
qrt(-c™2xx"2 + 1) + 1))/(3*(c”™2*x"2 - 1)/(c*x + 1)72 + 3*x(c™2*x"2 - 1)72/(c
xx + 1)74 + (c72%x72 - 1)73/(cxx + 1)76 + 1) - 1/6%b*c”3*d*log(abs(-c*x + s
qrt(-c™2*x"2 + 1) - 1))/(3*(c™2*x"2 - 1)/(c*x + 1)72 + 3*x(c™2*x"2 - 1)72/(c
*x + 1)74 + (c72%x72 - 1)73/(c*xx + 1)76 + 1) - 1/3%a*xc™3xd/(3*x(c™2*xx"2 - 1)
/(cxx + 1)72 + 3*%(c™2%x72 - 1)72/(c*xx + 1)74 + (c™2%x72 - 1)73/(c*x + 1)76
+ 1) + (c™2*%x72 - 1)*bxc~3xd*arccos(c*x)/((cxx + 1)72%(3*(c™2%x"2 - 1)/ (c*x
+ 1)72 + 3*%(c™2xx72 - 1)72/(cxx + 1)74 + (c72*%x72 - 1)73/(c*x + 1)76 + 1))
+ 1/2%(c72%x72 - 1)*bxc~3*d*log(abs(c*x + sqrt(-c™2*x"2 + 1) + 1))/((c*x +
1)72%x (3% (c™2*%x72 - 1)/(c*xx + 1)72 + 3*(c™2%x72 - 1)72/(c*x + 1)74 + (c™2%x
"2 - 1)73/(cxx + 1)76 + 1)) - 1/2*%(c”2%x"2 - 1)*bxc~3*d*log(abs(-c*x + sqrt
(mc™2%x72 + 1) - 1))/((c*kx + 1)72%x(3*x(c™2%x72 - 1)/(c*xx + 1)72 + 3% (c™2%x72
- 1)72/(c*xx + 1)74 + (c72*%x72 - 1)73/(c*x + 1)76 + 1)) + 1/3*sqrt(-c™2*x"2
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+ 1)*bxc”3*d/((cxx + 1)*(3*x(c™2%xx72 - 1)/(c*xx + 1)72 + 3*x(c™2%x72 - 1)72/(
cxx + 1)74 + (c72*%x72 - 1)73/(cxx + 1)76 + 1)) + (c™2*x"2 - 1)*axc™3xd/((c*
X + 1)72%x(3x(c™2%x72 - 1)/(ckxx + 1)72 + 3%x(c™2%x"2 - 1)72/(cxx + 1)74 + (c~
2%x72 - 1)73/(ckx + 1)76 + 1)) - (c72%x72 - 1) 2*b*c”3*d*arccos (c*x)/((c*x
+ 1)74x (3% (c™2%x72 - 1) /(c*x + 1)72 + 3% (c™2*x™2 - 1)72/(c*x + 1)74 + (c™2%
x"2 - 1)73/(cxx + 1)76 + 1)) - b*c*arccos(c*x)*e/(3*(c™2%x"2 - 1)/(cxx + 1)
T2+ 3%(cT2%x72 - 1)72/(exx + 1)74 + (¢cT2*%x72 - 1)73/(cxx + 1)76 + 1) + 1/2
*x(c72%x72 - 1)72xb*c”3*d*log(abs(cxx + sqrt(-c™2*x72 + 1) + 1))/((c*x + 1)~
4% (3% (c™2*x72 - 1)/(cxx + 1)72 + 3*(c™2%x72 - 1)72/(c*xx + 1)74 + (c™2*x™2 -

1)73/(cxx + 1)76 + 1)) + bxcxexlog(abs(cxx + sqrt(-c™2*x72 + 1) + 1))/(3*(
c”2xx”2 - 1)/(c*xx + 1)72 + 3*x(c™2*%x"2 - 1)72/(c*x + 1)74 + (c™2*x"2 - 1)73/
(cxx + 1)76 + 1) - 1/2%(c™2%x"2 - 1) 2*b*c"3*d*log(abs(-c*x + sqrt(-c™2*x"2

+ 1) - 1))/ ((cxx + 1)74%(3*(c™2*%x72 - 1)/(c*xx + 1)72 + 3% (c™2*%x"2 - 1)72/(
ckx + 1)74 + (c™2*%x72 - 1)73/(c*x + 1)76 + 1)) - b*cxexlog(abs(-c*x + sqrt(
—cT2xx72 + 1) - 1))/(3*(c”2*x”2 - 1)/(cxx + 1)72 + 3*(c™2%x72 - 1)72/(cxx +

1)74 + (c72*x72 - 1)73/(c*x + 1)76 + 1) - (c™2*x™2 - 1)72*xa*xc”3*d/((c*xx +
1)74x(3x(c™2%x72 - 1)/(c*x + 1)72 + 3% (c™2%x72 - 1)72/(c*x + 1)74 + (c™2%x~
2 - 1)73/(ckx + 1)76 + 1)) + 1/3%(c™2%x"2 - 1) " 3*b*c~3*d*arccos(c*x)/((c*x
+ 1)76%(3*x(c™2*x72 - 1)/(c*kx + 1)72 + 3*%(c™2*%x"2 - 1)72/(c*x + 1)74 + (c™2%
Xx"2 - 1)73/(c*x + 1)76 + 1)) - axc*xe/(3*(c™2*x"2 - 1)/(c*xx + 1)72 + 3*x(c™2%
x"2 - 1)72/(cxx + 1)74 + (c™2%x"2 - 1)73/(c*xx + 1)76 + 1) - (c™2*%x"2 - 1)*b
xckxarccos(cxx)*e/((c*xx + 1)72%(3*%(c™2*xx"2 - 1)/(c*x + 1)72 + 3x(c™2*x"2 - 1
)72/ (cxx + 1)74 + (c™2%x72 - 1)73/(c*xx + 1)76 + 1)) + 1/6*%(c™2*x"2 - 1)~ 3%b
xc”~3*xd*log(abs(c*x + sqrt(-c™2*x"2 + 1) + 1))/((cxx + 1)76%(3*(c™2*x"2 - 1)
/(cxx + 1)72 + 3*%(c™2*%x72 - 1)72/(c*x + 1)74 + (c™2*x"2 - 1)73/(c*x + 1)76
+ 1)) + 3*%(c™2*x72 - 1)*bxcxexlog(abs(c*x + sqrt(-c”2*x"2 + 1) + 1))/ ((c*x
+ 1)72x (3% (c™2*%x72 - 1)/(c*x + 1)72 + 3*(c™2*%x72 - 1)72/(c*x + 1)74 + (c™2%
x"2 - 1)73/(cxx + 1)76 + 1)) - 1/6x(c”2*%x72 - 1) 3*bxc"3*d*log(abs(-c*x + s
qrt(-c™2xx72 + 1) - 1))/((cxx + 1)76%(3*%(c™2*x"2 - 1)/(c*x + 1)72 + 3*(c™2%
x"2 - 1)72/(cxx + 1)74 + (c™2%x72 - 1)73/(c*x + 1)76 + 1)) - 3*(c™2*xx"2 - 1
) *b*xckexlog(abs(-c*x + sqrt(-c™2*x"2 + 1) - 1))/((cxx + 1)72%(3*x(c™2*x"2 -
1)/(cxx + 1)72 + 3*%(c™2*%x72 - 1)72/(cxx + 1)74 + (c™2*%x"2 - 1)73/(c*xx + 1)~
6 + 1)) - 1/3*%(c™2*x72 - 1)72*sqrt(-c™2*x72 + 1)*b*xc™3*d/((c*x + 1)75*x(3*(c
“2%x72 - 1)/(ckx + 1)72 + 3*%(c”2%x72 - 1)72/(c*xx + 1)74 + (c72*xx72 - 1)73/(
cxx + 1)76 + 1)) + 1/3%x(c™2*x72 - 1) 3*xa*c”3*d/((c*x + 1)76%x(3*x(c™2*%x"2 - 1
)/ (c*xx + 1)72 + 3*%(c™2*xx72 - 1)72/(c*xx + 1)74 + (c™2*%x"2 - 1)73/(c*x + 1)76

+ 1)) - (c72*%x72 - 1)*a*xc*xe/((cxx + 1)72x(3*(c™2%x72 - 1)/(c*x + 1)72 + 3%
(c72%x72 = 1)72/(c*x + 1)74 + (c™2%x72 - 1)73/(c*x + 1)76 + 1)) + (c™2%x72
- 1) "2*b*c*arccos(cxx)*e/((c*x + 1)74*%(3*(c™2*x"2 — 1)/(cxx + 1)72 + 3*(c™2
*x72 - 1)72/(c*x + 1)74 + (c72*%x72 - 1)73/(cxx + 1)76 + 1)) + 3*x(c™2*%x"2 -
1) "2%b*xcxe*xlog(abs(c*x + sqrt(-c™2*x72 + 1) + 1))/((c*x + 1)74*%(3*(c™2*x"2
- 1)/(c*kx + 1)72 + 3*%(c™2*%x"2 - 1)72/(c*x + 1)74 + (c™2*%x72 - 1)73/(c*x + 1
)76 + 1)) - 3x(c72%x72 - 1) 2xb*ckxexlog(abs(-c*x + sqrt(-c™2*x"2 + 1) - 1))
/((cxx + 1)74% (3% (c™2*%x72 - 1)/(c*x + 1)72 + 3*(c™2%x"2 - 1)72/(c*xx + 1)74
+ (c72%x72 = 1)73/(c*x + 1)76 + 1)) + (c™2*x72 - 1) 2*axc*xe/((cxx + 1)74%(3
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*¥(c™2xx72 - 1)/(c*xx + 1)72 + 3*x(c™2*%x"2 - 1)72/(cxx + 1)74 + (c™2*%x"2 - 1)~
3/(cxx + 1)76 + 1)) + (c™2%x"2 - 1) " 3*bxcxarccos(c*x)*e/((c*x + 1)76x(3*(c”
2%x72 - 1)/(c*xx + 1)72 + 3*%(c™2*%x"2 - 1)72/(c*xx + 1)74 + (c™2*x"2 - 1)73/(c
*x + 1)76 + 1)) + (c72%x72 - 1) 3xb*c*xexlog(abs(c*x + sqrt(-c™2*x"2 + 1) +
1))/ ((cxx + 1)76%(3*%(c™2*%x"2 - 1)/(c*xx + 1)72 + 3*(c™2*%x"2 - 1)72/(c*x + 1)
"4 + (c72%x72 - 1)73/(ckx + 1)76 + 1)) - (c72*%x72 - 1) 3*b*c*exlog(abs(-c*x
+ sqrt(-c”2*x72 + 1) - 1))/((cxx + 1)76%(3*(c™2*x"2 - 1)/(c*xx + 1)72 + 3%(
cT2%x72 - 1)72/(ckxx + 1)74 + (c”2*%x72 - 1)73/(c*xx + 1)76 + 1)) + (c™2*%x"2 -
1) "3*xaxcxe/((c*xx + 1)76*%(3*(c™2*x72 — 1)/(c*xx + 1)72 + 3*(c™2*x"2 - 1)72/(
cxx + 1)74 + (¢c™2*%x72 - 1)73/(c*x + 1)76 + 1))
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3.24 f (c + dx2)2 cos ™ (ax) dx

Optimal. Leaf size=135

5/2

V1 — a2x? (15a4c2 +10a%cd + 3d2)

2d (1 - a2x2)3/2 (5a2c + 3d) d? (1 - azxz)
B 1505 " 4505 T

2
+ c?x cos Hax) + gcdxe’ cos™ (s

[Out] -((15*%a~4*c™2 + 10*a~2*cxd + 3*d~2)*Sqrt[l - a~2*x"2])/(15*%a~5) + (2*xdx*(5*a
“2xc + 3*xd)*x(1 - a”2%x72)7(3/2))/(45%a”5) - (d72*x(1 - a~2*xx"2)7(5/2))/(25*a
~5) + c”2xx*ArcCos[a*xx] + (2*cxd*x~3*ArcCos[a*x])/3 + (d~2*x~5*xArcCos[a*x])

/5

Rubi [A] time = 0.127258, antiderivative size = 135, normalized size of antiderivative

. . b f rul
1., number of steps used = 5, number of rules used = 5, integrand size = 14, e

integrand size
0.357, Rules used = {194, 4666, 12, 1247, 698}

V1 - a2x? (15114c2 +10a%cd + 3d2) 2d (1 - a2x2)3/2 (55120 + 3d) d? (1 - a2x2)5/2
B 1505 " 4505 T e

2
+ c?x cos Hax) + gcdx3 cos (s

Antiderivative was successfully verified.

[In] Int[(c + d*x"2) " 2%ArcCos[a*x],x]

[Out] -((15*a~4*c™2 + 10*a"2*cxd + 3*%d~2)*Sqrt[l - a~2*xx"2])/(15%a~b) + (2*xdx*(5*a
“2%c + 3kd)*x(1 - a”2%x"2)7(3/2))/(45%a"5) - (d72*x(1 - a~2*xx"2)"(5/2))/(25%a
“B) + c"2xx*ArcCos[a*xx] + (2*cxd*x"3*ArcCos[a*x])/3 + (d"2*x"5*xArcCos[a*xx])

/5

Rule 194

Int[((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Int[ExpandIntegrand[(a + b*
x"n)7p, x], x] /; FreeQ[{a, b}, x] && IGtQ[n, 0] && IGtQ[p, O]

Rule 4666

Int[((a_.) + ArcCos[(c_.)*(x_)I*x(b_.))*((d_) + (e_.)*(x_)"2)"(p_.), x_Symbo
1] :> With[{u = IntHide[(d + e*x"2)"p, x]}, Dist[a + b*ArcCos[c*x], u, x] +
Dist[b*c, Int[SimplifyIntegrand[u/Sqrt[1 - ¢™2*x~2], x], x], x]] /; FreeQ[
{a, b, c, d, e}, x] && NeQ[c™2*d + e, 0] && (IGtQ[p, 0] || ILtQ[p + 1/2, O]
)
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Rule 12

Int[(a_)*(u_), x_Symbol] :> Distla, Int[u, x], x] /; FreeQla, x] && !'Match
Qlu, (b_)*(v_) /; FreeQ[b, x]]

Rule 1247

Int[(x_)*((d_) + (e_.)*(x_)"2)7(q_.)*((a_) + (b_.)*(x_)"2 + (c_.)*(x_)"4)"(
p_.), x_Symbol] :> Dist[1/2, Subst[Int[(d + exx)"g*(a + b*x + c*x72)7p, x],
x, x72], x] /; FreeQ[{a, b, c, d, e, p, qf, x]

Rule 698

Int[((d_.) + (e_)*(x_)) " (m)*x((a_.) + (b_)*(x_) + (c_)*x)D"2)"(p_.), x_
Symbol] :> Int[ExpandIntegrand[(d + exx) mx(a + b¥x + c*x"2)7p, x], x] /; F
reeQ[{a, b, c, d, e, m}, x] && NeQ[b~2 - 4*xaxc, 0] && NeQ[c*d"2 - bxd*xe + a
*e"2, 0] && NeQ[2*c*d - bxe, 0] && IntegerQ[p] && (GtQlp, 0] || (EqQla, 0]
&% IntegerQ[m]))

Rubi steps

X (15c2 + 10cdx?

+ 3d2x4) J
X

2 2 1
f(c+dx2) cos Nax) dx = c®x cos™(ax) + 3calx cos !(ax) + 5d2x cos™!(ax) + af

15V1 — a2x2

15c +10cdx? + 3d%x 4)

dx

2 1
= c?x cos !(ax) + gcdx3 cos (ax) + gdzx cos™!(ax) + —a f

=

VI 22
150 + 10cdx + 3d%x?

2 1 1
2x cos(ax) + gcdxg’ cos (ax) + gdzxf’ cos™!(ax) + 35" Subst ( f

V1 - a?%x

15a%c? + 10a2cd + 3

2 1
= c?x cos™!(ax) + cdx cos™(ax) + dzx cos™!(ax) + 30" Subst [f(

a*V1 - a%x
(15a4c2 +10a%cd + 3d2) Vi-a2? 2d (Sa c+3d) (1 —a x2)3/2 2 (1 - a2x2)5/2 5
— 15a° * 4545 - 2575 +

Mathematica [A] time = 0.115404, size = 99, normalized size = 0.73

dzx5) V1 - a2 (a* (225¢2 + 50cdx? + 9d2x*) + 4a2d (25¢ + 3dx?) + 24d?)

cos™(ax) (czx + gcdx*% + z LS

Antiderivative was successfully verified.



141

[In] Integrate[(c + d*x72) 2*ArcCos[a*x],x]

[Out] -(Sqrtl[l - a™2%x72]*(24*d~2 + 4*xa~2xd*(25%c + 3*d*x"2) + a~4%(225*%c™2 + 50%
ckd*x"2 + 9%d"2%x74)))/(225%a~5) + (c"2*%x + (2*%c*d*x"3)/3 + (d"2*%x"5)/5)*Ar
cCos [ax*xx]

Maple [A] time = 0.022, size = 169, normalized size = 1.3

1 25 2 dx3 1
1| aarccos@)da | 2aarceos (ax) cdx + arccos (ax) c?ax + — [3d?| -1/5a*x

o AaPxN -2 +

15

a 5 3 15a*
Verification of antiderivative is not currently implemented for this CAS.

[In] int((d*x"2+c) ~2*arccos(a*x) ,x)

[Out] 1/a*x(1/5*a*arccos(a*x)*d~2*x~5+2/3*a*arccos (a*xx)*cxd*x~3+arccos (a*x)*c”~2*ax*
x+1/15/a" 4% (3xd~ 2% (-1/5%a"4xx"4* (—a~2*x"2+1) " (1/2)-4/15%a"2*xx" 2% (—a~2*x"2+1

)" (1/2)-8/15%(-a~2*%xx"2+1) " (1/2) ) +10*a~2xc*xd* (-1/3*%a"2xx" 2% (-a~2*x"2+1) " (1/2
)-2/3%(—a~2%x"2+1) " (1/2) ) -15*%a"~4*c~2*x (-a~2*%x"2+1) " (1/2)))

Maxima [A] time = 1.47587, size = 216, normalized size = 1.6

1 (9 V-a2x2 +1d%x* . 50 V—a2x2 + 1cdx? s 225 V—a2x2 +1c . 12 V—a2x2 + 1d%x? . 100 V=a2x2 + 1cd . 24
795 2 2 4 4 _

225 a? a a a a

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x~2+c) " 2*arccos(a*x),x, algorithm="maxima"

[Out] -1/225%(9%sqrt(-a~2*x"2 + 1)*d"2*x"4/a”2 + 50*sqrt(-a~2*x"2 + 1)*c*d*x~2/a”
2 + 225xsqrt(-a”2*x"2 + 1)*c”2/a”2 + 12xsqrt(-a”2*x"2 + 1)*d"2xx"2/a"4 + 10
Oxsqrt(-a~2*x"2 + 1)*c*d/a"4 + 24xsqrt(-a~2*x"2 + 1)*d"2/a"6)*a + 1/15%(3*d
“2%x75 + 10%cxd*x”~3 + 15%c~2*x)*arccos(axx)

Fricas [A] time = 2.40604, size = 247, normalized size = 1.83

15 (3 2%d2x° +10 a%cdx® + 15 a°c2x) arccos (ax) — (9 a*d?x* + 225 a*c? + 100 a%cd + 2 (25 a*ed + 6 a%d?)x? + 24 d%)V/
225 a5
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x~2+c) 2*arccos(a*x),x, algorithm="fricas")

[Out] 1/225%(15%(3%a~5*d~2*x"5 + 10%a”b*cxd*x~3 + 15%a”5xc~2xx)*arccos(a*x) - (9%
a~4*xd"2*x"4 + 225%a~4*c”2 + 100*a”2*cxd + 2% (25%a”4xc*d + 6*a”2xd"2)*x"2 +

24%d”2)*sqrt(-a~2*x"2 + 1))/a”b

Sympy [A] time = 2.61294, size = 197, normalized size = 1.46

AV=-a2x2+1  2cdx®V-a2x2+1  d2x*V-a2x2+1  4dedV-a2x2+1  4d?x2V-a2x2+1 847

sz ACOS (le) " 2¢dx® acos (ax) d2x® acos (ax)
3 5 a 9a 25a 9a3 7543
2 +2€dx3+&
Tl ctx+ =5 5
2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x**2+c)**2%acos(a*x),x)

[Out] Piecewise((c**2xx*acos(a*x) + 2xckd*x**3*acos(a*xx)/3 + dx*x2*xx*x5*acos(a*x)/
5 — cx¥2xsqrt(—a¥x*2*x¥*2 + 1)/a — 2kckd*x*x*k2%sqrt (-a**x2xx*x*2 + 1)/(9*%a) - d
*k2xxkkdrsqrt (-ax*x2*x*x*2 + 1)/(25%a) - 4*xckdrsqrt(—a**x2xxx*2 + 1) /(9%a**3)

= Akdxk2kxxk2ksqrt (—axx2kxx*k*2 + 1)/ (75*a*x*3) - 8kxd*x*2*sqrt (-ax*2xx*x*x2 + 1)/
(75%xa*xx5), Ne(a, 0)), (pi*(c**x2*x + 2%kcxd*x**3/3 + d*x*2xx**5/5)/2, True))

Giac [A] time = 1.14764, size = 216, normalized size = 1.6

V—a2x2 + 1d?%x* 2V=a2x2 +1cdx® V-a2x2 +1c%> 4~

1 2
z d?x® arccos (ax) + 3 cdx® arccos (ax) — =2 + c2x arccos (ax) — r -

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x~2+c) " 2*arccos(a*x),x, algorithm="giac")

[Out] 1/5*%d"2*x"5*arccos(a*x) + 2/3*cxd*x~3*arccos(a*x) - 1/25xsqrt(-a”2*x"2 + 1)
xd"2*x"4/a + c"2xx*arccos(axx) - 2/9*sqrt(-a”2xx"2 + 1)*c*xd*x"2/a - sqrt(-a
T2%x72 + 1)*c"2/a - 4/75*%sqrt(-a”2*x"2 + 1)*d"2*x"2/a”3 - 4/9*sqrt(-a"2*x"2

+ 1)*cxd/a”3 - 8/75*sqrt(-a~2*x"2 + 1)*d~2/a"5
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3.25 f (c + dx2)3 cos ™ (ax) dx

Optimal. Leaf size=205

d(1- a2x2)3/ 2 (35a4c2 +42a%cd + 15d2) V1 - a2x2 (35a4czd +35a°c% + 21a?cd? + 54°)  3d? (1 - azxz)s/ 2 (7a2c +

10547 3547 17547

[Out] -((35*%a”6xc™3 + 3b*a~4*xc™2+d + 21*a”2*%cxd”2 + 5*d~3)*Sqrt[1 - a~2*x~2])/(35
*a”7) + (d*(35*%a"4*xc”2 + 42%a~2%c*xd + 156%d72)*(1 - a~2*xx"2)~(3/2))/(105*%a"7

) = (3*%d"2%(7*a"2*%c + 5xd)*(1 - a~2*x"2)7(5/2))/(175%a~7) + (d"3*(1 - a~2%x
“2)7(7/2))/(49*%a"7) + c~3xxxArcCos[a*x] + c ™ 2*xd*x~3*ArcCos[axx] + (3*c*d~2%
x"5*ArcCos[a*x])/5 + (d"3*x"7xArcCos[axx])/7

Rubi [A] time = 0.243708, antiderivative size = 205, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 5, number of rules used = 5, integrand size = 14, LT

integrand size
0.357, Rules used = {194, 4666, 12, 1799, 1850}

4 (1-a222)"" (35042 + 42a%d + 152) V1 - 22 (35043 + 35a5C° + 20a%cd? + 58°) 32 (1-a2x2)" (7aPc+

10547 3547 17547

Antiderivative was successfully verified.

[In] Int[(c + d*x~2) " 3*ArcCos[a*x],x]

[Out] -((35*%a~6xc™3 + 35*a~4*c™2+d + 21*a”2*xcxd"2 + 5*d"3)*Sqrt[1 - a~2*x"2])/(35
*a”7) + (d*(35*xa”4*c”2 + 42xa”2*c*d + 15%xd"2)*(1 - a~2*x"2)~(3/2))/(105%a"7

) — (Bxd"2%(7xa"2*xc + 5xd)*(1 - a~2*x"2)7(5/2))/(175%a”7) + (d"3*x(1 - a”"2%x
~2)7(7/2))/(49*%a"7) + c~3xx*xArcCos[a*x] + c ™ 2*xd*x"3*ArcCos[a*x] + (3*c*d™ 2%
x"5xArcCos[a*x]) /5 + (d~3%x"7*xArcCos[a*x])/7

Rule 194

Int[((a_) + (b_.)*(x )" (n_))"(p_), x_Symbol] :> Int[ExpandIntegrand[(a + bx
x"n)7p, x], x] /; FreeQ[{a, b}, x] && IGtQ[n, 0] && IGtQ[p, O]

Rule 4666

Int[((a_.) + ArcCos[(c_.)*(x_)]*(b_.))*((d_) + (e_.)*x(x_)"2)"(p_.), x_Symbo
1] :> With[{u = IntHide[(d + e*x~2)"p, x]}, Dist[a + b*ArcCos[c*x], u, x] +
Dist[b*c, Int[SimplifyIntegrand[u/Sqrt[1 - c¢™2*x72], x], x], x]] /; FreeQ[
{a, b, ¢, d, e}, x] && NeQ[c™2*d + e, 0] && (IGtQ[p, O] || ILtQ[p + 1/2, 0]
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Int[(a )*(u ),
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x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQla, x] &% !'Match

Qlu, (b )*(v_) /; FreeQ[b, x]]

Rule 1799

Int[(Pq )*(x_ )" (m_.)*((a_) + (b_)*(x_)"2)"(p_.), x_Symbol] :> Dist[1/2, Su
bst[Int[x~((m - 1)/2)*SubstFor[x~2, Pq, x]*(a + b*x)7p, x], x, x72], x] /;

FreeQ [{a, b’ p},

Rule 1850

x] && PolyQ[Pq, x~2] && IntegerQ[(m - 1)/2]

Int[(Pg )*x((a_) + (b_.)*(x_ )" (n_.))"(p_.), x_Symbol] :> Int[ExpandIntegrand
[Pgx(a + b*x"n)7p, x], x] /; FreeQ[{a, b, n}, x] && PolyQ[Pq, x] && (IGtQ[p

, 01 Il EqQln,

Rubi steps

3 3 1
f (c + dxz) cos Nax) dx = x cos™ (ax) + c?dx3 cos™ (ax) + gcd2x5 cos™ax) + §d3x7 cos N(ax) + a

Mathematica [A]

3
cos~!(ax) (czdx3 +3x + gcd2x5 +

y’-x(35c34—35(

3 1 35C
= 3x cos L(ax) + c?dx® cos ™! (ax) + gcdzx cos™(ax) + 7d3x7 cos !(ax) + —a f

3 1
= 3x cos ! (ax) + c?dx® cos ! (ax) + gcd2x5 cos™!(ax) + ;de’x cos™(ax) + —a Subst (
3 -1 27.3 el 3 » -1 L7 .
= c’x cos (ax) + c=dx’ cos™ (ax) + gcd x° cos™(ax) + d x’ cos™ (ax) + —a Subst

(35a6 3+ 35a%c?d + 21a?cd? + 5d3) V1 — a2x2 d (35{14c2 + 42a%cd + 15d2) - azx
3547 10547

time = 0.160836, size = 149, normalized size = 0.73

d%v V1 - a2 (a6 (1225c2dx? + 3675¢% + 441cd?x* + 754%x° ) + 2a*d (1225¢% +
- 367547

Antiderivative was successfully verified.
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[In] Integrate[(c + d*x72) 3*ArcCos[a*x],x]

[Out] -(Sqrtl[l - a™2%x72]*(240%d"3 + 24*a”2xd"~2x(49%c + 5xd*x~2) + 2%a~4*d*(1225%
C72 + 294xckxd*x”2 + 45*%d72*x74) + a"6*(3675%c”3 + 1225%cT2*d*x”2 + 441xc*xd”

2%x74 + 75%d"3%x76)))/(3675%a"7) + (c"3*x + c"2*%d*x"3 + (3*c*kd"2*x75)/5 + (
d~3*x"7)/7)*ArcCos [a*x]

Maple [A] time = 0.007, size = 270, normalized size = 1.3

1 (aarccos (ax)d®x”  3aarccos (ax) cd?x° 1
- 7( ) + 5( ) + aarccos (ax) c2dx® + arccos (ax) cax + BE 5d3| -1/7 a®x®V—-a2x2

Verification of antiderivative is not currently implemented for this CAS.

[In] int((d*x"2+c) 3*arccos(a*x),x)

[Out] 1/ax(1/7*a*arccos (a*x)*d~3*x"7+3/5*a*arccos (a*x)*cxd~2*x~5+a*arccos (a*xx)*c”
2*d*x~3+arccos (a*xx)*c~3*axx+1/35/a"6* (5xd"3* (-1/7*a”~6*xx~ 6% (—a~2%x"2+1) ~(1/2
)—-6/35%xa"4*xx"4x (-a~2xx"2+1) " (1/2)-8/35*%a"2*xx" 2% (—a"2*x"2+1) " (1/2)-16/35*%(-a
T2%xxT2+1) T (1/2) ) +21%a" 2xcxd" 2% (—1/5%a"4*x"4*x (—a"2xx"2+1) " (1/2)-4/15%a"2xx "2
*(—a”2*x72+1) 7 (1/2)-8/15x (-a~2*x"2+1) ~(1/2) ) +35%a~4*xc~2*d* (-1/3*a"2*x"2x (-a
“2%xT2+1) " (1/2)-2/3%(—a”2%x"2+1) " (1/2) ) -35*%a~6*c”"3x (—a"2*xx"2+1) " (1/2)))

Maxima [A] time = 1.46483, size = 360, normalized size = 1.76

1 (75V—-a2x2 +14%x® . 441 V-a2x2 + 1cd?x* N 1225 V—a2x? + 1c%dx? N 90 V—a2x? + 1d%x* N 3675 V—a?x2 +
2 2 n 2

3675 a2 a a a a

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x~2+c) " 3*arccos(a*x),x, algorithm="maxima"

[Out] -1/3675%(75*sqrt(-a™2*x"2 + 1)*d"3*x76/a"2 + 441*sqrt(-a~2*x"2 + 1)*c*d~2*x
“4/a”2 + 1225xsqrt(-a”2*xx72 + 1)*c”2xd*x72/a”2 + 90*sqrt(-a”2*x"2 + 1)*d"3x
X"4/a"4 + 3675*sqrt(-a”2*x"2 + 1)*c”3/a”2 + 588xsqrt(-a”2%x"2 + 1)*c*xd"2*x”
2/a”4 + 2450*sqrt(-a”2*x"2 + 1)*c"2+d/a"4 + 120*sqrt(-a”2*x"2 + 1)*d"3*x"2/

a”6 + 1176%sqrt(-a”2*x"2 + 1)*xc*d~2/a"6 + 240*sqrt(-a~2*x"2 + 1)*d~3/a"8)*a

+ 1/36%(5*%d™3%x77 + 21*cxd™2%x”5 + 3b%c”2%d*x"3 + 35%c”3%x)*arccos (a*x)
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Fricas [A] time = 2.4291, size = 385, normalized size = 1.88

105 (5 a’d3x” + 21 a’cd?x® + 354’ c?dx® + 35 u7c3x) arccos (ax) — (75 a®d3x® + 3675 a®c3 + 2450 a*c?d + 1176 a®cd? + 9

3675a”

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x~2+c) 3*arccos(a*x),x, algorithm="fricas")

[Out] 1/3675%(105%(5%a”7xd"3%x"7 + 21%a~7*xc*d 2%x~5 + 35%a”7xc”~2*d*x"3 + 3b*a”7*c

~3%x)*arccos(a*x) - (75*xa”~6*xd"3%x"6 + 3675*%a"6%c~3 + 2450*%a"4*c™2xd + 1176%
a"2%cxd”2 + 9% (49*a”6xcxd”2 + 10%a”~4*d"3)*x"4 + 240%d"3 + (1225*%xa"6*xc”2xd +
588*a”4xc*d”2 + 120*a”2%d”3)*x"2)*sqrt(-a"2*x"2 + 1))/a”7

Sympy [A] time = 8.37067, size = 326, normalized size = 1.59

3 3cd?xS acos(ax)  d3x7 acos(ax)  AV-a2x2+1

Adx®V-a2x2+1  3cd?x*V-a2x2+1  dPxOV-n2x2+1

x acos (ax) + c2dx3 acos (ax) +

sed25 i3
n(c3x+c2dx3 + % + TA

€ 5 7 a 3a 25a

2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x**2+c)**3*acos(a*x) ,x)

49a

[Out] Piecewise((c**3*x*acos(a*xx) + ckx*x2kxdxx**x3%acos(a*x) + 3*kcxd**x2*xx*x*x5%acos(ax*

x)/5 + d¥x*3kx*k*Txacos(a*xx) /7 — cx*3*ksqrt(—a**x2xxx*2 + 1)/a — cx*2*xd*x**2*sq
rt(—a*xk2xx*x*2 + 1)/(3%a) - 3kcxd**2xxk*kdxsqrt (-a*x*2*xx**2 + 1)/(25%a) - d**3
*xx*k*x6ksqrt (—axk2xx*k*2 + 1)/(49%a) - 2kc*x*2xd*ksqrt (-a*x*2*x*x*2 + 1)/(3*a**3)
= Axckdxk2xx*kx2*%sqrt (axk2xx*k*2 + 1) /(25*%a*x3) - 6xd**3*xx*k*k4*sqrt (—a*x*2*kx*k
2 + 1)/(245%ax*3) - 8kcxd**2*sqrt (—ax*2+x**2 + 1)/(25%a*x5) — 8xd*x3*x**2*s
grt (—ax*2*xx*xx2 + 1)/(245*%a*xx5) - 16*dx*3*sqrt(—a*x*2*xx*x*2 + 1)/(245*ax*7), N
e(a, 0)), (pix(c**3*x + ck*2kd*x**3 + 3kckd*x*2xx**5/5 + d**3*x*x7/7)/2, Tru
e))

Giac [A] time = 1.18997, size = 365, normalized size = 1.78

V—a2x2 + 1d3x° 3V—-a2x? + 1cd®x*

7 + c2dx3 arccos (ax) — =2

1 3
- d®x” arccos (ax) + z cd?x® arccos (ax) —

+ c3x arccos (ax)
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x~2+c) " 3*arccos(a*x),x, algorithm="giac")

[Out] 1/7*d~3*x"7*arccos(a*x) + 3/5xcxd”2*x"5*arccos(a*x) - 1/49xsqrt(-a”2*x"2 +
1)*d"3*x"6/a + c”2*d*x"3*arccos(akxx) - 3/25*%sqrt(-a”2*x”2 + 1)xcxd"2xx"4/a
+ c”3*x*xarccos(a*xx) - 1/3*sqrt(-a”2*x"2 + 1)*c"2*d*x"2/a - 6/245*sqrt(-a~2x
X"2 + 1)*xd"3*x74/a"3 - sqrt(-a”2*x"2 + 1)*c”3/a - 4/25xsqrt(-a”2*x"2 + 1)*c
xd"2*x72/a”3 - 2/3*sqrt(-a”2*x"2 + 1)*c"2*d/a”3 - 8/24b*sqrt(-a”2*x”"2 + 1)*
d"3%x72/a"5 - 8/2b5*%sqrt(-a”2*x"2 + 1)*xc*d~2/a”5 - 16/245*sqrt(-a”"2*x"2 + 1)

*d~3/a”7
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2 4 1
3.26 f (c + dx ) cos™ (ax) dx
Optimal. Leaf size=292

242 (1 - a2x2)5/ ? (63a4c2 +90a%cd + 35d2) 4d (1 - a2x2)3/ 2 (189a4c2d +105a8¢3 + 135a2cd? + 35d3) V1 — a2x2 (3
—_ + p—
52549 94549

[Out] -((315%a~8*c”4 + 420*a”6*xc”3*d + 378*a"4*c”2xd"2 + 180*a~2xc*d”~3 + 35*xd"4)*
Sqrt[1 - a™2*x72])/(316%a"9) + (4*d*(105*xa~6*c~3 + 189%a~4*c™2*d + 135%a~2x

c*xd”2 + 35%d"3)*(1 - a"2*xx72)7(3/2))/(945%a"9) - (2xd~2*(63*a"4*xc~2 + 90%*a”

2%cxd + 35xd72)*(1 - a”2*xx72)7(5/2))/(525%a”9) + (4*xd~3*(9*a~2*c + 7*d)*(1

- a™2xx"2)7(7/2))/(441%xa”9) - (d~4*x(1 - a~2*xx"2)"(9/2))/(81*%a"9) + c 4xx*Ar
cCosl[a*x] + (4*xc™3*d*x"3*ArcCos[a*x])/3 + (6*c~2xd"2*x"5*ArcCos[a*x])/5 + (
4*xc*xd~3*x"7*ArcCos [a*x]) /7 + (d~4*xx"9*ArcCos[a*x])/9

Rubi [A] time = 0.326099, antiderivative size = 292, normalized size of antiderivative =

. . b f rul
1., number of steps used = 5, number of rules used = 5, integrand size = 14, e

integrand size
0.357, Rules used = {194, 4666, 12, 1799, 1850}

242 (1 - a2x2)5/2 (63a4c2 +90a2cd + 35d2) 4d (1 - a2x2)3/2 (189a4c2d +105a°¢3 + 135a2¢d? + 35d3) V1 — a2x2 (3
p— + p—
52549 9454°

Antiderivative was successfully verified.

[In] Int[(c + d*x"2) 4xArcCos[a*x] ,x]

[Out] -((315%a~8*c~4 + 420*a”6*xc~3*d + 378*a~4*c”2*xd"2 + 180*a”2*xc*d”~3 + 35%d~4)*
Sqrt[1 - a™2*x72])/(315%a"9) + (4xd*(105*xa”6*c~3 + 189*a~4*c~2+d + 135*a~2x

cxd”2 + 35%d73)*(1 - a”™2*x72)7(3/2))/(945%a~9) - (2*d"2*(63*a"4*xc"2 + 90*a”

2%cxd + 35xd72)*(1 - a"2*xx72)7(5/2))/(525*%a”9) + (4*xd~3*(9*a~2*c + 7*d)*(1

- a"2xx"2)7(7/2))/(441%xa”9) - (d~4*x(1 - a~2*xx"2)"(9/2))/(81*%a"9) + c 4xx*Ar
cCos[a*x] + (4*c™3*xd*x"3*ArcCos[a*x])/3 + (6%c”2*xd"2*xx"5*xArcCos[a*x])/5 + (
4*xc*xd~3xx"7*xArcCos[a*x]) /7 + (d~4*xx"9*ArcCos[a*x])/9

Rule 194
Int[((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Int[ExpandIntegrand[(a + bx

x"n)7p, xJ, x] /; FreeQ[{a, b}, x] && IGtQ[n, 0] && IGtQ[p, O]

Rule 4666
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Int[((a_.) + ArcCos[(c_.)*(x_)I*(b_.))*((d_) + (e_.)*(x_)"2)"(p_.), x_Symbo
1] :> With[{u = IntHide[(d + e*x"2)"p, x]}, Dist[a + b*ArcCos[c*x], u, x] +
Dist[b*c, Int[SimplifyIntegrand[u/Sqrt[l - c™2*x72], x], x], x]] /; FreeQl
{a, b, c, d, e}, x] && NeQ[c™2+d + e, 0] && (IGtQlp, 0] || ILtQlp + 1/2, 0]
)

Rule 12

Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQla, x] && !'Match
Qlu, (b_)*(v_) /; FreeQ[b, x1]

Rule 1799

Int[(Pq )*(x_)"(m_.)*((a_) + (b_)*(x_)"2)"(p_.), x_Symbol] :> Dist[1/2, Su
bst[Int[x~((m - 1)/2)*SubstFor[x~2, Pq, x]*(a + b*x)7p, x], x, x72], x] /;
FreeQ[{a, b, p}, x] &% PolyQ[Pq, x~2] && IntegerQ[(m - 1)/2]

Rule 1850

Int[(Pq )*((a_) + (b_.)*x(x_ )" (n_.))"(p_.), x_Symbol] :> Int[ExpandIntegrand
[Pg*(a + b*x"n)"p, x], x] /; FreeQ[{a, b, n}, x] && PolyQ[Pq, x] && (IGtQ[p
, 0] |l EqQQn, 11)

Rubi steps

4 4 6 4 1
f (c + dxz) cosNax) dx = c*x cos™(ax) + §c3dx3 cos !(ax) + §c2d2x5 cos™(ax) + ;cd3x7 cos™!(ax) + §d4x9 cos™!

4 6 4 1
= c*x cos7(ax) + §c3dx3 cos !(ax) + 5c2d2x5 cos™(ax) + ;cd3x7 cos H(ax) + §d4x9 cos™!

4 1

4 6 4 1
= c*x cos!(ax) + gcadx3 cos™!(ax) + gc2d2x5 cos™(ax) + ;cd3x7 cos ! (ax) + §d4x9 cos”

4 6 4 1
= c*x cos™!(ax) + §c3dx3 cos !(ax) + 5c2d2x5 cos™(ax) + ;cd3x7 cos™!(ax) + §d4x9 cos™!

(315a8c4 +420a%c3d + 378a*c2d? +180acd® + 35d4) V1-a2x2  4d (105a6c3 + 18944
= - +
3154°

Mathematica [A] time = 0.184607, size = 212, normalized size = 0.73
V1 - a2x2 (as (23814c2d2x4 +44100c3dx? + 9

1
- cos 1(ax) (378c2dzx4 + 420c3dx? + 315c¢* + 180cd®x® + 35d4x8) -~
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Antiderivative was successfully verified.

[In] Integratel[(c + d*x~2) 4*ArcCos[a*x],x]

[Out] -(Sqrtl[l - a"2xx"2]*(4480*%d"4 + 320*a~2xd"3*(81*c + 7xd*x~2) + 48%a~4*d™~2x*(
1323%c™2 + 270%c*d*x"2 + 35*d"2*x"4) + 8*a~6xd*(11025%c~3 + 3969*c”2xd*x"2

+ 1215%c*d"2*x"4 + 175%d"3*x”6) + a~8%(99225%c”4 + 44100*c”3*d*x"2 + 23814x*
cT2%d"2%x"4 + 8100*%c*d"3*x"6 + 1225%d"4*x78)))/(99225%a"9) + (x*(315%c"4 +
420*%c”3xd*x"2 + 378*c”2*%d"2*x"4 + 180*c*d"3*x"6 + 35%d"4*x78)*ArcCos[a*xx])/

315

Maple [A] time = 0.004, size = 393, normalized size = 1.4

1 (aarccos (ax)d*x® 4aarccos (ax)cd®x”  6aarccos (ax)c?d®x®  4aarccos (ax) c3dx3 1 1
- 9 + 7 + G + 3 + arccos (ax) c*ax + 5

Verification of antiderivative is not currently implemented for this CAS.

[In] int((d*x"2+c) “4*arccos(a*x) ,x)

[Out] 1/a*x(1/9*a*arccos(a*x)*d~4*x~9+4/7*a*arccos (axx)*c*d~3*x~7+6/5*a*arccos (a*xx
)*cT2%d"2%x"5+4/3*a*arccos (axx) *c~3xd*x~3+arccos (a*x) *c 4*xaxx+1/315/a"8%* (35

*d"4* (-1/9*%a~8*x"8x (—a"2*xx"2+1) " (1/2)-8/63*%a"6*x" 6% (-a"2*xx~2+1) " (1/2)-16/10
5k%a~4xx"4x (-a~2*x"2+1) " (1/2)-64/315*%a"2*x" 2% (-a~2*x"2+1) " (1/2)-128/315*%(-a"
2%x72+1) 7 (1/2))+180*a"2*xc*xd"3* (-1/7*a"6*x" 6% (-a"2*xx"2+1) ~(1/2)-6/35*%a"4*x"4
*(—a"2%x72+1) 7 (1/2)-8/35*a"2*xx" 2% (—a”"2xx"2+1) ~(1/2)-16/35*x (-a~2*xx"2+1) ~(1/2
))+378%a"4dxc " 2xd" 2% (-1/5%a"4*xx"4*x (—a~2*xx"2+1) " (1/2)-4/15*%a~2xx" 2% (—a~2*x"2+
1)7(1/2)-8/15%(-a"2*x"2+1) " (1/2) ) +420%a"6xc " 3*d* (-1/3*a~2*x" 2% (—a"2*xx"2+1) "~
(1/2)-2/3%(—a~2*x"2+1) " (1/2))-315*xa"8*c 4* (—a~2*%x"2+1)~(1/2)))

Maxima [A] time = 1.49616, size = 540, normalized size = 1.85

1 (1225 V—-a2x2 + 1d*x8 .\ 8100 V—a2x2 + 1cd3x® . 23814 V—a2x2 + 1c2d%x* . 1400 V—-a2x2 + 1d*x® . 44100 -
2 2 1

99225 2 a a a

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x~2+c) 4*arccos(a*x),x, algorithm="maxima")
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[Out] -1/99225%(1225*sqrt(-a~2*x"2 + 1)*d"4*x"8/a"2 + 8100*sqrt(-a”2*x"2 + 1)*cxd
"3%x76/a”2 + 23814*sqrt(-a”2*x72 + 1)*c"2*d"2*x"4/a”2 + 1400*sqrt(-a”2*x"2

+ 1)*xd"4*x"6/a"4 + 44100*sqrt(-a~2*x"2 + 1)*c”3*d*x"2/a"2 + 9720*sqrt (-a~2x

X"2 + 1)xc*d"3*x74/a"4 + 9922b*sqrt(-a”2*x”2 + 1)*c"4/a"2 + 31752*sqrt(-a~2

*X72 + 1)*c72%d"2xx72/a”4 + 1680*sqrt(-a”2*x"2 + 1)*d~4*x"4/a”6 + 88200%*sqr
t(-a”2*%x72 + 1)*c"3*%d/a"4 + 12960*sqrt(-a”2*x72 + 1)*cxd"3*x"2/a"6 + 63504%
sqrt(-a”2#x72 + 1)*c72*d"2/a"6 + 2240*sqrt(-a”2*x"2 + 1)*d"4*x"2/a"8 + 2592
Oxsqrt(-a~2*x"2 + 1)*c*d~3/a”8 + 4480*sqrt(-a~2*x"2 + 1)*d"4/a"10)*a + 1/31

5% (35%d"4%x79 + 180%c*xd”3*x”7 + 378*c”2*%d"2*x"5 + 420*%c”3*d*x"3 + 315%cT4*x

) *arccos (a*x)

Fricas [A] time = 2.49507, size = 568, normalized size = 1.95

315 (35 2d*x® +180 a%cd®x” + 378 a°c?d?x® + 420 a°c3dx3 + 315 a904x) arccos (ax) — (1225 aBd*x® + 99225 a8¢* + 88

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x~2+c) 4*arccos(a*x),x, algorithm="fricas")

[Out] 1/99225%(315%(35%a~9*d"4*xx~9 + 180*a”9*c*d"3*x~7 + 378*a”~9*c~2xd"2*x"5 + 42
0*a”~9*c ™ 3*d*x"3 + 315%a~9*c~4#*x)*arccos(a*x) — (1225%a~8+%d"4*x"8 + 99225*a”
8*c~4 + 88200*a”6xc”3*d + 63504*a~4*xc”2%d"2 + 100*(81*a~8*c*d~3 + 14*xa~6*d”
4)*x76 + 25920%a"2*c*d”3 + 6*(3969*%a~8*xc"2xd"2 + 1620*a"6*c*d”"3 + 280*a”4x*d
“4)*x"4 + 4480%d"4 + 4x(11025*%a~8*c”3xd + 7938*a”6xc”2*%d"2 + 3240%a"4*xcxd”3

+ 560*a~2*%d"4)*xx"2) *sqrt(-a~2*x"2 + 1))/a"9

Sympy [A] time = 23.4418, size = 502, normalized size = 1.72

cx acos (ax) +

. 4343 " 6c2d2x5  4cd3x7 " 49
3 5 7 9

5 7 9 a 9a 25a

4c3dx3 acos (ax) + 6c2d%x5 acos (ax)  4cd®x” acos(ax)  d*%acos(ax)  AV-a2x2+1  43dNPV-a2x2+1  6c2d2x4N—-a2x

2
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x**2+c)**4*acos(a*x) ,x)

[Out] Piecewise((ck*4*x*acos(a*x) + 4*cx*3xd*x**3xacos(a*xx)/3 + GxCkkkdx*2xx*k*5*
acos(ax*x) /5 + 4*cxd*x3*x*x*T*xacos(a*xx)/7 + dx*x4xx**x9*acos(a*x)/9 - ckx*d*xsqrt
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(—a*x*x2xx*%x2 + 1)/a — 4Axckx3kd*xx*2*xsqrt (—a*x*2xx*x*2 + 1)/(9%a) - 6xck*k2xd**2
*xxkx4ksqrt (—axk2*x*k*2 + 1)/(25%a) - 4xckd**3kx*xx6*xsqrt (—ax*2xx*x2 + 1)/(49%
a) — dxxdxxk*8*%sqrt (—a*x*x2*x*x*2 + 1)/(81%a) - 8xc**3*xd*xsqrt (-a**x2*x**2 + 1)/
(9%a**3) — BkCk*2kdA**2xx*k*2ksqQrt (—a*x*2*xx**2 + 1)/ (265%a**3) — 24xckxd**3*kx**4
*sqQrt (—ax*2%xx*2 + 1)/(245%a**3) - 8xdx*4xx**x6xsqrt (—a*x*2*x**2 + 1)/(567*ax
*x3) — 16kcx*k2xd**x2*ksqrt (—a*x*2*x**2 + 1)/(25%a*x5) - 32kcxd**3*xxx*2xsqrt (—ax
*2xx*%x2 + 1) /(245xa**5) - 16*dx*xd*xxk*xd*xsqrt (—a*x*2xx**2 + 1)/(945xa*x*5) - 64
xCkd*k3ksqrt (—a*x*x2*kxx*k2 + 1)/ (245%a*xx7) - 64xdxkx4xx**x2*%sqrt (-ax*2*x**2 + 1)
/(2835%a**7) — 128*d**4xsqrt(-a*x*2*xx*x*2 + 1)/(2835*%ax*9), Ne(a, 0)), (pix(c
*kdxx + Axckxk3kd*xx*k*k3/3 + GkcHkk2kA*kkkx*k%5/5 + Axckdkk3kxk*xT7/7 + dkkdkx*k*x9/
9)/2, True))

Giac [A] time = 1.19606, size = 551, normalized size = 1.89

+ = c?d?x® arccos (ax) —

8la 5

1 4
— d*x? arccos (ax) + = cd®x” arccos (ax) —
9 7 494

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x~2+c) 4*arccos(a*x),x, algorithm="giac")

V-a2x?2 +1d*® 6 4V-a2x2 + 1cd®x® .

4
= 3dx3 arc
3

[Out] 1/9*%d~4*x"9%arccos(a*x) + 4/7xcxd”3*x”7*xarccos(a*x) - 1/8lxsqrt(-a”2*x"2 +

1)*d~4*x"8/a + 6/5xc”2xd"2*x"b*arccos(a*xx) - 4/49%sqrt(-a”2*x"2 + 1)*c*xd”~ 3%
X"6/a + 4/3*c”3*d*x"3*arccos(a*x) - 6/2b*xsqrt(-a”2*x"2 + 1)*c”2xd"2*x"4/a -
8/5667*sqrt(-a~2*x"2 + 1)*d~4*x"6/a”3 + c 4xx*arccos(axx) - 4/9*sqrt(-a”~2*x
T2 + 1)*c”3*%dxx"2/a - 24/245*sqrt(-a”2*x”"2 + 1)*cxd"3*x"4/a"3 - sqrt(-a”2*x
T2 + 1)xc”4/a - 8/25*%sqrt(-a”2*x"2 + 1)*c”2*d"2*x"2/a”3 - 16/945%sqrt(-a”2x*
X72 + 1)*xd"4*x"4/a”5 - 8/9*sqrt(-a”2*x72 + 1)*c"3*d/a”3 - 32/245xsqrt(-a”2x%
X2 + 1)*c*d"3*x72/a”5 - 16/2b5*%sqrt(-a”2*x"2 + 1)*c”"2xd"2/a"5 - 64/2835%sqr
t(-a”2*%x"2 + 1)*d"4*x"2/a”7 - 64/245*%sqrt(-a”2*x"2 + 1)*c*d~3/a”7 - 128/283
Bksqrt(-a~2*x"2 + 1)*d~4/a"9
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397 [LWg

c+dx?

Optimal. Leaf size=521

. Vieicos (@) . Vet cos ™ (ax) _ Vet €05 (@) . Videicos™ @y
PolyLog (2’ rm) rolylog (2’ ] B ] v o] B el e
— + -
2\/__(:\/3 2‘/_C\/E 2\/—0\/3 2\/_6'\/H

[Out] (ArcCos[a*x]*Logl[l - (Sqrt[d]*E~(IxArcCosl[ax*x]))/(a*xSqrt[-c] - IxSqrt[a~2xc
+ d])]1)/(2%Sqrt [-cl*Sqrt[d]) - (ArcCos[a*x]*Log[l + (Sqrt[d]+*E~(I*ArcCos[a
*xx]))/(axSqrt[-c] - IxSqrtla~2*xc + d])])/(2*Sqrt[-cl*Sqrt[d]) + (ArcCos[a*x
I*xLog[1 - (Sqrt[d]*E~(I*ArcCos[a*x]))/(a*xSqrt[-c] + I*Sqrtl[a™2xc + d])])/(2
*xSqrt [-c]*Sqrt[d]) - (ArcCos[a*x]*Logl[l + (Sqrt[d]*E~(I*ArcCos[a*x]))/(a*xSq
rt[-c] + IxSqrtl[a~2*c + d])])/(2*Sqrt[-cl*Sqrt[d]) + ((I/2)*PolyLogl[2, -((S
qrt [d] *E~ (I*ArcCos [a*x]))/(a*Sqrt[-c] - I*Sqrt[a”2xc + d]))])/(Sqrt[-c]l*Sqr
t[d]) - ((I/2)*PolyLogl2, (Sqrtl[d]*E~(I*ArcCos[a*x]))/(a*Sqrt[-c] - IxSqrtl[
a~2xc + d])1)/(Sqrt[-cl*Sqrt[d]) + ((I/2)*PolyLogl[2, -((Sqrt[d]*E~(I*ArcCos
[a*x]))/(axSqrt[-c] + I*Sqrt[a~2xc + d]))]1)/(Sqrt[-cl*Sqrtl[d]) - ((I/2)*Pol
yLog[2, (Sqrt[d]*E~(IxArcCosl[ax*x]))/(axSqrt[-c] + I*Sqrt[a"2xc + d])])/(Sqr
t [-c]*Sqrt[d])

Rubi [A] time = 0.809598, antiderivative size = 521, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 18, number of rules used = 6, integrand size = 14, e =

0.429, Rules used = {4668, 4742, 4522, 2190, 2279, 2391}

integrand size

. \/Eei cos™L(ax) . \/Eei cos™ax) . ‘/Eei cos™L(ax) . \/Eei cos™ax)

PolyLog (2, -——— PolyLog |2, ————— PolyLog (2, -——— PolyLog |2, ————

Y Og(’ \/_\/Z_d) = Og( ’w——c-im)+z i Og(’ i) B\ i
24/—cVd 24/—cVd 24/—cVd 24/—cVd

Antiderivative was successfully verified.

[In] Int[ArcCos[a*x]/(c + d*xx"2),x]

[Out] (ArcCos[axx]*Logll - (Sqrt[d]*E~(I*ArcCos[a*x]))/(axSqrt[-c] - I*Sqrtl[a~2xc
+ d])]1)/(2xSqrt [-c]*Sqrt[d]) - (ArcCos[a*x]*Log[l + (Sqrt[d]*E~ (I*ArcCosl[a
xx]))/(a*Sqrt[-c] - I*Sqrtl[a~2xc + d])])/(2xSqrt[-c]*Sqrt[d]) + (ArcCos[a*x
IxLog[1 - (Sqrt[d]*E~(I*ArcCos[a*x]))/(axSqrt[-c] + IxSqrtl[a~2*c + d])]1)/(2
xSqrt [-c]*Sqrt[d]) - (ArcCos[a*x]*Logl[l + (Sqrt[d]*E~(I*ArcCos[a*x]))/(axSq
rt[-c] + IxSqrt[a~2*c + d])])/(2xSqrt[-cl*Sqrt[d]) + ((I/2)*PolyLogl[2, -((S
qrt [d]*E~ (I*ArcCos[a*x]))/(a*Sqrt[-c] - I*Sqrtl[a™2*c + d]))])/(Sqrt[-c]*Sqr
t[d]) - ((I/2)*PolyLogl[2, (Sqrt[d]*E~(I*ArcCos[a*x]))/(a*Sqrt[-c] - IxSqrt[
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a~2xc + d])1)/(Sqrt[-cl*Sqrt[d]) + ((I/2)*PolyLogl[2, -((Sqrt[d]*E~(I*ArcCos
[axx]))/(axSqrt[-c] + I*Sqrtl[a~2*c + d]))1)/(Sqrt[-cl*Sqrt[d]) - ((I/2)*Pol
yLog[2, (Sqrt[d]*E~(IxArcCosl[ax*x]))/(axSqrt[-c] + Ix*Sqrt[a"2xc + d])])/(Sqr
t [-c]*Sqrt[d])

Rule 4668

Int[((a_.) + ArcCos[(c_.)*(x_)]*(b_.))"(n_.)*((d_) + (e_)*x(x_)"2)"(p_.), x
_Symbol] :> Int[ExpandIntegrand[(a + b*ArcCos[c*x])"n, (d + e*x"2)7p, x], x
1 /; FreeQ[{a, b, c, d, e, n}, x] && NeQ[c™2*d + e, 0] && IntegerQ[p] && (G
tQlp, 01 || IGtQ[n, 01)

Rule 4742

Int[((a_.) + ArcCos[(c_.)*(x )I*(b_.))"(n_.)/((d ) + (e_.)*(x_)), x_Symbol]
:> -Subst[Int[((a + b*x) n*Sin[x])/(cxd + exCos[x]), x], x, ArcCosl[c*x]] /
; FreeQ[{a, b, c, d, e}, x] && IGtQ[n, 0]

Rule 4522

Int[(((e_.) + (£_.)*(x_)) " (m_.)*Sin[(c_.) + (d_.)*(x_)1)/(Cos[(c_.) + (d_.)
*(x_ )]*(_.) + (a_)), x_Symbol] :> Simp[(I*(e + f*x)"(m + 1))/(b*fx(m + 1))
, x] + (Int[((e + f*x) " m*E"(I*(c + d*x)))/(I*a - Rt[-a”2 + b~2, 2] + I*b*E"
(I*(c + d*x))), x] + Int[((e + f*x) " m*E~(I*(c + d*x)))/(I*a + Rt[-a"2 + b2
, 2] + I*b*E~(I*(c + d*x))), x]) /; FreeQ[{a, b, c, d, e, f}, x] && IGtQ[m,
0] && NegQ[a~2 - b~2]

Rule 2190

Int [CC(F_)~((g_)*((e_.) + (£_)*(x_))))"(n_.)*((c_.) + (d_)*(x_))"(m_.))/
(@) + (b_)*x((F_)~((g_.)*x((e_.) + (£_.)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x)"mxLog[l + (b*x(F~(gx(e + fxx)))"n)/al)/(bxf*g*n*Log[F]), x] - Di
st [(d*m) / (b*xf*g*n*xLog[F]), Int[(c + d*x)"(m - 1)*Logl[l + (bx(F~(gx(e + f*x)
))7n)/al, x], x] /; FreeQ[{F, a, b, ¢, d, e, f, g, n}, x] && IGtQ[m, O]

Rule 2279

Int[Logl(a_) + (b_.)*x((F_)"((e_.)*((c_.) + (d_.)*(x_))))"(n_.)], x_Symbol]
:> Dist[1/(d*e*n*Log[F]), Subst[Int[Logla + b*x]/x, x], x, (F (ex(c + d*x))
)°nl, x] /; FreeQ[{F, a, b, c, d, e, n}, x] && GtQ[a, O]

Rule 2391

Int[Log[(c_.)*x((d_) + (e_.)*(x_)"(n_.))]1/(x_), x_Symbol] :> -Simp[PolyLogl[2
, —(cxe*xx"n)]/n, x] /; FreeQl{c, d, e, n}, x] && EqQ[cx*d, 1]
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Rubi steps

cos~1(ax) v-ccos™H(ax)  4/~ccos(ax)
f—zdx = f + dx
¢ +dx 2c (\/—_ - \/Hx) 2c (\/—_c + \/Ex)
cos L(ax) cos L(ax)
f\/—_c—«/ﬁxdx_ f—\/__ﬁ dxdx
2+/—c 2+/—c
x sin(x) -1 x sin(x) -1
) Subst ( f oo dx, x, cos (ax)) . Subst ( f T ervicon® dx, x, cos (ux))
PN : PN :
ez’xx 1 eixx 1
Subst ( f Y=Y R dx, x, cos (ax)) Subst ( f T dx, x, cos (ax)) Su

= + + —
24/—c 2+/-cC

\/Eei cos™ax) 4 \/ﬁei cos™L(ax) N \/Eei cos™aa
g log 1+ Y= 0 L(ax) log [1 - == ©
ay—c-iVa2c+d cos™ (ax) log ay—c-iVa2c+d N cos™ (ax) log av/—c+iVa2c-

2y/—cVd 2y/—cVd 2y/—cVd

cos ™ (ax) log (1 -

\/Eeicos_l(ax) COS—l(ax) oo [1 + \/ﬁeicos_l(ﬂx) Cos—l(ax) loo [1 - \/Eeicos_l(m

N Ce—iNaerd S\ T e S Y s
- +

2y/—cVd 2y/—cVd 2y/—cVd

\/Eei cos™Hax) 4 \/ﬁei cos™L(ax) 1 \/Eei cos™aa

= m) cos™(ax)log |1+ = cos™(ax) log |1 =
- +

2y/—cVd 2y/—cVd 2y/—cVd

cos™ (ax)log (1 -

cos ™ (ax)log (1 -

Mathematica [A] time = 1.09452, size = 811, normalized size = 1.56

iaNfc ifca
1-— avJe—iVd) tan( = cos™1(ax) —=+1 \/_11+1\/_ d) tan( 5 cos™ (ax)
4sin”} Va tan~! (( ) ( )] —4sin! Va tan” [ ( )

|
NG N N T )+zcos (ax)log(

Warning: Unable to verify antiderivative.

[In] Integrate[ArcCos[a*x]/(c + d*x"2),x]

[Out] (4xArcSin[Sqrt[1 - (I*xaxSqrtl[cl)/Sqrt[d]]/Sqrt[2]]*ArcTan[((axSqrt[c] - I*S
qrt [d])*Tan[ArcCos[a*x]/2])/Sqrt[a~2*c + d]] - 4*ArcSin[Sqrt[1 + (IxaxSqrt[
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cl)/Sqrt[d]]1/Sqrt[2]]*ArcTan[((a*Sqrt[c] + I*Sqrtl[d])*Tan[ArcCos[a*x]/2])/S
grtla™2xc + d]] + I*ArcCos[a*x]*Logl[l - (I*(-(axSqrtlc]) + Sqrt[a~2*xc + d])
*E~ (I*ArcCos[a*x]))/Sqrt[d]] + (2xI)*ArcSin[Sqrt[1 + (I*a*xSqrt(c])/Sqrt[d]]
/Sqrt[2]]*Log[1 - (Ix(-(a*Sqrtlc]l) + Sqrtl[a”2*c + d])*E~(I*ArcCos[a*x]))/Sq
rt[d]] - IxArcCosla*x]*Logl[l + (I*(-(a*Sqrtlc]) + Sqrtl[a~2*c + d])*E~(I*Arc
Cos[a*x]))/Sqrt[d]] - (2xI)*ArcSin[Sqrt[1 - (I*a*Sqrt[c])/Sqrtl[d]]/Sqrt[2]]
*Log[1 + (Ix(-(a*Sqrtlc]) + Sqrtl[a"2*c + d])*E~(IxArcCos[a*x]))/Sqrt[d]] -

I*xArcCos[a*x]*Log[1l - (I*(a*Sqrtlc] + Sqrt[a~2*xc + d])+*E~(IxArcCos[a*x]))/S
grt[d]] + (2*%I)*ArcSin[Sqrt[1 - (IxaxSqrtlc])/Sqrtl[d]]/Sqrt[2]]*Logll - (Ix
(axSqrt[c] + Sqrtla~2xc + d])*E~(I*ArcCos[axx]))/Sqrt[d]] + I*ArcCos[a*x]*L
og[l + (Ix(a*Sqrtlc] + Sqrtl[a~2*c + d])*E~(I*ArcCos[axx]))/Sqrt[d]] - (2*I)
*ArcSin[Sqrt[1 + (I*a*Sqrtlcl)/Sqrtld]l]/Sqrt[2]]*Logl[l + (I*x(a*Sqrtlc] + Sq
rt[a~2*c + d])*E~(I*ArcCos[a*x]))/Sqrt[d]] - PolyLog[2, ((-I)*(-(a*Sqrtlc])
+ Sqrt[a”2*c + d])*E~(I*ArcCos[a*x]))/Sqrt[d]] + PolyLog[2, (I*(-(a*Sqrtlc
1) + Sqrtl[a”2*xc + d])*E~ (I*ArcCos[a*x]))/Sqrt[d]] + PolyLogl[2, ((-I)*(a*Sqr
t[c] + Sqrt[a~2*c + d])*E~(IxArcCos[a*x]))/Sqrt[d]] - PolyLogl[2, (I*(a*Sqrt
[c] + Sqrt[a~2*c + d])*E~(I*ArcCos[a*x]))/Sqrt[d]])/(2+Sqrt[c]*Sqrt[d])

Maple [C] time = 0.535, size = 216, normalized size = 0.4

] 1 1 1
—%a E R (i arccos (ax) In (— (_Rl —ax —iV—-a2x? + 1)) + dilog (?

2 2
_Rl:RootOf(ul_Z4+(4 a%c+2 d)_Z2+ul) —Rl d+2a%c+d _Rl

Verification of antiderivative is not currently implemented for this CAS.

[In] int(arccos(a*x)/(d*xx"2+c),x)

[Out] -1/2*I*a*sum( _R1/( R172xd+2*a~2*c+d)*(I*arccos(a*x)*1n(( Rl-a*x-I*(-a~2*x"2
+1)7(1/2))/_R1)+dilog((_Rl-a*x-I*(-a~2%x~2+1)~(1/2))/_R1)), R1=Root0f (d*_Z~

4+ (4xa~2xc+2xd) * _Z72+d))+1/2xI*a*sum(1/_R1/(_R172xd+2xa”2*c+d) * (I*arccos (a*
x)*1n((_Rl-a*xx-I*(-a"2%x"2+1)7(1/2))/_R1)+dilog((_Rl-axx-Ix(-a~2xx"2+1)~(1/

2))/ _R1)), Ri1=Root0f (d* Z 4+ (4*a~2*xc+2*d)* Z~2+d))

Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arccos(ax*x)/(d*x"2+c),x, algorithm="maxima")
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[Out] Exception raised: ValueError

Fricas [F] time = 0., size = 0, normalized size = 0.

arccos (ax) )
—I

integral( R

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arccos(a*x)/(d*x"2+c),x, algorithm="fricas")

[Out] integral(arccos(a*x)/(d*x"2 + c), x)

Sympy [F] time = 0., size = 0, normalized size = 0.
facos (ax) p
crd

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(acos(a*xx)/(dxx**2+c),x)

[Out] Integral(acos(a*x)/(c + d*x**2), x)

Giac [F] time = 0., size = 0, normalized size = 0.

arccos (ax)
dx? +c

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arccos(a*x)/(d*x~2+c),x, algorithm="giac")

[Out] integrate(arccos(a*x)/(d*x"2 + c), x)
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cos™L(ax)
328 de

Optimal. Leaf size=727

. \/Eei cos_l(ax) . \/c_iei COS_l(ﬂX) . \/Eei cos™! (ax) . \/Eei Cos_l(ux‘,
iPolyLog (2, = m) ) iPolyLog (2, = m) iPolyLog (2, W ) iPolyLog (2, =N
4(—c)PVd 4(-)¥2Vd 4(—c)PVd 4(-)¥2Vd

[Out] -ArcCosl[axx]/(4*c*xSqrt[d]l*(Sqrt[-c] - Sqrtl[d]l*x)) + ArcCos[a*x]/(4*cxSqrt[d
1x(Sqrt[-c] + Sqrt[dl*x)) - (axArcTanh[(Sqrt[d] - a~2*Sqrt[-cl*x)/(Sqrt[a"2
xc + dl*Sqrt[1 - a~2xx72])])/(4xc*xSqrt[d]*Sqrt[a~2*c + d]) - (a*ArcTanh[(Sq
rt[d] + a”2xSqrt[-cl*x)/(Sqrt[a”2*c + d]*Sqrt[1l - a~2xx"2])])/(4*cxSqrt [d]*
Sqrt[a~2*c + d]) - (ArcCos[a*x]*Log[l - (Sqrt[d]*E~(IxArcCos[ax*x]))/(a*Sqrt
[-c] - IxSqrtl[a2xc + d])])/(4x(-c)~(3/2)*Sqrt[d]) + (ArcCos[a*x]*Log[l + (
Sqrt [d]*E~ (I*ArcCos[a*x]))/(a*Sqrt[-c] - I*Sqrtla~2*xc + dl)])/(4*x(-c)~(3/2)
*3qrt[d]) - (ArcCos[a*x]*Logl[l - (Sqrt[d]*E~(I*ArcCos[a*x]))/(a*Sqrt[-c] +
I*Sqrt[a~2*xc + d]1)])/(4x(-c)~(3/2)*Sqrt[d]) + (ArcCos[a*x]*Logl[l + (Sqrtl[d]
*E~ (I*ArcCos[a*x]))/(a*xSqrt[-c] + I*Sqrtl[a~2*xc + d])])/(4*x(-c)~(3/2)*Sqrtld
1) - ((I/4)*PolyLogl2, -((Sqrt[d]*E~(I*ArcCosl[a*x]))/(axSqrt[-c] - I*Sqrtla
“2xc + d]))]1)/((-c)~(38/2)*Sqrt[d]) + ((I/4)*PolyLogl[2, (Sqrt[d]*E~(I*ArcCos
[a*xx]))/(axSqrt[-c] - I*Sqrtla™2xc + dl1)]1)/((-c)~(3/2)*Sqrtld]) - ((I/4)*Po
lyLog[2, -((Sqrt[d]*E~(I*ArcCos[a*x]))/(a*Sqrt[-c] + I*Sqrt[a~2*xc + d]))])/
((-c)~(3/2)*Sqrt[d]) + ((I/4)*PolyLogl[2, (Sqrt[d]*E~(I*ArcCos[a*x]))/(a*Sqr
t[-c] + IxSqrtla~2xc + d])]1)/((-c)~(3/2)*Sqrt[d])

Rubi [A] time = 1.06906, antiderivative size = 727, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 26, number of rules used = 9, integrand size = 14, e .

integrand size
0.643, Rules used = {4668, 4744, 725, 206, 4742, 4522, 2190, 2279, 2391}

. \/Eei cos™ax) . \/c_iei cos™Hax) ) \/aei cos™L(ax) . \/Ziei cos™Lax)
iPolyLog (2, = m) ) iPolyLog (2, = m) iPolyLog (2, =R ) iPolyLog (2, W=
4(-cf¥2d A=)V 4(-cf¥2d 4=y

Antiderivative was successfully verified.

[In] Int[ArcCos[axx]/(c + d*xx"2)72,x]

[Out] -ArcCos[axx]/(4*cxSqrt[d]l*(Sqrt[-c] - Sqrtl[d]l*x)) + ArcCos[a*x]/(4*cxSqrt[d
1*(Sqgrt[-c] + Sqrt[d]l*x)) - (axArcTanh[(Sqrt[d] - a~2*Sqrt[-cl*x)/(Sqrt[a"2
xc + d]*Sqrt[1 - a™2*x72])])/(4*cxSqrt[d]*Sqrt[a~2*c + d]) - (axArcTanh[(Sq
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rt[d] + a”2*Sqrt[-cl*x)/(Sqrt[a”2*c + dl*Sqrt[1l - a~2xx72])])/(4*cxSqrt [d]*
Sqrtl[a~2*c + d]) - (ArcCos[a*x]*Logl[l - (Sqrt[d]*E~(IxArcCos[a*x]))/(a*Sqrt
[-c] - IxSqrtl[a™2xc + d])])/(4*(-c)~(3/2)*Sqrt[d]) + (ArcCos[a*x]*Log[l + (
Sqrt [d]*E~ (I*ArcCos[a*x]))/(a*Sqrt[-c] - I*Sqrt[a~2*xc + d]1)])/(4*x(-c)~(3/2)
*Sqrt[d]) - (ArcCos[a*x]*Logl[l - (Sqrt[d]*E~(I*ArcCos[a*x]))/(a*Sqrt[-c] +
I*Sqrt[a~2*xc + dl)])/(4x(-c)~(3/2)*Sqrt[d]) + (ArcCos[a*x]*Logl[l + (Sqrtl[d]
*E~ (I*ArcCos[a*x]))/(a*xSqrt[-c] + I*Sqrt[a~2*c + d])]1)/(4*x(-c)~(3/2)*Sqrtld
1) - ((I/4)*PolyLog[2, -((Sqrt[d]*E~(I*ArcCos[a*x]))/(a*Sqrt[-c] - I*Sqrtla
~2%c + d]))1)/((-c)~(3/2)*Sqrt[d]) + ((I/4)*PolyLogl[2, (Sqrt[d]*E~(I*ArcCos
[axx]))/(axSqrt[-c] - I*Sqrtla™2xc + d])]1)/((-c)~(3/2)*Sqrtl[d]) - ((I/4)*Po
lyLog[2, -((Sqrt[d]*E~(I*ArcCos[a*x]))/(a*xSqrt[-c] + IxSqrtl[a~2xc + d]))])/
((-c)~(8/2)*Sqrt[d]) + ((I/4)*PolyLogl2, (Sqrt[d]*E~(I*ArcCosl[a*x]))/(a*xSqr
t[-c] + IxSqrtla™2xc + d])])/((-c)~(3/2)*Sqrt[d])

Rule 4668

Int[((a_.) + ArcCos[(c_.)*(x_)]*(b_.))"(n_.)*((d_) + (e_)*(x_)"2)"(p_.), X
_Symbol] :> Int[ExpandIntegrand[(a + b*ArcCos[c*x])™n, (d + e*x"2)7p, x], x
1 /; FreeQ[{a, b, c, d, e, n}, x] && NeQ[c™2*d + e, 0] && IntegerQlp] && (G
tQlp, 0] Il IGtQ[n, 01)

Rule 4744

Int[((a_.) + ArcCos[(c_.)*x(x )]1*(_.))"(n_.)*((d) + (e_.)*(x_)) " (m_.), xS
ymbol] :> Simp[((d + e*xx)"(m + 1)*(a + b*ArcCos[c*x])"n)/(ex(m + 1)), x] +

Dist [(b*c*n)/(ex(m + 1)), Int[((d + exx)"(m + 1)*(a + b*ArcCos[c*x])"(n - 1
))/Sqrt[1 - c¢™2%x72], x], x] /; FreeQ[{a, b, c, d, e, m}, x] && IGtQ[n, O]

&& NeQ[m, -1]

Rule 725

Int[1/(((d_) + (e_.)*(x_))*Sqrtl(a_) + (c_.)*(x_)"2]), x_Symbol] :> -Subst[
Int[1/(c*d™2 + a*e™2 - x72), x], x, (a*e - c*d*x)/Sqrtla + c*x72]] /; FreeQ
[{a, c, d, e}, x]

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTanh[(Rt[-b, 2]*x)/
Rtla, 2]11)/(Rtla, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQla/b] && (Gt
Qla, 0] Il LtQ[b, 01)

Rule 4742

Int[((a_.) + ArcCos[(c_.)*(x_)]*(b_.))"(n_.)/((d_) + (e_.)*(x_)), x_Symbol]
:> —Subst[Int[((a + b*x) n*Sin[x])/(c*xd + exCos[x]), x], x, ArcCos[c*x]] /
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; FreeQ[{a, b, c, d, e}, x] && IGtQ[n, O]

Rule 4522

Int[((Ce_.) + (£_)*(x_ D))" (m_.)*Sin[(c_.) + (d_.)*(x_)]1)/(Cos[(c_.) + (d_.)
x(x_)]*(b_.) + (a_)), x_Symbol]l :> Simp[(I*(e + fxx)"(m + 1))/(b*fx(m + 1))
, x] + (Int[((e + f*x)  m*E"(I*(c + d*x)))/(I*a - Rt[-a"2 + b"2, 2] + IxbxE"
(Ix(c + d*x))), x] + Int[((e + fxx)"m*E~(I*x(c + d*x)))/(I*xa + Rt[-a"2 + b"2
, 2] + I*b*E~(I*(c + d*x))), x]) /; FreeQ[{a, b, c, d, e, f}, x] &% IGtQ[m,
0] && NegQ[a™2 - b~2]

Rule 2190

Int [CC(F)~((g_)*((e_.) + (£_)*(x_))))"(n_.)*((c_.) + (d_)*(x_))"(m_.))/
(@) + (b_)*((F_)~((g_)*((e_.) + (f_)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x) "mxLog[l + (b*x(F~(gx(e + fxx)))"n)/al)/(bxf*g*n*Log[F]), x] - Di
st [(d*m) / (b*xf*g*n*xLog[F]), Int[(c + d*x)"(m - 1)*Logl[l + (bx(F~(gx(e + f*x)
))"n)/al, x], x] /; FreeQ[{F, a, b, ¢, d, e, f, g, n}, x] && IGtQ[m, O]

Rule 2279

Int[Logl(a_) + (b_.)*((F_)~((e_.)*((c_.) + (d_.)*(x_))))"(n_.)], x_Symbol]
:> Dist[1/(d*e*n*Log[F]), Subst[Int[Logla + b*x]/x, x], x, (F (ex(c + d*x))
)°n], x] /; FreeQ[{F, a, b, c, d, e, n}, x] && GtQ[a, 0]

Rule 2391
Int[Log[(c_.)*x((d_) + (e_.)*(x_)"(n_.))]1/(x_), x_Symbol] :> -Simp[PolyLogl[2

, —(cxexx"n)]/n, x] /; FreeQl{c, d, e, n}, x] && EqQlcx*d, 1]

Rubi steps



cosH(ax) d cosH(ax) d cos™(ax)

d cos™(ax) i

| yde= [ |-
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(c+ dx2) sc(Voevd-dx)  de(ymovd +dx)  2c(-ed - d?)
cos (ax) cos L(ax)
d| ——=dx d| ———dx cos~(ax
e ™ N (e g
B 4c 4c 2c
1 1
_ cosTN(ax) . cos™(ax) ~ a) (V=ed-dx)V1-a22 dr af (VcV+dx)Vi-aZa? ax
4c\d (\/—_ - \/Ex) 4cVd (\/—_c + \/Ex) 4c 4c
cos‘l(ax) cos (ax) 1
) cos(ax) cos~(ax) . f\/—_c—\/ﬁx x . f\/_ T dx  aSubst (f e
4C\/c_l (\/—_ - \/c—lx) 4C\/— (\/—_c + \/_x) 4(—c)3? 4(—c)¥? ‘
-1 d—aZ\/—_cx -1 \/E+a2 —cx
___cosMay  cosla ot (mm) _ atanh (\/z—mm)
4cd (\/—_ - \/Hx) 4cvVd (\/—_c + \/Ex) dc\dVa2ec +d 4eVdvarc +d
-1 d—azx/—_cx -1 \/E+a2 —cx
eos@)  cosT(@) atanh (mm) _ atanh (mm)
4cvd (\/—_ - \/Ex) 4cvd (\/—_c + \/Ex) dcNdVa2e +d 4cVdVa2c + d
-1 d—azx/—_cx -1 \/E+a2 —cx
cos™(ax) ol ot (ZEOE) _ o tanh ()

_4C\/c_l(\/—_—\/c—lx) 4C\/—(\/—_C+ \/_x)_

dcNdVa2e + d

4cVdva2c +d

atanh™ (—d_azﬁx ) atanh™ (—\/EMZ = )
_ cosTN(ax) cos'ax) VZerdVia22) VZerdVL a2
4cd (\/—_ - \/Ex) 4C\/— (\/—_c + \/_x) deNdVa2e + d 4cNdVa2c + d
-1 d—a?+/=cx ) -1 ( Vd+a2—cx )
cos™ (ax) cos‘l(ax) atanh ( Va2c+dV1-a®x2 ) atanh Va2c+dV1-a2x2

“acvVA(Voe - V) | aeVd (Voo + Vi)

Mathematica [A]

dc\dVa2c + d

time = 2.29308, size = 1065, normalized size = 1.46

4c\dVac + d

4 1—%2 a c— z\/_ tan( cos’l(ux)) 4 %*’1 \/_Ll+l\/_ tan( cos’l(ax)) ' » !
4sin 7 tan™! T —4sin % tan™! T + icos™ (ax) log

Warning: Unable to verify antiderivative.
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[In] Integrate[ArcCos[a*x]/(c + d*x~2)72,x]

[Out] (4*ArcSin[Sqrt[1 - (Ixa*Sqrtlcl)/Sqrtld]]/Sqrt[2]]*ArcTan[((a*xSqrtlc] - Ix*S
qrt[d])*Tan[ArcCos [a*x]/2])/Sqrt[a”2*c + d]] - 4*ArcSin[Sqrt[1 + (I*xaxSqrtl[
cl)/Sqrt[d]]/Sqrt[2]]1*ArcTan[((a*Sqrt[c] + IxSqrt[d])*Tan[ArcCos[a*x]/2])/S
grt[a”2xc + d]] + I*ArcCos[a*xx]*Logl[l - (I*(-(axSqrtlc]) + Sqrt[a~2*xc + d])
*E~ (I*ArcCos[a*x]))/Sqrt[d]] + (2xI)*ArcSin[Sqrt[1 + (I*a*xSqrt(lc])/Sqrt[d]]
/Sqrt[2]]*Log[1 - (Ix(-(axSqrtlc]l) + Sqrtl[a”2*c + d])*E~(I*ArcCos[a*x]))/Sq
rt[d]] - IxArcCos[a*x]*Log[l + (Ix*(-(a*Sqrtlc]) + Sqrtl[a~2*c + d])*E~(I*Arc
Cos[a*x]))/Sqrt[d]] - (2*I)*ArcSin[Sqrt[1 - (I*axSqrt[c])/Sqrtl[d]l]/Sqrt([2]]
*Log[1 + (I*(-(axSqrtlc]) + Sqrtl[a~2xc + d])*E~(I*ArcCos[a*x]))/Sqrt[d]] -
I*xArcCos[a*x]*Log[1l - (I*(a*Sqrtlc] + Sqrt[a~2*xc + d])+*E~(I*ArcCos[a*x]))/S
qrt[d]] + (2*%I)*ArcSin[Sqrt[1 - (IxaxSqrtlc])/Sqrtl[d]]/Sqrt[2]]*Logll - (Ix
(axSqrt[c] + Sqrtl[a~2*c + d])*E~(I*ArcCos[a*x]))/Sqrt[d]] + I*ArcCos[a*x]*L
og[l + (Ix(a*Sqrtlc] + Sqrtl[a~2xc + d])*E~(I*ArcCos[a*x]))/Sqrt[d]] - (2*I)
*ArcSin[Sqrt[1 + (IxaxSqrtlc])/Sqrtldl]/Sqrt[2]]1*Logll + (I*(a*Sqrtl[c] + Sq
rt[a”2xc + d])*E~(I*ArcCos[a*x]))/Sqrt[d]] + Sqrtlcl*(ArcCos[a*x]/((-I)*Sqr
tlc] + Sqrtld]l*x) - (axLogl[(2*d*(Sqrt[d] - Ixa~2*xSqrtlcl*x + Sqrtl[a~2*c + d
1xSqrt[1 - a=2%x72]))/(axSqrt[a”2*c + d]*x((-I)*Sqrtl[c] + Sqrt[d]l*x))])/Sqrt
[a”2*%c + d]) + Sqrtlcl*(ArcCos[a*x]/(I*Sqrtlc] + Sqrtl[dl*x) - (axLogl(-2*xd*
(Sqrt[d] + Ixa~2#Sqrtlcl*x + Sqrtl[a™2*c + dl*Sqrt[l - a~2*x~2]))/(a*Sqrt[a”
2xc + d]*(I*Sqrtlc] + Sqrtldl+*x))])/Sqrtla™2*c + d]) - PolyLogl[2, ((-I)*(-(
axSqrt[c]) + Sqrtl[a~2*c + d])*E~(I*ArcCos[a*x]))/Sqrt[d]] + PolyLogl[2, (I*(
-(axSqrt[c]) + Sqrtl[a™2xc + d])*E~(IxArcCos[ax*x]))/Sqrt[d]] + PolyLog[2, ((
-I)*(a*Sqrt[c] + Sqrt[a~2%c + d])*E~(I*ArcCos[a*x]))/Sqrt[d]] - PolyLogl[2,
(Ix(axSqrtlc] + Sqrtl[a”2xc + d])*E~(I*ArcCos[a*x]))/Sqrt[d]l])/(4xc~(3/2)*Sq
rt[d])

Maple [C] time = 0.913, size = 1654, normalized size = 2.3

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int(arccos(a*xx)/(d*x~2+c)~2,x)

[Out] 1/2*a”2*arccos(axx)*x/c/(a”2*xd*xx~2+a"2xc)+1/2xIT*xax ((2*xa~2xc+2*(a"2*c*(a~2*c
+d) )~ (1/2)+d) *d) "~ (1/2)*arctan(d* (I*x(-a~2*xx"2+1) " (1/2) +a*xx) / ((2*xa~2*xc+2* (a"2
xckx(a™2%c+d)) " (1/2)+d)*d) ~(1/2)) /c/d"2+1/2*xT*xa*x ((2*xa~2xc+2* (a~2*c* (a”2*c+d)
)" (1/2)+d) *d) " (1/2) *arctan(d* (I*x (—a~2*x"2+1) " (1/2) +a*x) / ((2*a~2*c+2* (a~2*c*
(a™2%c+d) )~ (1/2)+d)*d) ~(1/2)) /c/(a~2xc+d) /d"2x (a~2xc* (a~2%c+d) ) ~(1/2)-I*a"3
* (= (2*%a"2*xc-2*%(a"2xcx(a~2xc+d) ) ~(1/2)+d) *d) ~(1/2) *arctanh (d* (I* (-a~2*x~2+1)
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~(1/2)+ax*xx) / ((—2xa”2xc+2* (a"2*cx (a"2xc+d) ) “(1/2)-d)*d) ~(1/2))/(a"2*c+d) /d~3
*(a”2*c*x(a”2*c+d) ) " (1/2)+I*xa~3x (- (2*a~2*c-2* (a"2*xc*x (a~2xc+d) ) ~(1/2)+d) *d) ~(
1/2) *arctanh (d* (I*(-a~2*x"2+1) " (1/2)+axx) / ((-2*xa~2*c+2x (a"2*xc*x (a"2*xc+d) ) ~ (1
/2)-d)*d) " (1/2))/d"3+I*a~3x ((2*a~2*c+2* (a"2*xc*x(a"2xc+d) ) ~(1/2)+d) *d) ~(1/2) *
arctan(d*(I*x(-a~2*x"2+1) " (1/2)+a*x) / ((2*a~2*c+2*(a"2*xc*x (a~2xc+d) ) ~(1/2)+d) *
d)~(1/2))/d"3-I*xa~3*((2*xa~2*xc+2* (a"2*xc* (a"2xc+d) ) ~(1/2)+d)*d) " (1/2) *arctan(
dx(Ix(-a~2xx"2+1) "~ (1/2)+ax*x) / ((2*a~2*xc+2*x (a~2*xcx (a~2*c+d) ) ~(1/2)+d) *d) ~(1/2
))/ (@™ 2%c+d) /d"2-I*xax ((2*xa~2*c+2x (a"2*xcx (a™2*xc+d) ) ~(1/2)+d)*d) " (1/2) *arctan
(d* (I*(—a"2*x"2+1) " (1/2) +a*xx) / ((2*xa~2*c+2* (a"2*c* (a"2*c+d) ) ~(1/2)+d)*d) ~ (1/
2))/c/d"3*x(a"2*xc*x(a"2xc+d) ) " (1/2)-I*a"bx ((2*a~2*xc+2*x (a~2*c* (a™2*c+d)) ~(1/2)
+d)*d) " (1/2) *arctan(d* (I* (—a~2*xx"2+1) ~(1/2) +a*x) / ((2*a~2xc+2* (a~2*c* (a~2*c+
d))~(1/2)+d)*d) ~(1/2) ) *c/(a~2*c+d) /d~3+I*ax (- (2*xa~2*xc-2* (a~2*c* (a~2*c+d) ) ~(
1/2)+d)*d) " (1/2) *arctanh (d* (I* (-a~2*x"2+1) ~(1/2) +a*x) / ((-2*a"~2*c+2* (a~2*c* (
a~2xc+d)) " (1/2)-d)*d) ~(1/2))/c/d"3*(a~2xc*x(a"2*c+d) ) ~(1/2)+1/2xI*xa*x (- (2*a"~2
*c-2% (a"2*xckx(a"2*xc+d) ) "~ (1/2)+d)*d) " (1/2) *arctanh (d* (I* (—a~2*xx~2+1) " (1/2) +a*
x)/ ((=2*a~2xc+2* (a~2*c* (a"2*c+d) ) ~(1/2)-d)*d) ~(1/2)) /c/d"2-I*a"5x (- (2*a"~2*c
-2x(a"2*c* (a~2xc+d)) " (1/2)+d) *d) " (1/2) *arctanh (d* (I* (-a"2*x"2+1) " (1/2) +a*x)
[/ ((=2*%a"2*c+2x (a~2*xc* (a™2xc+d) ) " (1/2)-d) *d) ~(1/2) ) *c/ (a"2%c+d) /d"3+I*a~3* ((
2%a " 2xc+2*x (a~2*cx (a”2*c+d)) " (1/2)+d) *d) ~(1/2) *arctan(d* (I*x(-a"2*xx"2+1) "~ (1/2
Y+axx)/((2*%a~2*c+2* (a"2*xcx (a"2xc+d) ) ~(1/2)+d) *d) ~(1/2)) /(a~2*c+d) /d~3* (a~2%
cx(a~2*c+d)) " (1/2)-I*a~3* (- (2*xa~2xc-2* (a"2*c*(a"2*xc+d) )~ (1/2)+d)*d) ~(1/2) *a
rctanh(dx(I*(-a~2*xx"2+1) " (1/2)+a*x) / ((-2*a~2xc+2*x(a~2*xc*x(a~2*c+d)) ~(1/2)-d)
*d) " (1/2))/(a~2*c+d) /d"2+1/4*I*a/cxsum(1/ R1/(_R172*d+2*a”2xc+d)* (I*arccos(
axx)*In((_R1-a*xx-I*(-a~2*x"2+1)~(1/2))/_R1)+dilog((_Rl-a*x-I*(-a~2*xx~2+1)"(
1/2))/_R1)), R1=Root0f (d*_Z~4+(4*a”~2*c+2*xd)*_Z~2+d))-1/2*xI*ax (- (2xa~2xc—2%(
a~2xcx(a"2xc+d)) " (1/2)+d)*d) " (1/2) *arctanh (d* (I*(-a~2*x"2+1) " (1/2)+axx)/((-
2%a”2xc+2*x (a"2*c*x(a”2*c+d) ) " (1/2)-d)*d) ~(1/2))/c/(a"2*c+d) /d"2*x (a"2*c*x (a~2%
c+d)) "~ (1/2)-1/4*I*xa/c*sum(_R1/(_R172xd+2*a~2*c+d)* (I*arccos (a*x)*1n(( Ri-a*
x-I*(-a~2*x"2+1)~(1/2))/_R1)+dilog((_Rl-a*x-I*(-a~2*x~2+1)~(1/2))/_R1)), R1
=Root0f (d*_Z~4+(4xa~2*c+2*d)*_Z~2+d))

Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arccos(ax*x)/(d*x"2+c)~2,x, algorithm="maxima")

[Out] Exception raised: ValueError
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Fricas [F] time = 0., size = 0, normalized size = 0.

arccos (ax) )

integral (d2x4 +2cdx? + ¢’

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arccos(a*x)/(d*x"2+c)~2,x, algorithm="fricas")

[Out] integral(arccos(a*x)/(d"2*x"4 + 2%c*d*x"2 + c~2), x)

Sympy [F] time = 0., size = 0, normalized size = 0.

f acos (ax) p
——dx
(c + dxz)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(acos(a*x)/(d*xx**2+c)**2,x)

[Out] Integral(acos(a*x)/(c + d¥x**2)**2, x)

Giac [F] time = 0., size = 0, normalized size = 0.

arccos (ax)
[,
(dx2 + c)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arccos(a*x)/(d*x~2+c)~2,x, algorithm="giac")

[Out] integrate(arccos(a*x)/(d*x"2 + c¢)~2, x)
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3.29 [ Ve + dx? cos™ax) dx

Optimal. Leaf size=18

Unintegrable (cos‘l(ax)\/c + dxz,x)

[Out] Unintegrable[Sqrt[c + d*x~2]*ArcCos[ax*x], x]

Rubi [A] time = 0.017767, antiderivative size = 0, normalized size of antiderivative = 0.,
number of rules

number of steps used = 0, number of rules used = 0, integrand size = 0, “ntogrand size

*)

Rules used = {}

f Ve + dx2? cos™ (ax) dx

Verification is Not applicable to the result.
[In] Int[Sqrtlc + d*x~2]*ArcCos[a*x],x]

[Out] Defer[Int] [Sqrt[c + d*x~2]*ArcCos[ax*x], x]

Rubi steps

f Ve + dx? cos ™ (ax) dx = f Ve + dx? cos™ (ax) dx

time = 3.44691, size = 0, normalized size = 0.

f Ve + dx? cos™ (ax) dx

Mathematica [A]

Verification is Not applicable to the result.

[In] Integrate[Sqrtlc + d*x~2]x*ArcCos[a*x],x]

[Out] Integrate[Sqrt[c + dxx~2]*ArcCos[a*x], x]
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Maple [A] time = 0.28, size = 0, normalized size = 0.

f Vdx2 + carccos (ax) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int((d*x"2+c)~(1/2)*arccos(a*x),x)

[Out] int((d*x"2+c)~(1/2)*arccos(a*x),x)

Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x~2+c)~(1/2)*arccos(a*x),x, algorithm="maxima")

[Out] Exception raised: ValueError

Fricas [A] time = 0., size = 0, normalized size = 0.

integral (V dx? + c arccos (ax), x)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x~2+c)~(1/2)*arccos(a*x),x, algorithm="fricas")

[Out] integral(sqrt(d*x~2 + c)*arccos(a*x), x)

Sympy [A] time = 0., size = 0, normalized size = 0.

f Ve + dx? acos (ax) dx

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate((dxx*x2+c)**(1/2)*acos(a*x),x)

[Out] Integral(sqrt(c + d*x**2)*acos(a*x), x)

Giac [A] time = 0., size = 0, normalized size = 0.

f Vdx2 + carccos (ax) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x~2+c)~(1/2)*arccos(a*x),x, algorithm="giac")

[Out] integrate(sqrt(d*x~2 + c)*arccos(a*x), x)
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cos™L(ax)
330  [———dx

Optimal. Leaf size=18

cos~1(ax) )

Unintegrable (—, X
$ Ve + dx?

[Out] Unintegrable[ArcCos[a*x]/Sqrtl[c + d*x~2], x]

Rubi [A] time = 0.018808, antiderivative size = 0, normalized size of antiderivative = 0.,
number of rules

number of steps used = 0, number of rules used = 0, integrand size = 0, — :
integrand size

°)

Rules used = {}
cos™H(ax)

X
Ve + dx?

Verification is Not applicable to the result.

[In] Int[ArcCos[a*x]/Sqrtlc + d*x~2],x]

[Out] Defer[Int] [ArcCos[a*x]/Sqrtlc + d*x~2], x]

Rubi steps
f cos 1(ax) f cos 1(ax)
Ve + dx2 Ve + dx2

Mathematica [A] time = 2.14131, size = 0, normalized size = 0.

f cos 1(ax)
Ve + dx2
Verification is Not applicable to the result.

[In] Integrate[ArcCos[ax*x]/Sqrtlc + d*x~2],x]

[Out] Integrate[ArcCos[axx]/Sqrt[c + d*x~2], x]
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Maple [A] time = 0.268, size = 0, normalized size = 0.

1
f arccos (ax) ——dx
Vdx? + ¢

Verification of antiderivative is not currently implemented for this CAS.

[In] int(arccos(a*x)/(d*xx"2+c)~(1/2),x)

[Out] int(arccos(ax*x)/(d*x"2+c)~(1/2),x)

Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arccos(a*x)/(d*x"2+c)~(1/2),x, algorithm="maxima")

[Out] Exception raised: ValueError

Fricas [A] time = 0., size = 0, normalized size = 0.

arccos (ax) )
x

integral (—,
Vdx? + ¢

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arccos(a*x)/(d*x"2+c)~(1/2),x, algorithm="fricas")

[Out] integral(arccos(a*x)/sqrt(d*x~2 + c), x)

Sympy [A] time = 0., size = 0, normalized size = 0.

f acos (ax)
Ve + dx2
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(acos(a*xx)/(dxx*x2+c)**(1/2),x)

[Out] Integral(acos(a*x)/sqrt(c + d*xx**2), x)

Giac [A] time = 0., size = 0, normalized size = 0.

arccos (ax)

—dx
Vdx? + ¢
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arccos(a*x)/(d*x"2+c)~(1/2),x, algorithm="giac")

[Out] integrate(arccos(a*x)/sqrt(d*x~2 + c), x)
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331  [Lo@) gy

(c+dx2)3/2

Optimal. Leaf size=66

tan™! ViVLa?
x cos™H(ax) aVe+da2

cVc + dx? cVd

[Out] (x*ArcCos[ax*x])/(cxSqrtlc + d*x"2]) - ArcTan[(Sqrt[d]*Sqrt[l - a"2*x72])/(a
xSqrt[c + d*x~2])]1/(c*Sqrt[d])

Rubi [A] time = 0.0964348, antiderivative size = 66, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 6, number of rules used = 7, integrand size = 16, e -

0.438, Rules used = {191, 4666, 12, 444, 63, 217, 203}

tanL Vdv1-a2x2
x cos™(ax) aVerdr?

cVe + dx? cVd

integrand size

Antiderivative was successfully verified.

[In] Int[ArcCos[a*x]/(c + d*x~2)"(3/2),x]

[Out] (x*ArcCos[a*x])/(cxSqrtlc + d*x~2]) - ArcTan[(Sqrt[d]*Sqrt[1l - a"2*x"2])/(a
*Sqrt [c + d*xx"2])]/(cxSqrt[d])

Rule 191

Int[((a_) + (b_)*(x_)" (0 ))"(p_), x_Symbol] :> Simp[(x*(a + b*x"n)"~(p + 1)
)/a, x] /; FreeQ[{a, b, n, p}, x] && EqQ[1/n + p + 1, 0]

Rule 4666

Int[((a_.) + ArcCos[(c_.)*x(x_ )]1*(b_.))*((d_) + (e_.)*x(x_)"2)"(p_.), x_Symbo
1] :> With[{u = IntHide[(d + e*x”"2)7p, x]}, Dist[a + b*ArcCos[c*x], u, x] +
Dist[b*c, Int[SimplifyIntegrand[u/Sqrtl[l - c™2*x72], x], x], x]] /; FreeQl
{a, b, c, d, e}, x] && NeQ[c™2+d + e, 0] && (IGtQlp, 0] || ILtQlp + 1/2, 0]
)

Rule 12
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Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQla, x] && !'Match
Qlu, (b_)*(v_) /; FreeQ[b, x]]

Rule 444

Int[(x_)"(m_)*((a_) + (b_)*x_) (@ )) " (p_.)*((c_) + (d_.)*(x_)"(n_))"(q_.
), x_Symbol] :> Dist[1/n, Subst[Int[(a + b*x) p*(c + d*x)"q, x], x, x"n], x
1 /; FreeQ[{a, b, ¢, d, m, n, p, g}, x] && NeQ[b*c - axd, 0] && EqQ[m - n +
1, 0]

Rule 63

Int[((a_.) + (b_)*(x_)) " (m_)*x((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator([m]}, Dist[p/b, Subst[Int[x~(px(m + 1) - 1)*(c - (axd)/b +
(d*x"p)/b)°n, x]1, x, (a + bxx)~(1/p)], x1]1 /; FreeQ[{a, b, c, d}, x] && NeQ
[bxc - axd, 0] && LtQ[-1, m, 0] && LeQ[-1, n, 0] && LeQ[Denominator[n], Den
ominator[m]] && IntLinearQ[a, b, ¢, d, m, n, x]

Rule 217

Int[1/Sqrt[(a_) + (b_.)*(x_)"2], x_Symbol] :> Subst[Int[1/(1 - b*x"2), x],
x, x/Sqrtla + b*x~2]] /; FreeQ[{a, b}, x] && !'GtQ[a, 0]

Rule 203

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1xArcTan[(Rt[b, 2]*x)/Rt
la, 2]11)/(Rt[a, 2]*Rt[b, 2]1), x] /; FreeQ[{a, b}, x] && PosQla/b] && (GtQ[a
, 01 Il GtQ[b, 01)

Rubi steps
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f cos~1(ax) = x cos™(ax) w f x i
(c n dx2)3/2 cVe + dx? cV1 — a2x2Ve + dx?

X
xcos (@) | S ™
cVe + dx? ¢
1
_xeos i@y 1O i itk
cVc + dx? 2c

Subst f — dx, x, V1 — a?x?

dx, x, xz)

~

4 d_dx?
X cos™ (ax) ct3T 2
cVe + dx? ac
1 V1-a2x2
Subst f — dx, x, N
x cos™(ax) 1+= cdx
cVe + dx? ac
tan™! A
x cos™(ax) aVerdr?

- cVe + dx? cVd

Mathematica [C] time = 0.0810021, size = 68, normalized size = 1.03

2 2
X (ax\/d% +1F; (1; %, %;2; a%x?, —d%) +2 cos‘l(ax))

2cVe + dx?

Warning: Unable to verify antiderivative.

[In] Integrate[ArcCos[a*x]/(c + d*x~2)~(3/2),x]

[Out] (x*x(a*xx*Sqrt[1 + (d*x~2)/c]*AppellF1[1, 1/2, 1/2, 2, a~2*x"2, -((d*x"2)/c)]
+ 2*ArcCos[a*x]))/(2%c*Sqrt[c + d*x~2])

Maple [F] time = 0.18, size = 0, normalized size = 0.

3

f arccos (ax) (dx2 + c)_E dx
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Verification of antiderivative is not currently implemented for this CAS.

[In] int(arccos(a*x)/(d*xx~2+c)~(3/2),x)

[Out] int(arccos(a*x)/(d*x"2+c)~(3/2),x)

Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arccos(a*x)/(d*x"2+c)~(3/2),x, algorithm="maxima"

[Out] Exception raised: ValueError

Fricas [B] time = 2.64866, size = 606, normalized size = 9.18

4 Vdx2? + cdx arccos (ax) — (dx2 + c)\/—_dlog (8 a*d?x* + a*c? - 6acd + 8 (a4cd - azdz)xz -4 (2 a3dx? + a’c - ad)\/j
4 (cdzx2 + czd)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arccos(ax*x)/(d*x"2+c)~(3/2),x, algorithm="fricas")

[Out] [1/4x%(4*xsqrt(d*x~2 + c)*d*x*arccos(a*xx) - (d*x~2 + c)*sqrt(-d)*log(8xa~4*d"~
2%x74 + a"4%c”2 - 6%a”2%ckd + 8x(adkckd - aT2%dT2)*x72 - 4x(2%a”3*d*x"2 +

a~3*c - a*xd)*sqrt(-a”2*x"2 + 1)*sqrt(d*x™2 + c)*sqrt(-d) + d~2))/(cxd"2*x"2

+ ¢c72xd), 1/2*%(2*sqrt(d*x”2 + c)*dxx*arccos(a*xx) - (d*x”2 + c)*sqrt(d)*arc
tan(1/2*(2*%a~2%d*x"2 + a~2*c - d)*sqrt(-a”2*x"2 + 1)*sqrt(d*x~2 + c)*sqrt(d

)/ (a"3*%d"2*%x"4 - akxckd + (a"3xcxd - axd"2)*x72)))/(c*d"2%x"2 + c”2%d)]

Sympy [F] time = 0., size = 0, normalized size = 0.

acos (ax)
3

(c + dxz)E

dx
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(acos(a*xx)/(dxx*x2+c)**(3/2),%)

[Out] Integral(acos(a*x)/(c + dxx*x2)x*(3/2), x)

Giac [A] time = 1.22285, size = 101, normalized size = 1.53

alog |—V—a2x2 +1vV—d + \/azc + (azxz - 1)d + d|
x arccos (ax) N
Vdx2 + cc cV—dla|

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arccos(ax*x)/(d*x"2+c)~(3/2),x, algorithm="giac")

[Out] x*arccos(a*x)/(sqrt(d*x~2 + c)*c) + axlog(abs(-sqrt(-a~2*x~2 + 1)*sqrt(-d)
+ sqrt(a™2xc + (a”2*%x72 - 1)*d + d)))/(cxsqrt(-d)*abs(a))
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332  [Lo@) gy

5/2
(c+dx2)
Optimal. Leaf size=136
2tan”! Viv1-ahe?
aVe+dx? av1 — ax2 2xcosl(ax)  xcos (ax)

- + +
3c2v/d 3¢ (azc + d) Ve+dx?  3c2Ve+dx? 3¢ (c + dx2)3/2

[Out] -(a*Sqrt[l - a~2*x72])/(3*c*x(a"2*%c + d)*Sqrtlc + d*x~2]) + (x*ArcCos[a*x])/
(3*xcx(c + d*x"2)7(3/2)) + (2*x*ArcCos[axx])/(3*xc”™2xSqrtc + d*x"2]) - (2x%Ar
cTan[(Sqrt [d]*Sqrt[1 - a~2*x"2])/(axSqrtlc + d*x~2]1)1)/(3*c~2*Sqrt[d])

Rubi [A] time = 0.153341, antiderivative size = 136, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 7, number of rules used = 9, integrand size = 16, e o e

0.562, Rules used = {192, 191, 4666, 12, 571, 78, 63, 217, 203}

integrand size

2tan”! Viv1-ahe?
aVerd? avl — a2x? . 2xcos Hax)  xcos (ax)

— +
3c2\d 3c (azc + d) Ve+dx2  3c2Ve+dx? 3¢ (c + dx2)3/2

Antiderivative was successfully verified.

[In] Int[ArcCosl[a*x]/(c + d*x~2)~(5/2),x]

[Out] -(a*Sqrt[1 - a~2*x72])/(3*c*x(a"2*c + d)*Sqrtlc + d*x~2]) + (x*ArcCos[a*x])/
(3*xcx(c + d*x"2)7(3/2)) + (2*x*ArcCos[ax*x])/(3*xc”™2xSqrtc + d*x72]) - (2x%Ar
cTan[(Sqrt [d]*Sqrt[1 - a~2xx~2])/(a*Sqrt[c + d*x~2])]1)/(3*c~2xSqrt[d])

Rule 192

Int[((a_) + (b_)*(x_ )" (n_))"(p_), x_Symbol] :> -Simp[(x*(a + b*x™n)~(p + 1
))/(a*xnx(p + 1)), x] + Dist[(nx(p + 1) + 1)/(a*n*x(p + 1)), Int[(a + b*x"n)~
(p + 1), x], x]1 /; FreeQ[{a, b, n, p}, x] && ILtQ[Simplify[i/n + p + 1], O]
&& NeQ[p, -1]

Rule 191

Int[((a ) + (b_.)*(x )" (n_))"(p_), x_Symbol] :> Simp[(x*x(a + bxx™n) (p + 1)
)/a, x] /; FreeQ[{a, b, n, p}, x] & EqQ[i/n + p + 1, 0]
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Rule 4666

Int[((a_.) + ArcCos[(c_.)*(x_)]*(b_.))*((d_) + (e_.)*(x_)"2)"(p_.), x_Symbo
1] :> With[{u = IntHide[(d + e*x"2)"p, x]}, Dist[a + b*ArcCos[c*x], u, x] +
Dist[b*c, Int[SimplifyIntegrand[u/Sqrt[1 - ¢™2*x~2], x], x], x]] /; FreeQ[
{a, b, ¢, d, e}, x] && NeQ[c™2*d + e, 0] && (IGtQ[p, 0] || ILtQ[p + 1/2, 0]
)

Rule 12

Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQla, x] &% !'Match
Qlu, (b )*(v_) /; FreeQ[b, x]]

Rule 571

Int[(x_)"(m_.)*((a_) + (b_)*(x_)"(m_))"(p_.)*((c_) + (d_)*(x_)"(n_))"(q_.
Yk((e_ ) + (f_)*(x_)"(n_))"(r_.), x_Symbol] :> Dist[1/n, Subst[Int[(a + b*x
) px(c + d*x)~gx(e + f*x)°r, x], x, x"n], x] /; FreeQ[{a, b, c, d, e, f, m,
n, p, q, rr, x] & EqQ[m - n + 1, 0]

Rule 78

Int[((a_.) + (b_.)*(x_))*((c_.) + (d_)*(x_))"(n_)*x((e_.) + (£_)*x(x_))"(p
_.), x_Symbol] :> -Simp[((b*e - axf)*x(c + d*x)"(n + 1)*(e + f*x)"(p + 1))/(
fx(p + 1)*(cxf - d*xe)), x] - Dist[(axd*fx(n + p + 2) - b*x(d*ex(n + 1) + cxf
*(p + 1))/ (Ex(p + 1)*(c*xf - d*xe)), Int[(c + d*x)"nx(e + f*x)"(p + 1), x],

x] /; FreeQ[{a, b, c, d, e, f, n}, x] & LtQ[p, -1] && ( !'LtQ[n, -1] || Int
egerQ[p] || !'(IntegerQ[n] || !(EqQle, 0] |l !'(EqQlc, 0] || LtQlp, nl))))

Rule 63

Int[((a_.) + (b_)*(x)) " (m )*x((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator[m]}, Dist[p/b, Subst[Int[x~(p*(m + 1) - D*(c - (axd)/b +
(d*x~p)/b)°n, x], x, (a + b*xx)~(1/p)]1, x]]1 /; FreeQ{a, b, c, d}, x] && NeQ
[bxc — axd, 0] && LtQ[-1, m, O] && LeQ[-1, n, 0] && LeQ[Denominator[n], Den
ominator[m]] && IntLinearQ[a, b, ¢, d, m, n, x]

Rule 217

Int[1/Sqrt[(a_) + (b_.)*(x_)"2], x_Symbol] :> Subst[Int[1/(1 - b*x"2), x],
x, x/Sqrtla + b*x"2]] /; FreeQ[{a, b}, x] && !'GtQ[a, 0]

Rule 203
Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTan[(Rt[b, 2]*x)/Rt
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[a, 2]11)/(Rt[a, 2]*Rt[b, 2]), x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (GtQ[a
, 0] || GtQ[b, 01)

Rubi steps
cos~(ax) e = x cos™(ax) s 2x cos™H(ax) . x (30 + 2dx2) ;
52 = 3/2 24/ 2 3 X
(c + dxz) 3c (c + dxz) 3c*Ve +dx 3c2V1 — a?x? (c + dxz)
x(3c+2dx2)
————— 55 dx
_ xcos!(ax) . 2x cos™H(ax) VI-a22(c+dx?)
3c (c + dx2)3/2 3c2Vc + dx? 3c?
. 3c+2dx 2
xcosYax)  2xcos(ax) Subst (f Vi rdx) dx, X, x )
3¢ (c + dx2)3/2 3c2Vc + dx? 6c2
1 2
B av1 - a%x? xcos l(ax)  2xcos!(ax) s a Subst (f Ve erds dx, x, x )

=- + +
3¢ (azc + d) Ve+dx? 3¢ (c + dx2)3/2 3c2Vc + dx? 3¢c?

2 Subst f ;2 dx,x, V1 — a?x?
avl — a2x? S cos Hax)  2xcos (ax) ta

+
3c (azc + d) Ve+dx? 3¢ (c + dx2)3/2 3c2Vc + dx? 3ac?

V1-=g242
2 Subst f tx2 dx, x, \}a_xz
avl — a2x? L X cos Hax)  2xcos (ax) 1+= crdx

+
3¢ (azc + d) Ve+dx? 3¢ (c + dx2)3/2 3c2Vc + dx? 3ac?

V1-a2x2
1 1 2tan™! Vi1
av1 — a?x2 L _Xeos (ax) N 2x cos (ax) aVe+dx?

3¢ (azc + d) Ve+dx?2 3¢ (c + dx2)3/2 3c2 Ve + dx? 3c2Vd

Mathematica [C] time = 0.187612, size = 120, normalized size = 0.88

2 2 V1= (ctdo?
ax? (c + dxz) \/d% +1F; (1; %, %;2; a%x?, —di) _ reV1-aeerd?) + cosH(ax) (3cx + 2dx3)

a%c+d

Warning: Unable to verify antiderivative.

[In] Integrate[ArcCos[axx]/(c + d*x~2)7(5/2),x]
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[Out] (-((a*c*Sqrt[1 - a"2*x"2]*(c + d*x"2))/(a"2*c + d)) + a*x"2x(c + d*x~2)*Sqr
t[1 + (d*x72)/cl*AppellF1[1, 1/2, 1/2, 2, a~2*x72, -((d*x"2)/c)] + (3*c*x +
2xd*x~3) *ArcCos [a*x])/(3*c™2*x(c + d*x~2)~(3/2))

Maple [F] time = 0.183, size = 0, normalized size = 0.

5

f arccos (ax) (dx2 + c)_E dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int(arccos(a*xx)/(d*x"2+c)~(5/2),x)

[Out] int(arccos(ax*x)/(d*x"2+c)~(5/2),x)

Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arccos(a*x)/(d*x"2+c)~(5/2),x, algorithm="maxima")

[Out] Exception raised: ValueError

Fricas [B] time = 3.24082, size = 1192, normalized size = 8.76

(azc3 + (azcdz + d3)x4 +c2d+2 (azczd + cdz)xz)\/—_dlog (8 a*d?x* + a*c* - 6acd + 8 (a4cd - azdz)xz -4 (2 a3dx’
B 6 (azc5d + c*d? +

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arccos(a*x)/(d*x"2+c)~(5/2),x, algorithm="fricas")

[Out] [-1/6%((a”2%c™3 + (a™2*c*xd™2 + d73)*x74 + c”2*d + 2x(a™2xc”2*d + cxd™2)*x"2
)*ksqrt (-d)*log(8*a~4*d™2xx"4 + a"4*c”2 - 6%a"2xckd + 8k (a"4*xcxd - a"2%d"2)x*
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X2 - 4% (2%a”3*%d*x"2 + a"3*c - axd)*sqrt(-a”2*x"2 + 1)*sqrt(d*x~2 + c)*sqrt
(-d) + d72) - 2*sqrt(d*x”2 + c)*((2*(a"2*%cxd"2 + d~3)*x"3 + 3*(a”2%c™2*d +
c*d"2)*x)*arccos(a*xx) - (axc*d™2xx"2 + akxc”2*d)*sqrt(-a”2*x"2 + 1)))/(a"2x*c
“6xd + c74*xd72 + (a72%c73*%d"3 + c72*%d"4)*x"4 + 2% (a”2%c”4*d"2 + c73*%d”"3)*x”
2), -1/3%((a"2*c”3 + (a"2*xc*d™2 + d"3)*x"4 + c”2*xd + 2*x(a"2*xc”2*%d + c*d"2)*
x"2)*sqrt(d)*arctan(1/2*(2*a~2*xd*x"2 + a~2%c - d)*sqrt(-a”2*x"2 + 1)*sqrt(d
*x72 + c)*sqrt(d)/(a”3*%d"2xx"4 - a*xcxd + (a”3*ckd - axd"2)*x72)) - sqrt(d*x
2 + c)x((2x(a"2%c*kd”2 + d73)*x73 + 3k (a"2%c”2xd + c*d”2)*x)*arccos(axx) -
(a*xc*d™2*x72 + axc”2xd)*sqrt(-a”2*x"2 + 1)))/(a"2*c”5*xd + c74*xd”™2 + (a~2%c”
3%d”™3 + c72%d"4)*xx"4 + 2x(a”2%cT4*d"2 + c73%d"3)*x72)]

Sympy [F] time = 0., size = 0, normalized size = 0.

acos (ax)
5

(c + dxz)z

dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(acos(a*x)/(d*x**2+c)**(5/2),%)

[Out] Integral(acos(a*x)/(c + d*xx**2)**x(5/2), x)

Giac [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arccos(a*x)/(d*x"2+c)~(5/2),x, algorithm="giac")

[Out] Timed out
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333  [Lo@) gy

(c+dx2)7/2

Optimal. Leaf size=211

8t 1 Vavi-a2x2
2aV1 — ax? (3a2c + Zd) an o\ =

av1 — a%x? N 8x cos™!(ax) N 4x cos™!(ax)

— — + —
15¢2 (a2c + d)z Ve +dac? 15¢3Vd 15¢ (a2 +d) (c + dx2)3/2 153 Ve +dx? 1522 (c+ dx2)3/2 5

[Out] -(a*Sqrt[1l - a™2%x72])/(16*c*(a™2*c + d)*(c + d*x"2)7(3/2)) - (2*xax(3*%a~2xc
+ 2xd)*Sqrt[1 - a”2*x72])/(15*%c™2x(a"2*%c + d)~2xSqrtlc + d*x~2]) + (x*ArcC
os[a*x])/(5*cx(c + d*x~2)"(5/2)) + (4*x*ArcCos[a*x])/(15xc™2*(c + d*x~2)"(3

/2)) + (8*x*ArcCos[a*x])/(15*%c™3*Sqrt[c + d*x~2]) - (8*ArcTan[(Sqrt[d]*Sqrt

[1 - a~2*xx"2])/(axSqrt[c + d*x~2])])/(16xc~3*Sqrt[d])

Rubi [A] time = 0.848433, antiderivative size = 211, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 8, number of rules used = 10, integrand size = 16, e

0.625, Rules used = {192, 191, 4666, 12, 6715, 949, 78, 63, 217, 203}

integrand size

8tan™! ViVi-a2e?
2aV1 - a?x? (3ﬂ2€ + Zd) aVerd? av1 — a2x2 8x cos ™1 (ax) 4x cos~(ax)
- ) - 3 - D7y e 7
15¢2 (azc + d) Ve + dx? 15c3d 15¢ (azc + d) (c + dxz) 15¢°Ve +dx?  15¢2 (c + dxz) 5

Antiderivative was successfully verified.

[In] Int[ArcCosl[a*x]/(c + d*x~2)~(7/2),x]

[Out] -(a*Sqrt[l - a”2*x72])/(1b*xcx(a”2*c + d)*(c + d*x"2)7(3/2)) - (2xax(3*a”2xc
+ 2*%d)*Sqrt[1 - a™2*x72])/(15*%c™2*(a"2*c + d)"2xSqrt[c + d*x~2]) + (x*ArcC
os[axx])/(B*xcx(c + d*x~2)7(5/2)) + (4xxxArcCos[a*x])/(16%xc™2*(c + d*x~2)7 (3

/2)) + (8*xxArcCos[a*x])/(16xc™3*Sqrt[c + d*x"2]) - (8*ArcTan[(Sqrt[d]*Sqrt

[1 - a~2*x72])/(axSqrt[c + d*x~2])])/(15xc~3*Sqrt[d])

Rule 192

Int[((a_) + (b_)*(x )" (n_))"(p_), x_Symbol] :> -Simp[(x*(a + b*x"n)~(p + 1
))/(axn*x(p + 1)), x] + Dist[(nx(p + 1) + 1)/(a*n*(p + 1)), Int[(a + b*x"n)"~
(p + 1), x], x] /; FreeQ[{a, b, n, p}, x] && ILtQ[Simplify[i/n + p + 1], 0]
&& NeQ[p, -1]
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Rule 191

Int[((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Simp[(x*(a + bxx™n) (p + 1)
)/a, x] /; FreeQ[{a, b, n, p}, x] && EqQ[1/n + p + 1, 0]

Rule 4666

Int[((a_.) + ArcCos[(c_.)*(x_)I*(b_.))*((d_) + (e_.)*(x_)"2)"(p_.), x_Symbo
1] :> With[{u = IntHide[(d + e*x"2)"p, x]}, Dist[a + b*ArcCos[c*x], u, x] +
Dist[b*c, Int[SimplifyIntegrand[u/Sqrt[1 - c¢™2*x~2], x], x], x]] /; FreeQ[
{a, b, c, d, e}, x] && NeQ[c™2*d + e, 0] && (IGtQ[p, O] || ILtQ[p + 1/2, 0]
)

Rule 12

Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQla, x] &% !'Match
Qlu, (b )*(v_ ) /; FreeQ[b, x]]

Rule 6715

Int[(u_ )*(x_)"(m_.), x_Symbol] :> Dist[1/(m + 1), Subst[Int[SubstFor[x~(m +
1), u, x], x], x, x"(m + 1)), x] /; FreeQ[m, x] && NeQ[m, -1] && FunctionO
fQx"(m + 1), u, x]

Rule 949

Int[((d_.) + (e_)*(x_))"(m)*x((f_.) + (g_.)*xx_))"(n)*((a_.) + (b_.)*(x_)
+ (c_.)*(x_)"2)"(p_.), x_Symbol] :> With[{Qx = PolynomialQuotient[(a + b*x
+ c*x72)7p, d + exx, x], R = PolynomialRemainder[(a + b*x + c*x"2)7p, d +

exx, x]}, Simp[(R*x(d + exx)"(m + D*(f + gxx)"(n + 1))/((m + 1)*(exf - dxg)

), x] + Dist[1/((m + 1)*(exf - dxg)), Int[(d + exx) " (m + 1)*(f + g*x) nxExp

andToSum[(m + 1)*(exf - d*g)*Qx - g*R*(m + n + 2), x]1, x], x]1] /; FreeQ[{a,
b, ¢, d, e, £, g}, x] && NeQ[exf - d*xg, 0] && NeQ[b~2 - 4xaxc, 0] && NeQlc

*d~2 - bxdxe + axe”2, 0] && IGtQ[p, 0] && LtQ[m, -1]

Rule 78

Int[(Ca_.) + (b_D)*(x_))*((c_.) + (d_.)*x(x_))"(n_.)*((e_.) + (£_.)*x(x_))"(p
_.), x_Symbol] :> -Simp[((b*e - axf)*(c + d*x) " (n + 1)*(e + f*xx)"(p + 1))/(
fx(p + 1)*(cxf - d*xe)), x] - Dist[(a*xdxfx(n + p + 2) - bx(d*ex(n + 1) + cxf
x(p + 1))/ (£x(p + 1)*(cxf - d*xe)), Int[(c + d*xx)"n*x(e + £*xx)~(p + 1), x],
x] /; FreeQ[{a, b, c, d, e, f, n}, x] & LtQ[p, -1] && ( !'LtQ[n, -11 || Int
egerQlp] || !(IntegerQ[n] || !(EqQle, 0] || '(EqQlc, 0] Il LtQlp, nl))))

Rule 63
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Int[((a_.) + (b_)*(x_))"(m )*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator([m]}, Dist[p/b, Subst[Int[x~(px(m + 1) - 1)*(c - (axd)/b +
(d*x~p)/b)°n, x], x, (a + b*xx)~(1/p)]1, x]1]1 /; FreeQ[{a, b, c, d}, x] && NeQ
[bxc — axd, 0] && LtQ[-1, m, O] && LeQ[-1, n, 0] && LeQ[Denominator[n], Den
ominator[m]] && IntLinearQ[a, b, ¢, d, m, n, x]

Rule 217

Int[1/Sqrt[(a_) + (b_.)*(x_)"2], x_Symbol] :> Subst[Int[1/(1 - b*x"2), x],
x, x/Sqrtla + b*x~2]] /; FreeQ[{a, b}, x] & !GtQ[a, O]

Rule 203

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTan[(Rt[b, 2]*x)/Rt
[a, 2]11)/(Rtla, 2]*Rt[b, 21), x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (GtQ[a
, 01 Il GtQ[b, 01)

Rubi steps
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f cos™ (ax) gy = x cos™ H(ax) 4x cos ™! (ax) 8x cos™! (ax) f 150 + 20cdx? + 82 4) 0
72 X = 502 3 572
(c + dxz) ! 5¢ (c + dxz) ! 15¢2 (c + dxz) 2 15C3 Ve + dx? 15¢3V1 - a2x2 c - dxz) !
x(15¢2+20cdx?+8d2x*)
x cos™(ax) 4x cos™(ax) . 8x cos™!(ax) Vi (c+d2)
= 572 32 3
5¢ (c + dxz) ! 15¢2 (c + dx2) 2 15¢3Ve + di? 15¢
15¢2+20cdx+8d2x2 5
x cos™H(ax) 4x cos™(ax) N 8x cos™!(ax) a Subst (f Vi x(cr ) dx, x, x )
- 5/2 3/2 3
5c (c + dxz) ! 15¢2 (c + dxz) 21563V + da2 30c
3¢l
Subst
B avl — a?x? x cos™(ax) 4x cos™H(ax) . 8x cos ™! (ax) oUbs (f
- 32 5/2 3/2 -
15¢ (azc + d) (c + dxz) 2 5 (c + dxz) ? 1502 (c + dxz) 1563V + dx? :
3 avl — a?x? 2a (35120 + 2d) V1 - a%x? N x cos™}(ax) N 4x cos™!(ax) N 8x
- 32 2 5/2 32 T
15¢ (azc + d) (c + dxz) 2 502 (azc + d) Ve+dx?2 5 (c + dxz) 2 152 (c + dxz) 2 15¢
B av1 — a2x2 2a (3ﬂ20 + Zd) V1 - a?x? s x cos~!(ax) . 4x cos™(ax) s 8x.
- 32 2 5/2 32
15¢ (azc + d) (c + dxz) 2 1502 (azc + d) Ve+dx?2  5c (c + dxz) 2 152 (c + dxz) 2 15¢
B avl — a?x? 2a (31120 + 2d) - azxz x cos™(ax) 4x cos!(ax) . 8x
- 32 2 5/2 32 T
15¢ (azc + d) (c + dxz) ! 15¢2 (uzc + d) Ve +dx? 5c (c + dxz) ! 15¢2 (c + dxz) 2 15¢
B av1 — a2x2 2a (36120 + 2d) 1- azxz x cos™H(ax) 4x cos™!(ax) 8x.
- 32 2 5/2 32 T L
15¢ (azc + d) (c + dxz) ! 15¢2 (azc + d) Ve + dx? 5c (c + dxz) / 15¢2 (c + dxz) 2 15¢

Mathematica [C]

2
4ax \/di +1 (c+dx ) F; (1; %, %,Z,azxz,—d% -

time = 0.308923, size = 162, normalized size = 0.77

acV 1—a2x2(c+dx2) (azc(7c+6dx2)+d (5c+4dx2))

(uzc+d)2

+ xcos™(ax) (15c2 + 20cdx? +

Warning: Unable to verify antiderivative.

15¢3 (c + dx2)5/2

[In] Integrate[ArcCos[axx]/(c + d*x~2)7(7/2),x]
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[Out] (-((a*xc*Sqrt[1 - a™2xx"2]*(c + d*x~2)*(d*(5*c + 4*d*x"2) + a~2*c*x(7*c + 6xd
*x72)))/(a"2%c + d)72) + 4dxaxx”"2*x(c + d*xx"2)"2*Sqrt[1 + (d*x"2)/c]*AppellF1

(1, 1/2, 1/2, 2, a"2*x72, -((d*x"2)/c)] + x*(15%c™2 + 20*c*d*x"2 + 8*d~2xx~
4)*ArcCos[a*x])/(15xc”3*(c + d*x~2)~(5/2))

Maple [F] time = 0.181, size = 0, normalized size = 0.

7

f arccos (ax) (dx2 + c)_E dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int(arccos(a*x)/(dxx~2+c)~(7/2),x)

[Out] int(arccos(ax*x)/(d*x"2+c)~(7/2),x)

Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arccos(ax*x)/(d*x"2+c)~(7/2),x, algorithm="maxima"

[Out] Exception raised: ValueError

Fricas [B] time = 4.08224, size = 2145, normalized size = 10.17

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arccos(ax*x)/(d*x"2+c)~(7/2),x, algorithm="fricas")

[Out] [-1/15%(2*%(a"4*c”5 + 2%a~2*c ™ 4*d + (a~4*xc™2*xd"3 + 2%a"2*%c*xd"4 + d~5)*x"6 +
c"3%d"2 + 3x(a”4*xc”3*%d"2 + 2*%a"2*%c”2*xd"3 + cxd"4)*x"4 + 3kx(a"4xc”4xd + 2%a”
2%c73*%d"2 + ¢c72%d"3)*x"2) *sqrt (-d) *log(8*a~4*d"2*x"4 + a"4*c”2 - 6%a”2%cxd
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+ 8% (a”4xckxd - a”2xd"2)*x72 - 4% (2%xa”3*%d*x"2 + a"3*c - axd)*sqrt(-a”2*x”"2 +
1) *sqrt(d*x~2 + c)*sqrt(-d) + d72) - sqrt(d*x”™2 + c)*((8*(a"4*c™2xd"3 + 2%
a”2%xc*d”4 + d75)*x”5 + 20%(a"4*c”3*%d"2 + 2*a”2*c”2*d"3 + cxd"4)*x"3 + 15*(a
“4xcT4xd + 2%a"2%c”3*%d"2 + c72xd"3)*x)*arccos(axx) — (7*a"3%c”4*xd + S*xaxc”3
*d72 + 2% (3*a”3*c"2*xd"3 + 2*a*xc*xd"4)*x"4 + (13*a"3*c”3*%d"2 + 9kaxc”2%d"3)*x
T"2)xsqrt(-a”2*xx72 + 1)))/(a"4*c”8*d + 2%a”2xc”7*d"2 + c”6%d"3 + (a"4*c7b*d”
4 + 2%a72*c”4*d"5 + c73*d"6)*x76 + 3*k(a"4xcT6xd"3 + 2xa"2*c”"b5*d"4 + c”4*d75
Y*x74 + 3% (a”4*cTT7*d72 + 2%a"2xcT6xd"3 + ¢c”5xd"4)*x72), -1/15%(4x(a"4*c”5 +
2%a”2%c74*xd + (a"4*xcT2xd"3 + 2*a"2*c*d™4 + d75)*x"6 + c¢”3*%d"2 + 3*x(a"4*c”3
*d72 + 2*%a”2%c”T2%d"3 + cxd"4)*x"4 + 3*k(a"4*xcT4*d + 2*xa"2*%c”3*%d"2 + ¢”2*d"3)
*xx”"2)*sqrt (d) *arctan(1/2*(2*a~2xd*x"2 + a”2*%c - d)*sqrt(-a~2*x"2 + 1)*sqrt(
d*x"2 + c)*sqrt(d)/(a”3+%d"2xx"4 - a*xcxd + (a”3*c*d - a*xd"2)*x72)) - sqrt(dx*
X"2 + c)*x((8x(a”4*c”2*%d"3 + 2*a”"2xcxd"4 + d75)*x”5 + 20*%(a”4*xc"3*xd"2 + 2xa”
2%c"2x%d"3 + c*d"4)*x"3 + 15%(a”4xc”4xd + 2*%a"2%c”3*d"2 + c~2%d"3)*x)*arccos
(axx) - (7*a"3*c”4*xd + bxaxc™3*xd"2 + 2% (3*a”3*c™2*d"3 + 2*xaxcxd~4)*x~4 + (1
3%a~3xc73*%d"2 + 9kaxc”2xd"3)*x"2)*ksqrt(-a”2*x"2 + 1)))/(a"4xc”8*d + 2xa~2*c
“T%d72 4+ ¢c76%d73 + (aT4*xcT5xd74 + 2%a”2*%c”4*d”5 + cT3*d"6)*x"6 + 3*x(a"4*c”6
*d7"3 + 2%a”"2%c”5*d"4 + cT4%d75)*x74 + 3% (a”4*xcTT7*d"2 + 2*%a"2*%c”6xd"3 + c~5*
d"4)*x"2)]

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(acos(a*xx)/(dxx*x2+c)**(7/2) ,%)

[Out] Timed out

Giac [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arccos(ax*x)/(d*x"2+c)~(7/2),x, algorithm="giac")

[Out] Timed out
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Chapter 4

Listing of Grading functions

The following are the current version of the grading functions used for grading the quality
of the antiderivative with reference to the optimal antiderivative included in the test suite.

There is a version for Maple and for Mathematica/Rubi. There is a version for grading
Sympy and version for use with Sagemath.

The following are links to the current source code.

The following are the listings of source code of the grading functions.

4.0.1 Mathematica and Rubi grading function

(* Original version thanks to Albert Rich emailed on 03/21/2017 *)
(* ::Package:: *)

(* ::Subsection:: *)
(*GradeAntiderivative [result,optimal]*)

(x ::Text:: *)

(*If result and optimal are mathematical expressions, *)

(* GradeAntiderivative[result,optimal] returns*)

(x "F" if the result fails to integrate an expression thatx)

(* is integrablex)

(* "C" if result involves higher level functions than necessary*)
(x "B" if result is more than twice the size of the optimalx*)

(* antiderivativex)

(x "A" if result can be considered optimalx)

GradeAntiderivative[result_,optimal_] :=
If [ExpnType [result] <=ExpnType [optimall,
If [FreeQ[result,Complex] || Not[FreeQ[optimal,Complex]],
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If [LeafCount [result]<=2*LeafCount [optimal],
IIA" s
uBn] s
||Cl|:| s
If [FreeQ[result,Integrate] && FreeQ[result,Int],
IICII s
"F"]]

(x ::Text:: *)

(*The following summarizes the type number assigned an *)
(*expression based on the functions it involvesx)
(¥1 = rational functionx)

(¥2 = algebraic functionx)

(¥3 = elementary functionx)

(¥4 = special functionx)

(x5 = hyperpergeometric function*)

(*6 = appell functionx)

(¥7 = rootsum functionx)

(¥8 = integrate functionx*)

(*9 = unknown functionx)

ExpnType[expn_] :=
If [AtomQ[expn],
1,
If[ListQ[expn],
Max [Map [ExpnType, expnl ],
If [Head [expn]===Power,
If [IntegerQlexpn[[2]1]1],
ExpnType [expn[[1]]],
If [Head[expn[[2]]]===Rational,
If [IntegerQ[expn[[1]]] || Head[expn[[1]]]===Rational,
1,
Max [ExpnType [expn[[1]1],2]],
Max [ExpnType [expn[[1]]] ,ExpnType[expn[[2]1]1],3]11],
If [Head [expn]===Plus || Head[expn]===Times,
Max [ExpnType [First [expn]] ,ExpnType [Rest [expn]]],
I1f [ElementaryFunctionQ[Head [expn]],
Max [3,ExpnType [expn[[1]1]1]],
If [SpecialFunctionQ[Head [expn]],
Apply [Max, Append [Map [ExpnType,Apply[List,expn]],4]],
If [HypergeometricFunctionQ[Head [expn]],
Apply [Max, Append [Map [ExpnType,Apply[List,expn]],5]],
If [AppellFunctionQ[Head[expn]],
Apply [Max,Append [Map [ExpnType, Apply[List,expnl],6]],
If [Head [expn]===RootSum,
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70
71
72
73
74
75
76
77
78
79
80
81
82
83
84
85
86
87
88
89
90
91
92

94
95
96
97
98
99
100
101
102
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Apply[Max, Append [Map [ExpnType,Apply[List,expnl],7]1],
If [Head [expn]l===Integrate || Head[expn]===Int,

Apply [Max, Append [Map [ExpnType, Apply[List,expn]],8]],
91111111111

ElementaryFunctionQ[func_] :=
MemberQ [{

Exp,Log,
Sin,Cos,Tan,Cot,Sec,Csc,
ArcSin,ArcCos,ArcTan,ArcCot,ArcSec,ArcCsc,
Sinh,Cosh,Tanh,Coth,Sech,Csch,
ArcSinh,ArcCosh,ArcTanh,ArcCoth,ArcSech,ArcCsch

}, funcl

SpecialFunctionQ[func_] :=
MemberQ [{

Erf, Erfc, Erfi,
FresnelS, FresnelC,
ExpIntegralE, ExpIntegralEi, LogIntegral,
SinIntegral, CosIntegral, SinhIntegral, CoshlIntegral,
Gamma, LogGamma, PolyGamma,
Zeta, PolyLog, Productlog,
EllipticF, EllipticE, EllipticPi

}, func]

HypergeometricFunctionQ[func_] :=
MemberQ [{HypergeometriciF1,Hypergeometric2F1,HypergeometricPFQ}, func]

AppellFunctionQ[func_] :=
MemberQ [{AppellF1},func]
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4.0.2 Maple grading function

# File: GradeAntiderivative.mpl
# Original version thanks to Albert Rich emailed on 03/21/2017

#Nasser 03/22/2017 Use Maple leaf count instead since buildin

#Nasser 03/23/2017 missing 'ln' for ElementaryFunctionQ added

#Nasser 03/24/2017 corrected the check for complex result

#Nasser 10/27/2017 check for leafsize and do not call ExpnType()

# if leaf size is "too large". Set at 500,000

#Nasser 12/22/2019 Added debug flag, added 'dilog' to special functions
# see problem 156, file Apostol_Problems
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GradeAntiderivative := proc(result,optimal)
local leaf_count_result, leaf_count_optimal,ExpnType_result,ExpnType_optimal,
debug:=false;

leaf count_result:=leafcount(result);
#do NOT call ExpnType() if leaf size is too large. Recursion problem
if leaf_count_result > 500000 then
return "B";
fi;

leaf_count_optimal:=leafcount (optimal);

ExpnType_result:=ExpnType(result) ;
ExpnType_optimal:=ExpnType (optimal) ;

if debug then
print ("ExpnType_result",ExpnType_result," ExpnType_optimal=",
ExpnType_optimal) ;
fi;

# If result and optimal are mathematical expressions,

# GradeAntiderivative[result,optimal] returns

# "F" if the result fails to integrate an expression that

# is integrable

# "C" if result involves higher level functions than necessary
# "B" if result is more than twice the size of the optimal

# antiderivative

# "A" if result can be considered optimal

#This check below actually is not needed, since I only

#call this grading only for passed integrals. i.e. I check
#for "F" before calling this. But no harm of keeping it here.
#just in case.

if not type(result,freeof('int')) then
return "F";
end if;

if ExpnType_result<=ExpnType_optimal then
if debug then
print ("ExpnType_result<=ExpnType_optimal");
fi;
if is_contains_complex(result) then
if is_contains_complex(optimal) then
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if debug then
print("both result and optimal complex");
fi;
#both result and optimal complex
if leaf_ count_result<=2*leaf_count_optimal then
return "A";
else
return "B";
end if
else #result contains complex but optimal is not
if debug then
print ("result contains complex but optimal is not");
fi;
return "C";
end if
else # result do not contain complex
# this assumes optimal do not as well
if debug then

191

print("result do not contain complex, this assumes optimal do not

as well");
fi;
if leaf_count_result<=2*leaf_count_optimal then
if debug then
print("leaf_count_result<=2*leaf_count_optimal");
fi;
return "A";
else
if debug then
print("leaf_count_result>2*leaf_count_optimal");
fi;
return "B";
end if
end if
else #ExpnType(result) > ExpnType(optimal)
if debug then
print ("ExpnType(result) > ExpnType(optimal)");
fi;
return "C";
end if

end proc:

#

# is_contains_complex(result)

# takes expressions and returns true if it contains "I" else false
#

#Nasser 032417




102
103
104
105
106
107
108
109
110
111
112
113
114
115
116
117
118
119
120
121
122
123
124
125
126
127
128
129
130
131
132
133
134
135
136
137
138
139
140
141
142
143
144
145
146
147
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is_contains_complex:= proc(expression)
return (has(expression,I));
end proc:

The following summarizes the type number assigned an expression
based on the functions it involves

rational function

= algebraic function

= elementary function

= special function

hyperpergeometric function
= appell function

= rootsum function

= integrate function

= unknown function

H OHF H OH HF OH OH H H H H
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ExpnType := proc(expn)
if type(expn, 'atomic') then
1
elif type(expn,'list') then
apply (max,map (ExpnType,expn))
elif type(expn, 'sqrt') then
if type(op(l,expn),'rational') then

1
else
max (2,ExpnType (op(1,expn)))
end if
elif type(expn,' ""') then

if type(op(2,expn), 'integer') then
ExpnType (op(1,expn))
elif type(op(2,expn), 'rational') then
if type(op(l,expn),'rational') then
1
else
max (2,ExpnType (op(1,expn)))
end if
else
max (3,ExpnType (op(1,expn)) ,ExpnType (op(2,expn)))
end if
elif type(expn,' ™+ ') or type(expn,' * ') then
max (ExpnType (op(1,expn)) ,max (ExpnType (rest (expn))))
elif ElementaryFunctionQ(op(0,expn)) then
max (3,ExpnType (op(1,expn)))
elif SpecialFunctionQ(op(0,expn)) then
max (4, apply (max,map (ExpnType, [op(expn)])))
elif HypergeometricFunctionQ(op(0,expn)) then
max (5, apply (max,map (ExpnType, [op(expn)]1)))
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151
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154
155
156
157
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159
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163
164
165
166
167
168
169
170
171
172
173
174
175
176
177
178
179
180
181
182
183
184
185
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188
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elif AppellFunctionQ(op(0,expn)) then
max (6,apply (max,map (ExpnType, [op(expn)]1)))
elif op(0,expn)='int' then
max (8,apply (max ,map (ExpnType, [op(expn)]))) else
9
end if
end proc:

ElementaryFunctionQ := proc(func)
member (func, [

exp,log,1ln,
sin,cos,tan,cot,sec,csc,
arcsin,arccos,arctan,arccot,arcsec,arccsc,
sinh, cosh,tanh,coth,sech,csch,
arcsinh,arccosh,arctanh,arccoth,arcsech,arccsch])

end proc:

SpecialFunctionQ := proc(func)
member (func, [

erf,erfc,erfi,
FresnelS,FresnelC,
Ei,Ei,Li,Si,Ci,Shi,Chi,
GAMMA, 1nGAMMA ,Psi,Zeta,polylog,dilog,LambertW,
EllipticF,EllipticE,EllipticPi])

end proc:

HypergeometricFunctionQ := proc(func)
member (func, [HypergeometriclF1,hypergeom,HypergeometricPFQ])
end proc:

AppellFunctionQ := proc(func)
member (func, [AppellF1])
end proc:

# u is a sum or product. rest(u) returns all but the
# first term or factor of u.
rest := proc(u) local v;
if nops(u)=2 then
op(2,u)
else
apply(op(0,u) ,op(2. .nops(u),u))
end if
end proc:

#leafcount (u) returns the number of nodes in u.

#Nasser 3/23/17 Replaced by build-in leafCount from package in Maple
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leafcount := proc(u)
MmaTranslator [Mma] [LeafCount] (u) ;
end proc:
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4.0.3 Sympy grading function

#Dec 24, 2019. Nasser M. Abbasi:

# Port of original Maple grading function by

# Albert Rich to use with Sympy/Python

#Dec 27, 2019 Nasser. Added “RootSum™. See problem 177, Timofeev file
# added 'exp_polar'

from sympy import *

def leaf_count(expr):
#sympy do not have leaf count function. This is approximation
return round(1l.7*count_ops(expr))

def is_sqrt(expr):
if isinstance(expr,Pow):
if expr.args[1] == Rational(1,2):
return True
else:
return False
else:
return False

def is_elementary_function(func):
return func in [exp,log,ln,sin,cos,tan,cot,sec,csc,
asin,acos,atan,acot,asec,acsc,sinh,cosh,tanh,coth,sech,csch,
asinh,acosh,atanh,acoth,asech,acsch

def is_special_function(func):
return func in [ erf,erfc,erfi,
fresnels,fresnelc,Ei,Ei,Li,Si,Ci,Shi,Chi,
gamma ,loggamma,digamma,zeta,polylog,LambertW,
elliptic_f,elliptic_e,elliptic_pi,exp_polar

def is_hypergeometric_function(func):
return func in [hyper]

def is_appell_function(func):
return func in [appellfl]

def is_atom(expn):
try:
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if expn.isAtom or isinstance(expn,int) or isinstance(expn,float):
return True

else:
return False

except AttributeError as error:
return False

def expnType(expn) :
debug=False
if debug:
print ("expn=",expn, "type(expn)=",type(expn))

if is_atom(expn):
return 1
elif isinstance(expn,list):
return max(map(expnType, expn))  #apply(max,map(ExpnType,expn))
elif is_sqrt(expn):
if isinstance(expn.args[0],Rational): #type(op(l,expn),'rational')

return 1
else:
return max(2,expnType(expn.args[0])) #max(2,ExpnType(op(1,expn)))
elif isinstance(expn,Pow): #type (expn, ' " ")

if isinstance(expn.args[1],Integer): #type(op(2,expn), 'integer')
return expnType(expn.args[0])  #ExpnType(op(1l,expn))
elif isinstance(expn.args[1],Rational): #type(op(2,expn), 'rational')
if isinstance(expn.args[0],Rational): #type(op(l,expn),'rational')
return 1
else:
return max(2,expnType(expn.args[0])) #max(2,ExpnType(op(1l,expn)
)
else:
return max(3,expnType(expn.args[0]),expnType(expn.args[1])) #max(3,
ExpnType (op(1,expn)) ,ExpnType (op(2,expn)))
elif isinstance(expn,Add) or isinstance(expn,Mul): #type(expn,' + ') or type
(expn, '**~ ")
ml = expnType(expn.args[0])
m2 = expnType(list(expn.args[1:]1))
return max(ml,m2) #max(ExpnType(op(1l,expn)) ,max(ExpnType(rest(expn))))
elif is_elementary_function(expn.func): #ElementaryFunctionQ(op(0,expn))
return max(3,expnType(expn.args[0])) #max(3,ExpnType(op(l,expn)))
elif is_special_function(expn.func): #SpecialFunctionQ(op(0,expn))
ml = max(map(expnType, list(expn.args)))
return max(4,ml1)  #max(4,apply(max,map(ExpnType, [op(expn)])))
elif is_hypergeometric_function(expn.func): #HypergeometricFunctionQ(op(0,
expn))
ml = max(map(expnType, list(expn.args)))
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return max(5,m1)  #max(5,apply(max,map(ExpnType, [op(expn)]1)))
elif is_appell_function(expn.func):

ml = max(map(expnType, list(expn.args)))

return max(6,m1)  #max(5,apply(max,map(ExpnType, [op(expn)])))
elif isinstance(expn,RootSum):

ml = max(map(expnType, list(expn.args))) #Apply[Max,Append[Map[ExpnType,
Apply[List,expn]],711,

return max(7,ml)
elif str(expn).find("Integral") != -1:

ml = max(map(expnType, list(expn.args)))

return max(8,m1)  #max(5,apply (max,map(ExpnType, [op(expn)])))
else:

return 9

#main function
def grade_antiderivative(result,optimal):

leaf _count(result)
leaf_count (optimal)

leaf _count_result
leaf_count_optimal

expnType_result = expnType(result)
expnType_optimal = expnType(optimal)
if str(result).find("Integral") != -1:

return "F"

if expnType_result <= expnType_optimal:
if result.has(I):
if optimal.has(I): #both result and optimal complex
if leaf_count_result <= 2xleaf_count_optimal:
return "A"
else:
return "B"
else: #result contains complex but optimal is not
return "C"
else: # result do not contain complex, this assumes optimal do not as

well
if leaf_count_result <= 2xleaf_count_optimal:
return "A"
else:
return "B"
else:

return "C"

4.0.4 SageMath grading function

(#Dec 24, 2019. Nasser: Ported original Maple grading function by
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# Albert Rich to use with Sagemath. This is used to

# grade Fricas, Giac and Maxima results.

#Dec 24, 2019. Nasser: Added 'exp_integral_e' and 'sng', 'sin_integral'
# 'arctan2','floor', 'abs', 'log_integral'

from sage.all import *
from sage.symbolic.operators import add_vararg, mul_vararg

def tree(expr):
debug=False;
if debug:
print ("Enter tree(expr), expr=",expr)
print ("expr.operator()=",expr.operator())
print ("expr.operands()=",expr.operands())
print ("map(tree, expr.operands()=",map(tree, expr.operands()))

if expr.operator() is None:
return expr
else:
return [expr.operator()]+list(map(tree, expr.operands()))

def leaf count(anti):
debug=False;

if debug: print ("Enter leaf_count, anti=", anti, " len(anti)=", len(anti))
if len(anti) == 0: #special check for optimal being O for some test cases.
if debug: print ("len(anti) == 0")
return 1
else:

if debug: print ("round(l.35xlen(flatten(tree(anti))))=",round(1.35*len(
flatten(tree(anti)))))
return round(1l.35*len(flatten(tree(anti)))) #fudge factor
#since this estimate of leaf count is bit lower than
#what it should be compared to Mathematica's

def is_sqrt(expr):
debug=False;
if expr.operator() == operator.pow: #isinstance(expr,Pow):
if expr.operands() [1]==1/2: #expr.args[1] == Rational(1,2):
if debug: print ("expr is sqrt")
return True
else:
return False
else:
return False
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def is_elementary_function(func):
debug = False

m = func.name() in ['exp','log','ln',
'sin','cos','tan','cot', 'sec','csc’,
'arcsin', 'arccos', 'arctan', 'arccot', 'arcsec', 'arccsc',
'sinh', 'cosh', 'tanh', 'coth', 'sech','csch',
'arcsinh', 'arccosh', 'arctanh', 'arccoth', 'arcsech', 'arccsch', 'sgn',
'arctan2', 'floor', 'abs'

]
if debug:
if m:
print ("func ", func , " is elementary_function")
else:
print ("func ", func , " is NOT elementary_function")
return m

def is_special_function(func):
debug = False

if debug: print ("type(func)=", type(func))

m= func.name() in ['erf', 'erfc','erfi', 'fresnel _sin','fresnel_cos',6'Ei',
'Ei','Li','Si','sin_integral','Ci', 'cos_integral','Shi','
sinh_integral'
'Chi', 'cosh_integral', 'gamma', 'log_gamma', 'psi,zeta’,
'polylog', 'lambert_w','elliptic_f','elliptic_e',
'elliptic_pi', 'exp_integral_e','log_integral']

if debug:
print ("m=",m)
if m:
print ("func ", func ," is special_function")
else:
print ("func ", func ," is NOT special_function")
return m

def is_hypergeometric_function(func):
return func.name() in ['hypergeometric', 'hypergeometric_M', 'hypergeometric_U

']

def is_appell_function(func):
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return func.name() in ['hypergeometric'] #[appellfl] can't find this in
sagemath

def is_atom(expn):

#thanks to answer at https://ask.sagemath.org/question/49179/what-is-
sagemath-equivalent-to-atomic-type-in-maple/
try:
if expn.parent() is SR:
return expn.operator() is None
if expn.parent() in (ZZ, QQ, AA, QQbar):
return expn in expn.parent() # Should always return True
if hasattr(expn.parent(),"base_ring") and hasattr(expn.parent(),"gens"):
return expn in expn.parent().base_ring() or expn in expn.parent().
gens ()
return False

except AttributeError as error:
return False

def expnType (expn) :
debug=False

if debug:
print (">>>>>Enter expnType, expn=", expn)
print (">>>>>is_atom(expn)=", is_atom(expn))

if is_atom(expn):
return 1
elif type(expn)==list: #isinstance(expn,list):
return max(map(expnType, expn))  #apply(max,map(ExpnType,expn))
elif is_sqrt(expn):
if type(expn.operands() [0])==Rational: #type(isinstance(expn.args[0],

Rational):
return 1
else:
return max(2,expnType (expn.operands() [0])) #max(2,expnType(expn.
args[0]))
elif expn.operator() == operator.pow: #isinstance(expn,Pow)

if type(expn.operands() [1])==Integer: #isinstance(expn.args[1],Integer)
return expnType(expn.operands() [0])  #expnType(expn.args[0])
elif type(expn.operands() [1])==Rational: #isinstance(expn.args[1],
Rational)
if type(expn.operands() [0])==Rational: #isinstance(expn.args[0],
Rational)
return 1
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else:
return max(2,expnType(expn.operands() [0])) #max(2,expnType (expn.
args[0]))
else:
return max(3,expnType (expn.operands() [0]),expnType (expn.operands()
[1])) #max(3,expnType (expn.operands() [0]),expnType(expn.operands () [1]))
elif expn.operator() == add_vararg or expn.operator() == mul_vararg: #
isinstance(expn,Add) or isinstance(expn,Mul)
ml = expnType(expn.operands() [0]) #expnType(expn.args[0])
m2 = expnType(expn.operands() [1:]) #expnType(list(expn.args[1:]1))
return max(mi,m2) #max(ExpnType(op(1,expn)) ,max(ExpnType(rest(expn))))
elif is_elementary_function(expn.operator()): #is_elementary_function(expn.
func)
return max(3,expnType (expn.operands() [0]))
elif is_special_function(expn.operator()): #is_special_function(expn.func)
ml = max(map(expnType, expn.operands())) #max (map (expnType, list(
expn.args)))
return max(4,ml) #max (4,m1)
elif is_hypergeometric_function(expn.operator()): #
is_hypergeometric_function(expn.func)
ml = max(map(expnType, expn.operands())) #max (map (expnType, list(
expn.args)))
return max(5,m1) #max (5,m1)
elif is_appell_function(expn.operator()):
ml = max(map(expnType, expn.operands())) #max (map (expnType, list(
expn.args)))
return max(6,ml) #max (6,m1)
elif str(expn).find("Integral") != -1: #this will never happen, since it
#is checked before calling the grading function that is passed.
#but kept it here.
ml = max(map(expnType, expn.operands())) #max (map (expnType, list(
expn.args)))
return max(8,m1)  #max(5,apply (max,map(ExpnType, [op(expn)])))
else:
return 9

#main function
def grade_antiderivative(result,optimal):

debug = False;

if debug: print ("Enter grade_antiderivative for sagemath")

leaf_count_result
leaf_count_optimal

leaf count(result)
leaf_count (optimal)

if debug: print ("leaf_count_result=", leaf_count_result, "
leaf_count_optimal=",leaf_count_optimal)
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expnType_result = expnType(result)
expnType_optimal = expnType(optimal)

if debug: print ("expnType_result=", expnType_result, "expnType_optimal=",
expnType_optimal)

if expnType_result <= expnType_optimal:
if result.has(I):
if optimal.has(I): #both result and optimal complex
if leaf_ count_result <= 2xleaf_count_optimal:
return "A"
else:
return "B"
else: #result contains complex but optimal is not
return "C"
else: # result do not contain complex, this assumes optimal do not as

well
if leaf_count_result <= 2*leaf_count_optimal:
return "A"
else:
return "B"
else:

return "C"
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